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A   PROPERTY OF ARITHMETIC SETS

hisao tanaka

Abstract. We shall show that every nonempty countable

arithmetic subset of Nx contains at least one element a such that the

singleton {a} itself is arithmetic. The proof is carried out by using a

method in classical descriptive set theory.

It is known that (*) if no member of a nonempty 2} set E is hyper-

arithmetic then E contains a perfect subset. (In this note, sets mean sub-

sets of NN—the set of all 1-place number-theoretic functions which we

identify with Baire zero-space.) In fact, every 2} set with a nonhyper-

arithmetic element contains a perfect subset. (See, e.g., Harrison [2,

Theorem 2.12] and Mathias [4, T3200].) In what follows, we shall show

that an arithmetic counterpart of the proposition (*) holds true:

Theorem 1. If no member of a nonempty arithmetic set A is an arith-

metic singleton, then A contains a perfect subset.

It is evident that one can not replace "arithmetic singleton" by "arith-

metic element" in our theorem.

T. G. McLaughlin has asked the following question (unpublished):

Let A be a nonempty countable arithmetic set. Then, must some member

of A be an arithmetic singleton? Now we can obtain an affirmative

answer to this question as a direct corollary of our theorem, thus:

Corollary 2. If A is a nonempty countable arithmetic set, then A

contains at least one arithmetic singleton.

Since every uncountable arithmetic set (in fact, every classical uncount-

able analytic set) contains a perfect subset, Corollary 2 is equivalent to

Theorem 1. I do not know whether every member of a countable arith-

metic set is an arithmetic singleton. This is also a problem presented by

McLaughlin.

Proof of Theorem 1. We shall illustrate for the case that A is a If" set.

Proof is analogous for the other cases. Note that if A is a S^.^ set then we

can reduce it to the case of fl°.
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Now let A be a set denned by

A = {« £ NN I (VxoXayoXVx^a^a, x0, xu >>„, yO}.

where P is flj. Then we have

a e ^o(3/30)(3/?1)(Vx0)(Vx1)i?(a, x0,     /S0(x0), p\(x0, xx))

<=>(3/?)(Vx)Ä(a, (x)0, CjÖi, /3«(x)0», /?«(x)0, (x)1; 1))),

where <a0, a,, • • • , ak)=pl" -pi1 ■ ■ -pi" and pt is the (/ + l)st prime

number. (For notations used in this note, we mostly borrow from Kleene

[3].) Let R' and R" be predicates defined as follows:

R'(ol, s) <± [Seq(s) A Lh(j) = <(Lh(s))0, (Lh(s)\, 2)

-> R(a, (Lh(s))0, (Lh(s)),, exp(s, <(Lh(/))0» - 1,

exp(*, ((Lh(*))0, (Lh(s))1; 1»- 1),

where exp(s, i) — (s)i. And

R"(x, s) o(Vi)isilMs)R'(x, rstr(s, /)),

where

rstr(s, i) = IJ p[s)k,   if Seq(s) A i <; Lh(s),
*<<

= 1, otherwise.

Then R" has the following properties:

(1) ae/lo(3/3)(Vx)7v"(a, p\x)),

(2) R" is IlJ and hence for each sequence number s, the set Es —

{oc|/J"(a, s)} is a closed set, and

(3) the Souslin system S = {£s|Seq(s)} is monotonic; that is, for all ß

and x, %+1,£%|.

Now, as is usual with classical descriptive set theory, for a given

sequence number y(m), we shall define a set A^{m) as follows:

(4) a 6 A7im)o(ßßyyx)R"(a, y(m) * p\x)).

Then we have

a e AV(m)o(3/?)(Vx)(Vi),;Sm+xR'(a, rstr(y(m) * ß(x), i))

o(V/)<SmR'(«, KO) A (30)(Vi)K'(«. y(m) * /3(i))

f>A,P = <(Oo, (Oi, 2)
-* *(a, (Oo, (01; r(((Oo», r«(0o, Ok* D))]

A (3/3)(V0[m + i = <(m + Oo, O + Oi. 2>

{((m 4- Oo, O 4- Oi, 1) < m

R(«, (m 4- Oo, (m + Oi, y(((m + 0o»,

y(((m 4- Oo, (m + Oi, 1)))}
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A {((m + Oo) < m A {(m + Oo, (m + i)i, 1) ^ m

-+ R(a., (m + i)o, {™ + 0i» Y(((m + Oo»,

ß({{m + Oo, (m + Oi, 1) - ™))}

A {<(m + Oo) ̂  ™

->- /?(a, (m + Oo, (m + Oi, ß(((m + i')o) - "0,

ß(((m + /)„, (m + 0., 1) - m))}].

The second member of the outermost conjunction in the latter formula

is equivalent to

(3£0)(3A)(V*0)(V*0[{<-v0, Xi,l)< m^R(y., x0, xu y«x0», y«x0, xl51»)}

A {(x0) < m A (x0, *x, 1) ^ w

-> P(a, .v0, x,, y((x0)), p\((x0, x151) - m))}

A {(*0) ^ m

-^Ritx^x^x^ßo,^) - m^ßydx^Xy, 1) -w))}]

^^^(Vx,)^)^,,,^, 1><W

/?(a, x0, x,, y((x0», y«x0, x„ 1»)}

A {(x0) < m A <x0, xx, 1) ^ w    R(a., x0, xx, y((x0», v^)}

A {<*0> ̂  w -+ R(k, x0, x1; _y0,yj}]-

(Note that yCO is a given fixed sequence number.) Therefore, for each

sequence number s, As is an arithmetic subset of N , too. Further, by the

definition (4) we have

CO

^[oo.ai,- -,ak]_ JJ ^ lao.ai.---.aic.ni

n=0

where we denote (a0 + l, ay + l, • ■ • , as + l> by [a0, a,, • ■ • , ak].

Now suppose that no member of A constitutes an arithmetic singleton.

Let olgA. Since A = \Jn=0 AM, there is an «„ such that ae^["»l /l[n°] does

not contain any arithmetic singleton, since its overset A does not. As seen

above, Aln°^ is also an arithmetic set and hence it contains no isolated

elements. Therefore Aln"^ is dense-in-itself. So, for each number m0,

A*-71"'r\d(ü.([m0])) is nonempty and dense-in-itself, where d(s) denotes the

Baire interval determined by a sequence number s. Let us put

jM = and      Frmo] = £[flaj

for all ma. From each set fi^n^äQm,,])) we can choose an element

a[m0] such that the ar^'s satisfy the following conditions:

a[m0] 9* a>    atm0] ^ a[m0]    & m0 ^ mO-
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Since Blmo' = \J™=0 Aln«-ns, for each m0 there is an n, such that a^e

Aln°-ni\ Let us put

for all wij. Then 5[mo'milnö(ä[mo]([w0+w1 + l])) is nonempty and dense-

in-itself. From each set 5[m°'mi]nö(ä[m|)]([w0+w1 + l])), we can choose an

j(n B]] such that «[m0.m,]'s satisfy the following conditions:

a[m0.mi] ^ a' a[m0,mi] ^ a[mö]>

And so on. Thus we obtain elements a[m .m^-.m^A for A:, m,=0, 1,

2, • • • , and they possess the following properties:

(6)      <*i>o.",mt] ^ "Wo.-.™;]   if No, ■ ■ ■ ,mk]^ [m0, • • • , m}],

r/ f= r[mo.---.»ni] _ ^ [no.-• • .Hi] c  p - F
W      a[m0, •■■■"!*] e D —SI — ^[rio,---.rit] ~~ r [mo.■••."•*]'

where [«0, • • •, nt] is determined by [m0, • • ■ , mk],

(8)      <*lm,.---,m*tmM 6 ^(ä[mo....,mi.]([w0 + • • • + mk+1 + k + 1])).

Let ß = {as|Seq(s) and Lh(s)>0}. Then Q is dense-in-itself and hence

its derived set Q' is a perfect set. Using (l)-(3) and (6)-(8) we can show

that Q' is contained in A. In proving this fact, note that each Es is a

closed set. (For details, see Hahn [1, pp. 356-358].) Therefore A contains

a perfect subset. This completes the proof of Theorem 1.

Since the final expression for a.eA^m) in the preceding proof is also

ff", we have shown that if A is a nonempty II" set with no singleton

then A contains a perfect subset.1 Thus we obtain the following theorem:

Theorem 3.   Every nonempty countable       set contains a II" singleton.
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1 This is based on a suggestion of Professor McLaughlin.


