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AN ABSTRACT MEASURE DIFFERENTIAL EQUATION

R. R. SHARMA

ABSTRACT. An abstract measure differential equation is intro-
duced as a generalization of ordinary differential equations and
measure differential equations. The existence and extension of
solutions of this equation are considered.

Introduction. This paper is an attempt towards the development of the
theory of differential equations of the form

dildu = f(x, A(S,))

where (X, 4, u) is a measure space, S, is a certain measurable set for
each xeX and dA/du denotes the Radon-Nikodym derivative of a complex
measure A (on the measurable space (X, .#)) with respect to u. Such
equations include, as shown in §3, as special cases, ordinary differential
equations and “‘measure differential equations” (as they are termed in [1],
[4], [5]) of the form

Dy = f(x, y(x))Dg

where Dg is the distributional derivative of the right continuous real
function g of bounded variation. In this paper existence and extension of
solutions are treated.

For a measurable space (X, .#), ca(X, #) will denote, as in Dunford
and Schwartz [2, p. 240], the space of all countably additive scalar (real
or complex) functions (briefly, real measures or complex measures) on
. (Note that real measures form a subclass of the complex ones, while
positive measures do not do so since they include -co as an admissible
value.) ca(X, .#) is a Banach space where norm ||4] is the total variation
of A on X (see Dunford and Schwartz [2, p. 161]). The total variation
measure of a measure 4 will be denoted by |4].

1. Existence and uniqueness of solutions. Let X be a linear space over
the field # where # is the set R of real numbers or the set C of complex
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numbers. For each x€X, define
S,={wx:—o<a<l}, S ={wx:i—0o<a=l} ifF =R;

and
S, = {ox:0 < |of < 1}, S,={ax:0=Z|a| =1} iIfF =C.

Let ./ be a o-algebra in X containing the sets S, for all xeX. Let u be a
positive o-finite measure or a complex measure on #. Let f be a scalar
function defined on S; X Q, where eX and

Q, = {a:]a] < a}.

Assume that f(x, A(S,)) is u-integrable on S. for each Aeca(S;, .#;)
where

M¢={EcME< S
Consider the equation

where dA/du denotes the Radon-Nikodym derivative of A with respect to u.

DEFINITION 1. Let a,€Q,, xo€S;, S, < X4 s and let 4, be the smallest
o-algebra in X, containing S, —S,, and the sets S, for xeX,—S,, (ob-
viously # <=M ;). A measure Aeca(X,, #,) will be called a solution of (*)
on X, with initial data [S, , o] if

(l) }'(Szo) = %o,

(ii) A(E)eQ, for Ee,,

(iii) A<uo on X,—S,, where u, is the restriction of u to &, (ie.
#o(E)=0 implies A(E)=0 for E< X,—S,,, Ee/),

(iv) 4 satisfies (*) a.e. [u] on X,—S,,.

The solution 4 on X, with initial data [S,, «,] will bc denoted, for the
sake of convenience, by A[X,; Sxo, ao]. Clearly the conditions (iii) and (iv)
in the above definition are equivalent to

ME) = fEf(x, M) duy for E < X, — S, (E €M),

THEOREM 1. Let a,€Q, and x,€S;. There exists a unique solution ly=
Ao[Sz,; Syys @ Of (*) for some x,€S;.—S, if the following conditions are
satisfied:

(@) I/“l(szo_smo)=0a

(ii) there exists a u-integrable function w on S such that

If (x, o) = w(x)
uniformly in a€Q,;
(iii) f satisfies a Lipschitz condition in «; i.e., given a set S, =S there
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exists a constant L=L(x,) such that
If (e, ) = f(x, 09)| = Loy —
Sor all (x, ay), (x, 2,)€S,, XQ,.
ProOF. Let r, be a sequence of real numbers such that r,}1 and

Sz Srazo = Srazy = " "2 S, Then

n (Sr,.:co - Swo) =g,
n=1

and therefore
I;ul (Sr,.a:o - Sa:o) —0.

We can therefore choose a real number r such that

(1.1) Sa:., c SmO,

(12) f w(x) d |l < @ — |l
and

(13) L l,ul (Sra:o - Szo) <1,

where L is a Lipschitz constant for fon S, x €. It follows from condition
(i) and (1.3) that

(1.4) L1l (Spay = S < 1.

Consider the space ca(S,,,, -#,) Where .#,, is the smallest ¢-algebra con-
taining S, —S,, and all the sets of the form S, for xeS,, —S,,. Let A be
the collection of all Aeca(S,,,, -#,) with the properties:

(1) K. = 2

and

(1.6 IAI < &

where

(1) kmll +f wadla<a,

by (1.2) and condition (i). Clearly A is a closed, nonempty subset of
ca(S,,,, #,) and is therefore a complete metric space. For each €A, we
have

(1.8) AEN =AM (E) S 1Ml =k <a for EcM,
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Let T be the mapping defined on A by
(TA(E)=ay forE=3S,,
=f f(x’ }'(Sz)) d‘u for E < Sr:co - Sa:., (E E"”o)'
E

Then TAeca(S,,,, #,), and
1T = log] + L U A d

= ool + f w(x) d |u| by condition (ii),

reg” Oxg

= k.
Therefore, TAeA. T thus maps A into itself. Furthermore, if 4, A,€A,
(Tl — TA)E)=0 forE=3S,,

- fF[f(x, 1(8) — 1x, A(8.))] du

forE< S, — S,, (E€AH,).
Therefore,

ITh = Thl =[ 10 A — fee WS d

9 st i) - Al

S Lul (Spey — Szp) 14— Aol

It follows from (1.4) and (1.9) that T is a contraction. Hence by the
principle of contraction mapping, T has a unique fixed point 4, Also,
A(E)eQ, by (1.8). 4, is then the solution of (*) on S,z, With initial data
[S,, %o). This completes the proof of Theorem 1.

2. Extension of solution. Let f be defined on Xx.% and let the con-
ditions of Theorem 1 be satisfied with S, and Q, replaced by X and F
respectively. Theorem 1 yields a solution Ay[X,; Sxo, ag] where A€
ca(X,, M), X,>8,, and 21y(S,)=0,. Let x,€Xo—S,, be such that
|ul(S,,—S,)=0. There is a similar solution A,[X;; le, o,] where
heca(Xy, A,), X,> X, and 4,(S,)=a,. Here 4, is the smallest o-algebra
containing §, —S, and sets of the form S, for x€X,—S,, and 4, is the
smallest o-algebra containing S, —S, and sets of the form S, for
xeX,—S,,. It follows from the uniqueness property that Ao(E)=21,(E) for
Ee#lyNAM,. Let # be the smallest o-algebra containing the members of
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My and M. Let Aeca(X,, #) be such that
AME) = Ay(E) for E€e M,,
= M(E) for Ee,.
Then A is a solution of (*) on the set X; such that A(Szo)=oc.,. We shall call

A the continuation of 4, to X;. We thus extend the solution 4, to X;. By
repeating this process we arrive at a maximal set over which A, is defined.

3. Special cases. (A) If X=R, ¥ =R and u=the Lebesgue measure
m on R, the equation (*) reduces to the equation

which can be shown to be equivalent to the ordinary differential equation
3.2 dyldx = f(x, y(x)).

More precisely, we shall prove the following:

THEOREM 2(A). To each solution y of (3.2) with initial condition y(x,)=
g, there corresponds a solution A of (3.1) such that A((— 0, xo])=0,, and
vice versa.

Proor. Let y, be a solution of (3.2) on [x,, x;] with initial condition
Yo(xp)=0ty. Define
y1(x) =0 for x < x,,
= po(x) — oy for xy < x < x4,
= yo(xl) - ao fOI‘ X g xl.
Then y,eNBV where NBV is the class of left-continuous functions ¢ of
bounded variation such that ¢(x)—0 as x—— co, and hence there exists,

by Rudin [3, Theorem 8.14(b)], a unique complex Borel measure 4,
such that

(3.3) Y1(x) = A,((— o0, x)).
Since y, is absolutely continuous, 4,<&m (by Rudin [3, Theorem 8.16]).
Let .#, be the smallest g-algebra containing {x,} and the sets (— oo, x] for
xy=x=x,;, and define 4, on #, by
Ao((—00, xo]) = ag, A(E) = M(E) for E < [x,, X,] (E € M)
It is easy to see that Ageca([x,, x,], #,) and that <my where my is the
restriction of m to #,. Furthermore, for xe[x,, x;], we have
Yo(¥) = y1(%) + og = 4,((— 0, x)) + o,
34 = o((Xo, X)) + 2o((— 0, X,]) = Ay((— 0, x))
= Ao((— o0, x]), since Ay K my and my{x} = 0.
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Since y, is absolutely continuous, being a solution of (3.2) on [x,, x,],
Yo (=dy,/dx) is defined a.e. [m] on [x,, x,] and

Yo(x) = oo +f yo(t) dt  for x € [x,, x,].

Therefore,

Ao([x0, x]) = [wo'x]y(,(t) dr.
Thus,
(3.5) ye(x) = dAyJdm, a.e.[m].

Now (3.4) and (3.5) show that 4, is a solution of (*) on (— 0, x,] satisfying
the initial condition A,((— 00, xo])=a.

Conversely, let 4, be a solution of (3.1) on (— oo, x;] with initial con-
dition A,((— o0, xo])=0,. Let 4, be a complex Borel measure on R such
that

Al((_w, x)) =0 for x é Xo5
= do((— o0, x]) — @y for x, < x < xy,
= Ao((— 00, x4]) for x > x;;

M(E) = Ay(E) for measurable sets E < [x,, x,].

Since A,&my on [x,, x;], 4, being a solution of (3.1), it follows that
A,&m. Define y; by (3.3). By Rudin [3, Theorem 8.14(a) and Theorem
8.16], y, is absolutely continuous. Define

Yo(x) = y1(x) + xy for x € [x,, x,].
Then y, is absolutely continuous and

Yol®) = Zo((— 0, x]) for x € [x, %,].
Also, since

dA
M x) =] == (0)dt,  x€e(x,x,)
(.21 AMg

we have

z dj

Yo(x) = oo +f —2 (1) dt.

x9 AMy

Therefore,

dA .
d—"(t) = yo(t) a.e. [m] on [xy, x;].
m

Thus, y, is a solution of (3.2) on [x,, x,] satisfying y,(x,)=a,. This com-
pletes the proof of Theorem 2(A).
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REMARK. In the special case considered above Theorem 1 reduces to a
well-known local existence and uniqueness theorem for ordinary differen-
tial equations.

(B) Let X=R, # =R and u=pu, where u, is the Lebesgue-Stieltjes
measure induced by a right continuous function g of bounded variation.
In this case the equation (*) takes the form

(3.6) dAjdu, = f (x, M((= 0, x])).
Consider the equation
(3.7 Dy = f(x, y(x)) Dg

where Dg denotes the distributional derivative of g. The equation (3.7) is
in fact equivalent (see [1], and also [4], [S]) to

(3.8) Yx) = p(xo) + f( 16,509 de.

By a solution y of (3.7) with initial condition y(x,)=a, is meant a right
continuous function y of bounded variation such that y satisfies (3.8) and
and y(x,) =ua.

We shall prove the following:

THEOREM 2(B).  To each solution y of (3.7) with initial condition y(x,)=
o, there corresponds a solution A of (3.6) such that A((— o, Xo})=a,, and
vice versa.

PrOOF. Let y, be a solution of (3.7) on [x,, x;] with initial condition
Yo(xo)=0,. Extend y, on (— o0, x,) by defining yy(x)=0 for xe(— o0, x,).
Let .#, be the o-algebra containing {x,} and the intervals (— oo, x] for
x€[x,, x,]. Let 4, be the restriction to .#, of the Lebesgue-Stieltjes
measure on (— o0, x,] induced by y,. Then

A (X' x"]) = po(X") = o), xo X" < X" = x5

Ay, (= 0, x]) = po(x), x € [xg, X,].

From (3.8) and (3.9), we obtain

3.9)

1, X)) = f( 0o B0, xD) dg
and '
/'Lyo((-—oo, Xo]) = yo(xo) = o

which shows that 1, is a solution of (3.6) with initial condition

24, (= 0, X)) = 2.
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Conversely, let 4, be a solution of (3.6) on (— oo, #] with initial con-
dition 4, ((— o0, xo])=a,. Define yo(x)=2o((— 0, x]) for x€[x,, f]. Then

Yo(x) — yo(xo) = f(s, yo(s)) dg and  yo(xe) = ot

(xg,2]

If X, >x,> - - >x,—x, then yy(x,)—y(x), since

(=00, x] = ﬁ (— o0, xn]°

n=1

Thus y, is right continuous on [x,, ]. If x<x;<" - -<x,=§, then

i=1

> ox) = Yo(xedl = 3 Mo((xics xDI = 1ol (=0, B)
i=1

so that
v(yOa [x()! ﬂ]) é |)‘0| ((—w’ ﬁ))

where v(y,, [xo, B]) denotes the total variation of y, on [x,, 1. Since 4, is
of bounded variation, the last inequality shows that y, is a function of
bounded variation on [x,, 8]. Thus y, is a solution of (3.9) on [x,, x,] with
initial condition yy(x,)=a,. This completes the proof of Theorem 2(B).
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