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POSITIVE  TRANSFORMATIONS  RESTRICTED

TO  SUBSPACES AND  INEQUALITIES
AMONG THEIR  PROPER VALUES

A.   R.  AMIR-MOÉZ  AND  C.   R.  PERRY

Abstract. Let A be a positive Hermitian transformation on an

»-dimensional unitary space £„ with proper values a¡^.- ■ ^a„.

Let 6l>--'£*6i be the proper values of A\M, where M is a

proper subspace of En and c^- ■ -^ch be the proper values of

a\M-L. Let i'i<- • </r and j1<- ■ •</, be sequences of positive

integers, with ir^k and jr^h. Then (6¿] • • • 6lf)*(í,íl • ■ • cjr)^

(On-r+i ■ • ■ «nXaij+ij-i ' ' ' OiT+iT-ù- In this article generalizations of

this inequality have been studied.

Let A be a positive Hermitian linear transformation on a unitary space

En with proper values a^- • '^a,. Let M be a proper subspace of En.

Let the proper values of A\M be b^- ■ -~ibh and the proper values of

A\ML be Ci^- • -^Cj.. Then N. Aronszajn [4] has given the inequality

aí+¿-i=^¿ + cj> f°r 1='=/2 ar>d 1=7=^- Generalizations of this inequality

have been given by A. J. Hoffman, R. C. Thompson and L. J. Freede [5].

All of these inequalities involve sums of proper values. In this article we

shall give generalizations of these inequalities containing products of

proper values.

1. Definitions and notations. The inner product of two vectors a and ß

will be denoted by (a., ß). The determinant of a linear transformation A

on En will be denoted by det A. The identity transformation will be denoted

by /. A Hermitian linear transformation is called positive if (AC, £)>0

for all £^0. An orthonormal set {<xx, • • • , atk} will be indicated by

{a,,} o.n. The subspace spanned by the set {ax, • • •, a.k} will be denoted by

[a,, • • • , a.k]. We write dim M=h if the dimension of the subspace M is h.

If A is a linear transformation on a unitary space En and if M is a

subspace of En, then we define a linear transformation A\M as follows:

if feM, let [A\M]Ç=PAÇ, where P is the orthogonal projection on M.

We observe that if a and ßeM, then (\A\M\a., ß)=(PA«., ß)=(AoL, ß).

It follows that if A is Hermitian (positive), then so is A\M.

Ify,á'j»> for p=\, • ■ ■ , k, we write (jlt ■ • ■ ,jk)tk(h> ' " > h) and say

the  sequence   (ils • • ■ , ik) is  greater than  or equal  to  the  sequence
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0i> " ' ' »./*)• Further, given any sequence ix<- • -^ik of positive integers,

we define (ix, ■ ■ • , ik) to be the strictly increasing sequence of positive

integers such that (iu • • • , «*)<(/?, ■ • •,, ik) and (i¡, ■■ , ïk)tk(ji, ■ ' ' ,/*),

if 0i> ' ' ' >jk) is a strictly increasing sequence of positive integers greater

than or equal to (ix, • • • , ik) [1].

2. Some theorems. Let A be a positive transformation on F„ with

proper values «j^- • -^w„. Then

(1) m1--mk= sup det((/4|t., £,.)).
Üiio.n.

This theorem is due to Ky Fan [3]. Further, if ix^- • -^ik is a sequence

of positive integers such that i^n—k+p, for p = \, • ■ ■ ,k, and k^n,

then

(2) inf sup  det(04f,., $,))iiiak-lSjak - mtx-mih;

{|„}o.n.

where av stands for dim Mv=iv—\ and Mv is a subspace of Fm [1].

If A is a Hermitian linear transformation on En with proper values

p^- • -^Pn and t^- ■ -^.tk are the proper values of A\M, where Mis a

subspace of En and dim M=k, then

(3) Pn-k+i Si 'i ^ Pi,

fori=l,--- ,k [2].

3. Theorem. Let A be a positive transformation on En with proper

values a^- • '~^an. Let Ru • • • , Rs be proper subspaces of E„ such that

Ri is orthogonal to R¡, for i^j, En=R1@- ■ -®RS, and dim R„=hQ, for

q=l,- ■ • , s. Suppose the proper values of A\Rq are bgl~^.- • '^nQh ,

q=\, • • • , s. Let igl^- • "^iQr, q=\, • • • , s, be sequences of positive

integers such that iQv^hQ—r+p,forp=l, • • • ,r, q=\, • ■ • , s, with r less

than or equal to the min(«l5 • • ■ , hs). Then

a)        n(íKí.U{ n Jin 4
9=1   \ j,=l / ^»=n-r(s-l)+l       ' >■ 3»=1 '

where vv= (1 —s+ J_Ui iQi>)"-

Proof. By §2 (2) there exist subspaces MQl<= ■ ■ ■ <^ Mgrc Rq! q=

1, • • • ,s, with dim Mav=iQv—\,p=\, ■ ■ • , r,q=l, • ■ • , s, such that

T

X~[KÛ,= SUP   , J«*((M|Ä«hH.«Jlriöis<SraÄiSr
p=\ ^ ;V -L 3Iqj> ', { tjqp > O .II.

(2) = sup dct((AVQi,r]QJ))lS^r.ASiSr   for q=l, ■ ■ ■ , s.

tjqpl Mqp',{t¡qp)o.ri.
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Let  Lv = Mlv@- • -®MSV, p—\,---,r.  We  observe that Lxc- • •<=

Lr<=En and dim Ljj = (1-5+2í=i'íp)-1> P=l> ' " ' >r- Let Ui> ' ' " > C)
be an orthonormal set in En such that t,vA_Lp,p=\ ,■■■ ,r. Now, for each

/»=1, — , r, there exists an orthonormal set {rjlp, • • • , >iSJ)} such that

t^bli», •' , Vsp] and í79J)eM¿ni?a, <7=1, • • • , s. It is clear that there

exists an orthonormal set {rj'u, • • • , r¡'lr, r¡'21, ■ ■ ■ , r¡'2r, • • • , r¡'sl, • • • , r¡'sr)

such that r¡'ll])eM^tr\Rq,q=\, • • • , s,/>=l, • • •, r, with

[*?11, • • • , »7lr> - ' - » »?<.l. ' ' ' i ^srl C   [»?íl. " ' " ' »?ír> " * " i »?rt> ' * ' > >?ir]-

We extend {£,, • • •, £r}to an orthonormal set {£1( • • • , £sr} in such away

that L= [r/'n, • • • , r¡'lr, • ■ • , n'a., •••, *'„]=> [&, • • • , Q. Thus

...

(Ar¡'„, Vu)    ■ ■ ■    (Ar¡'„, n'„)l

= det(A | L) =det(L4£í, QXstó.raSiS«

Consequently

(4) O det((/tj/ái, »?«í))iáíar:iáíár ^ det((X^, Q)iS<Ssr;iä,Ssr.
8=1

Suppose í/^- • '§:*/„. are the proper values of A\L. By §2 (1) we obtain

(5) àx • • • dr ^ (([/I | L%, í¡))laiir:lái¿r = det((¿£¿, ^))iá<Srila/Sr-

By §2 (3), it follows that
n

(6) dr+1 ■ • • d„ ^      fi     <V
p=n—r(s—U+l

Combining (4), (5) and (6) we obtain

s

Y\ àet((Aïj'Qi, V'Qi))í¿i¿r:lííi¿r

^(      IÏ      aJdQt((A^,Q)liiirAäjäT.
(7)     -1

Using (2) and (7) we obtain

ii in kü\
q=l    V¡)=1 I

^ il        «d inf SUP  det((AÔi, ¿,))iS¿Sr:iSiSr
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where wv stands for dim KP=(1 — s+ 2a=i '«j,)—L But by §2 (2) we obtain

r

(9) inf sup àet((Aôi, á,))iáiSr;lSjSr = YJ aVp
Ki^ •■•<= Kr'*Wp öplkp v=i

(iplo.n.

where wv stands for dim Kv=(1—i+2a=i '«»)-1 and

vp = ^i - s + y i„j.

Combining (8) and (9) we obtain (1); thus the proof is complete.

Indeed this theorem is true for a nonnegative transformation on En.

4. Corollary. Let H be a Hermitian transformation on En with proper

values a^- ■ '^a„. Let a be any real number such that a^an. Then it is

clear that H—al is nonnegative. Let us consider subspaces and sequences of

positive integers of §3. Let the proper values of H\Rq be bQl^- • ■^bQh ,

q=l, • • ' , s. Then applying §3 to H—al we obtain

(lí (fi (*■*. -«))}*(    IÎ    («, - «)](lí K - À
\q=\   \p=l // %=7!-r(s-l)+l Mj,=i /

where vv=(\ —s+ 2i-i »«>)*■

5. Definition. Let z'^- • •^ik be a sequence of positive integers

such that iv^p, for p=\, ■ ■ • , k. We define (il, ■ ■• , i'k) to be the strictly

increasing sequence of positive integers such that (i[, • ■ • , i'k)tk(h> ' " > h)

and (_/!, • • • ,jk)fk(h, • ■ • ,0, if (ji,---,jk) is a strictly increasing

sequence of positive integers which is less than or equal to (iu • • • , 4).

6. Remark. For a Hermitian linear transformation R. C. Thompson

and L. J. Freede [5] have shown that

s     /  r \ /tU—1)      \ r

2 pA.,-;   ^( 2 "* +2«-,.
0=1   \j>«i / \ J>=1        ' 0=1

where Xj,=(28=i/„„)' and where the symbols are defined in §3

except the obvious changes are made in the conditions on the sequences

'ai> " ' > '«•• Thus we might expect a similar inequality for products. But

this conjecture is refuted by the following example. Let A be represented by

(!!)•

It is clear that A is positive. Consider the subdivision

Then ^^b2ii" =9>i=a1a2.

m-
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