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MAXIMAL INDEPENDENT COLLECTIONS
OF CLOSED SETS

HARVY LEE BAKER, JR.

ABSTRACT. A theorem is proved which implies that if X is a
separable metric space then there exists a countable maximal
independent subset of the lattice of closed subsets of X. In the case
where X has no isolated points this independent set is nontrivial
in the sense that X does not belong to it and it contains no single-
tons. Furthermore, if X is a compact metric continuum such that
U {0 | O is an open subset of X and O is homeomorphic to E” for
some n > 1} is dense in X then there exists a countable maximal
such collection whose elements are connected. This complements
previous work by the author which characterized continua for
which there are such collections of a specialized nature.

1. An independent subset of a partially ordered set is one such that no
two elements of it are comparable. See [S]. An amonotonic collection of
sets is one which is independent relative to set inclusion. A complete
amonotonic decomposition of a connected T, space T is a maximal amono-
tonic collection of closed connected subsets of 7" which is nontrivial in the
sense that it contains at least two elements and at least one element of it
is not a singleton.

No compact metric continuum has a finite complete amonotonic
decomposition (Theorem 1.1 of [3]), whereas many have countable such
decompositions and some have only uncountable ones (arcs, indecompos-
able continua, etc.). Theorem 2.3 is the main object in the present paper
and describes maximal independent subsets of the lattice of closed subsets
of many T, spaces (all those having “pseudodevelopments”). The cardi-
nality of the maximal independent subset obtained by use of this theorem is
often less than the cardinality of the topology of the space, and in par-
ticular it follows that if X is a separable metric nondegenerate space then
there is a countable maximal independent subset of the lattice of closed
subsets of X which is nontrivial in the sense that it does not contain X,
and if the set of isolated points of X is not dense in X then the only single-
tons belonging to it are isolated points. Theorem 2.3 also implies that if T
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is a compact metric continuum and
U {0|0is open in T and O ~ E" for some n = 2}

is dense in T then there exists a countable complete amonotonic decom-
position of T. An even larger class of continua which have countable
complete amonotonic decompositions is given in Theorem 2.5. Even this
theorem, however, falls short of characterizing those continua which do
have such decompositions. For example in [3] the following statements
concerning a compact metric continuum M are shown to be equivalent:
(A) There is a complete amonotonic decomposition G of M such that if
g1 and g, are distinct elements of G then M =g, U g,, and M — g, is
connected. (B) There is a monotone continuous mapping F from M onto
a simple closed curve J such that if H is a proper closed subset of M then
F(H) # J. It is impossible to obtain a countable complete amonotonic
decomposition of such an M using Theorem 2.5 (note that statement (A)
implies that G is countable). Finite graphs with no end points, and continua
related to them the way M is related to S! in statement (B), also have
countable complete amonotonic decompositions (see [4] and [2]), but no
such decomposition can be obtained by application of Theorem 2.5.

It is of interest to note that the complete amonotonic decompositions
obtained in [4] for finite graphs with no end points, and the decomposition
G obtained in statement (A), are not maximal independent subsets of the
lattice of closed subsets of the respective spaces, but that the decompositions
obtained in Theorem 2.5 and Theorem 2.6 (for “near manifolds™ T) are
indeed maximal in this lattice.

2. The following definitions introduce terminology used in the state-
ment of Theorem 2.3 and throughout the proof of it.

DerINITION 2.1. A pseudodevelopment of the T, space (X, T) is a
sequence G = G,, Gy, - - - of nonempty collections of disjoint open sets
such that (a) for each n, G, refines G, and Cl (Gx) = X (the star is the
union), and (b) if O is a nonempty open set then there is an n such that
some element of G, is a subset of O.

DEerINITION 2.2. If G = G4, G,, - - - is a pseudodevelopment of the T,
space (X, T) then W(G) will denote the collection to which X belongs if
and only if there exists a positive integer j and j distinct elements
X1, Xy, -+, X; of G, such that (a) X = Interior (X; U X, U - U X)),
and (b) if / is an integer such that 1 S i <jthen X; U X, U--- U X;is
not a subset of the union of i or fewer elements of G,.

THEOREM 2.3. If G = Gy, Gy, * - * is a pseudodevelopment of the T,
space (X, T)and for each n, each element of G, contains at least two elements
of G,.1, then W(G) is a maximal independent subset of T.
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Proor. 1If for each n we let W, denote the sets of elements of W(G)
which are determined by # distinct elements of G,, then a routine argument
shows that W, is an amonotoniccollectionand thatif W, U W, U --- U W,
is an amonotonic collection then so is W, U W, U --- U W, ;. Hence
W(G) is an amonotonic collection.

It must be shown now that every open set either contains or is a subset
of an element of W(G). Suppose D is an open set. Suppose there exists an
integer i such that D intersects at most i elements of G,. We will show that
in this case D is a subset of some set of W(G). Let O, O,, - - -, O, denote
the distinct elements of G; which intersect D. We note that since, for each i,
the elements of G, are disjoint and CI(G¥) =X, the set [ =
Interior (0, U 0, U - - - U 0,) must contain D. Hence if we can establish
that / is subset of a set of W(G) we are through with this portion of the
argument.

That this is so follows from the seemingly more general proposition:
If Dy, D,,--+, D, are distinct elements of G, where m < h then
Interior (D, U D, U -+ - U D,,) is a subset of a set of W(G). We prove
this proposition by letting e denote the least positive integer such that
D,V D,V ---U D,is a subset of e or fewer elements of G,. We know
however that G, contains at least 2¢-1, hence at least e, elements. Thus
we can find e distinct elements hy, h,,...,h, of G, such that
D,uD,V---UD,<h UhyU---Uh, Now hy Uh, U---Uh,
satisfies (a) of Definition 2.2, and if (b) is not satisfied then there is an /
such that 1 </ <eand by U hy, U--- U h, is a subset of the union of /
distinct elements of G,. But in this case e is no longer the least positive
integer such that D, U D, U - -- U D,, is a subset of e or fewer elements
of G,, a contradiction. Hence Int (h, Uh, U--- Uh)e W(G), and
since D; U Dy, U---UD, < h UhyU---Uh, implies

Int(D,UD,U---UD,)<Int(hy Uh, U---UH,),

we are through.

Suppose now that for each i, D intersects at least i/ + 1 elements of G,.
We will show that D contains a set of W(G). There exist an integer k and
two distinct elements X; and X, of G, such that X; U X, < D and X, and
X: lie in the same element of G,_,. Let A} denote the element of G, which
contains X; U X, and let 4} be an element of G, distinct from A} which also
intersects D. Now let A} denote the element of G, which lies in 4} and
contains X; U X, let 4} denote an element of G, which lies in 4% and inter-
sects D, and let A3 denote any element of G, which intersects D and is
distinct from hj and h3. We proceed by choosing four distinct elements
hs, k3, h3, h3 of Gy such that each intersects D and such that h} < A},
h3 < k3, B3 < k3 and X, U X, < hi. We continue in this manner until we
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finally obtain k distinct elements h;_,, Ay, " - -, hi_; of G,_; such that
each intersects D, X, U X, < hy_; and hi_, < hy_, for a =1,2, -,
k — 1. Notice that the entire set of 4¥’s has been constructed in such a
way that h} = h?ifa = cand b =< ¢ + 1. A consequence of this (one that
will be used later) is that at the (n + I)th stage of the construction,
hiiy, Koy, - -+, B2 are chosen in such a way that the union of all of them
does not lie in the union of n elements of G,. This implies directly that if
m < nthen |J A4, is not a subset of the union of m or fewer elements of
G,

Since (X, T) is Ty and G is a pseudodevelopment of (X, T), there is an
integer d > k such that for every a, where 2 < a < k, h;_, N D contains
the closure of an element of G,. Let g,, fora = 2,3, -+ -, k, be an element
of G, whose closure lies in D N hy_,. Choose now distinct elements
g gl o, gV ® of G, such that gt U gt U - Ugi < X, UJX,
and such that if k + 1 < i < d then no two g;’s lie in the same element of
G,. That this can be done is evident from the facts that X; and X, contain
distinct elements x;,, X;5, and Xx,;, Xg Of Gy, respectively, that x;;, x;,,
Xa1, Xap contain distinct elements xyy,, X5, €tc. of G,,,, and so forth.
We could if we wished choose 24 *g[’s meeting the above requirements.

Let I=giugiu--- Vg™ Ug, UgsU- - U g. The closure of
each of the g’s is in D, so Interior I = D. It will be shown now that
Interior [ € W(G). Suppose | =< e < d and that I is a subset of the union
of e distinct elements of G,. If k — 1 = e < d, then since the h._’s are
distinct and g, < hz_, for a = 2, it follows that the set

g%ugfu,,.ugf+l—k

lies in the union of e — (k — 1) = e + 1 — k elements of G,. But e < d
and, therefore, at least two of the elements g}, g, - - -, gi"" ™" lie in the
same element of G,. This contradicts one of the defining properties of the
gi’s as given in the last paragraph. Hence, 1 < e < k — 1. In this case,
since {hy_y, hs_1, - - -, h_y} properly covers I, it follows that

M Uh_, U UK,

is a subset of the union of e elements of G, where e < k — 1. But this
contradicts the concluding three statements of the third paragraph of this
proof (one of which in effect says that this is one of the properties in-
herited by the A} _,’s as a result of the manner in which they were selected).
Therefore Interior I = D and Interior I € W(G), completing the argument.
It is a consequence of the argument above that if D is not a subset of
any element of W(G) then it contains infinitely many elements of W(G).
This follows since either d or k can be replaced by any larger integer.
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Corresponding to every maximal independent subset W of the topology
T on X is a maximal independent subset W’ = {X — w| we W} of the
lattice of closed subsets of X. This correspondence gives us the following
result.

THEOREM 2.4. If M is a separable metric space, then there exists a
countable maximal independent subset C of the lattice of closed subsets of M.
In the case where M contains no isolated points (i.e. every point of M is a
limit point of M) C is nontrivial in the sense that M ¢ C and C contains no
singletons.

ProoF. If M is a separable metric space with no isolated points then
it is easy to construct pseudodevelopments of M which satisfy the hy-
pothesis of Theorem 2.3. For example: For every open set O of M let
G(0) denote a maximal collection of disjoint open subsets of O whose
diameters are less than one half the diameter of O. The sequence defined
by G, = G(M), G,,, = {G(x) | x € G,} is a pseudodevelopment of M
satisfying the conditions of Theorem 2.3. Hence there is as a consequence
of the remark preceding the statement of this theorem, a maximal in-
dependent subset of the lattice of closed subsets of M which has the
same cardinality as W(G), where G = G, G, - - - . But W(G) is countable
since it is a subset of the set of all finite subsets of |G, and G, is count-
able for each i since M is separable and the elements of G, are disjoint
open sets.

If M has anisolated point P then {M — P, {P}} is a maximal independent
collection of closed subsets of M. If M, = M — M, is nonempty, where
M, is the set of all isolated points of M, then there is a nontrivial countable
maximal independent subset of the lattice of closed subsets of M of the
form W, U {{P} | P is an isolated point of M}, where W, is a maximal
independent collection of closed subsets of M, obtained by application of
the results of the first part of this argument.

THEOREM 2.5. If M is a separable metric space, G = G,, Gy, "+ is a
pseudodevelopment of M satisfying the hypothesis of Theorem 2.3, and
M — A* is connected for every subcollection A of \JG,, then W' =
{M — x| x € W(G)} is a countable complete amonotonic decomposition of
M. Furthermore, W' is also a maximal independent subset of the lattice of
closed subsets of M.

THEOREM 2.6. If T is a compact metric continuum and \Jn-, T, is
dense in T, where T, is the union of all open subsets of T which are homeo-
morphic to E", then there exists a countable complete amonotonic decom-
position of T which is also a maximal independent collection of closed
subsets of T.
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Proor. The space | J,.1 T, is a separable metric space and has as a
basis the collection of all open cells g such that (a) § = T, for some n,
(b) the diameter of g is less than the distance from g to T — (J,>; T,.

Open cell here is an open subset of T which is homeomorphic to E*
for some n and whose closure is a closed cell. From this basis (or any other
basis) a pseudodevelopment G = G, G, - - - can be constructed such that
the boundaries of the elements of |J G, are disjoint. Now W(G) is a
maximal independent subset of the topology of | .~ T, and, by condition
(b) and the fact that Cl (.-, T,) = T, we know that every open set of T’
which intersects T — (J,-, T, contains an element of G, and hence an
element of W(G). Here we should note that Int § = g for open cells g.

Thus W(G) is a maximal independent subset of the topology on T and
the set of complements of the elements of W(G) is a countable maximal
independent subset of the lattice of closed subsets of 7. The elements of
W(G) have connected complements since the components of | J,, T, are
connected manifolds of dimension greater than one, no such manifold is
disconnected by the union of a finite number of open cells whose
boundaries are disjoint, and no element of |J G, has a boundary which
intersects T — Uns1 Ty
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