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ON THE LOCALIZATION OF RECTANGULAR PARTIAL
SUMS FOR MULTIPLE FOURIER SERIES

FON-CHE LIU!

ABSTRACT. The question of the localization for rectangular
partial sums of the multiple Fourier series for functions of Sobolev
spaces is settled.

1. Introduction. As usual we denote by T, the n-dimensional torus
(==, +7]x: - x (==, +7], by Wi(T,)= W1 the Sobolev space of
functions which are absolutely continuous and periodic with period 27
on almost all those lines which are perpendicular to the hyperfaces of T,
with the superscript and the subscript having their usual meanings.
Furthermore, we use WA(T,) = W! to denote the space of those
functions of W, which vanish on the boundary of T,. Naturally, we
overlook the difference between a function and the class of functions for
which it is a representative, and for convenience we always choose the
representation functions as described above.

Goffman and Liu have established in [2] that the square partial sum
has the localization property for W} if p=n—1 that for each p<n—1 there
is an f € W} which does not have the localization property, and that there
is an everywhere differentiable function on T, for which the localization
property fails. It is also shown in [2] that the rectangular partial sum
does not have the localization property for the space Wj if p=n—1.
Our purpose in this note is to show that the localization property does
hold for the rectangular partial sum if p>n—1 and therefore settle
completely the question of localization for the rectangular partial sums
of Fourier series so far as the Sobolev space W}, is concerned. Regarding
almost everywhere convergence for rectangular sums, it was shown by
Cesari [1], in contrast to our results, that almost everywhere convergence
holds for W}, for n=2, and for W}, p>1, for n>2. It seems accordingly
that Cesari’s work deserves more attention than it has received.
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For our purpose, we consider in §2 the estimates of the Dirichlet
integrals of Lip. « functions on T, over subintervals of T,. As a con-
sequence we obtain the uniform convergence for the rectangular partial
sums of functions in W}, p>n. It has been shown in [7] that the Dini-
Lipschitz theorem holds on T, for the rectangular partial sum. Since the
method of the proof in [7] is unnecessarily complicated and it is not clear
that the method employed there can be applied to the higher dimensional
cases, we will indicate at the appropriate place that the corresponding
theorem in T, actually follows along the lines of the arguments in §2.

2. Dirichlet integrals and uniform convergence. For convenience we
shall use the following notations: Capital letters X, Y, - - - are points in
R¥, k=1, 2,---, small letters x, y,--- are real numbers; if X=
(x1,°*, x,), then X;=(x,""-,x;), X;=(x;11,""",%,) and dX=
dxy -+~ dx,=(dx; - - - dx;)(dx;4y - - dx,)=dX; dX;; if J=(jy, - -, ji) isa
k-dimensional lattice point with positive components, then j;=
max{jy, -, ji}, and Dy(Y)=D; (y1): D;,(y2) - - D;(yi) is the corre-
sponding multiple Dirichlet kernel, where D,(y)=="{sin( j+%)y/2 sin y}.

THEOREM 1. Iffis a Lip. « function on T,, «>0, and if

I= [_al’ +a1] X [—'02, +a2] XX [_aru +a'n] < Tn,

then
f (X +Y) = fOIDAY) dY| < CIflg (5" [ LClogi),

where | f|L., is the Lip. « norm of f on T, and C is a constant which depends
onlyonay,---,a,.

PrROOF. Write

n—1

f(X +7Y) "f(X) = kZO {f(Xk’ (X + Y)) —f(Xk+l’ (Xerr + Yk+1)—)}

n—1
= ;’m(x, Y),

where (Xo, (X,+Y,) )=X+Yand (X,, (X,+7Y,) )=X.
Obviously, by rearranging the variables if necessary, we may assume
without loss of generality that j, = - -2, i.e.j7,=ji41, k=0, -+, n—1.
Now

n—1

f $(X, Y) Dy(Y)dY| =D R,
4 %=0

n—1

‘ L{f(X 1Y) —f(X) DJ(Y)‘ <5

k=0
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R, = fl{f (X X1 + Ve, (X1 + Yirn) )

_f(Xkr xk+l’ (Xk+1 + Yk+1)j} DJ( Y) dY'

2 B +1 —
=[] [ U 5+ 0 K+ T
—an k42 —Ck41
— [(Xis Xt 0. 9% Yk+1)—)} Djk+1(yk+1) d.Vk+1

Lk L D,(¥,) dY,

f ' [f {f (X, X1 + Virr, X1 + Yirr) )
—Ok+1

—Ak+2

DJk+1( Yk+1) d Yk+1

— f(Xps Xpi15 (X1 + Yk+1)j} D?’k+1(yk+l) d,Vk+1:|

X D;kﬂ( }_,k+l) dYk+1
an Q2 _ —
< A1 fl it 0 o f - f D3, (Fuudl d¥eur
—a, _ak+2

= Clflpliz) I ] tog ),

I=k+1

where the last two steps are familiar in the 1-dimensional case (see
[8, pp. 62-64]). Q.E.D.

THEOREM 2. If fe€ W}, p>n, then the rectangular partial sums of the
Fourier series of f converge uniformly to f on T,.

Proor. It is known that if fe W}, p>n, then f is a Lip. (1—(n/p))
function (see [5, p. 83]). Therefore Theorem 2 follows from Theorem 1
with a,=- - -=a,=n. Q.E.D.

CoRrOLLARY. If fe I'f/,’, and p>n(l, then the rectangular partial sums
of the Fourier series of f converges uniformly to f on T,.

PRrOOF. By a well-known lemma of Sobolev (see [6] or [5]) fe W},
g>n, if fe W p>n|l. Therefore the corollary follows readily from
Theorem 2.

For results which are similar to the corollary for the spherical sum-
mation method see [3] and [4].

As far as uniform convergence is concerned, it is clear that the
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following theorem which is the n-dimensional analogue of the Dini-
Lipschitz theorem can be proved along the lines of arguments in the proof
for Theorem 1.

THEOREM 3. Let f be continuous and periodic on T, and let w(t) be the
modulus of continuity of f. If w(t)=o(log (1/t))™", then the rectangular
partial sums of the Fourier series of f converge uniformly to f on T,.

3. Localization. Now let us turn to the questions of localization. In
view of the application to convergence questions we put the localization
principle in the following form

THEOREM 4. Let T,={X € T,:max{|x,|, -, |x,|}=b}, 0<b<m. If
feW},,p>n—l, then

lim f f(X+Y)Dy(Y)dY =0
T

g1, im0

uniformly in X € T,

ProoF. First of all, if fe Wy, then for almost all y,, g, (Y, ;, ¥,
=f(Y,_1, ys» Y,) is a function in Wi(T,_,), i=1,---,n. For these y,,
if p>n—1, g, is a Lip.(1—(n—1)/p) function on T, , with its
Lip. (1—(n—1)]p) norm bounded by C g,,I3.cn_1), Where |ig, I3, n_y, is
the Wi-norm of &, on T, , and C is a constant which depends only on
P, (n—1), and T,_, (see [S, p. 83]).

Next,
fbf(X + Y) Dy(Y)dY =f f X + ) DY) dY
Tn Tas Jal>
* +J‘Tn—2*f|w|2b £7l|<bf(X + Y) Dy(Y)dY

+~--+f f f f(X + Y) Dy(Y) dY.
lynl 20 Jlyp-1| <d lvil<b

We need only estimate the first term on the right-hand side of (*), the
estimates for the other terms being similar. In the following we shall use
J' for J; and write J'=(j1, 3, * - , ju_y) Where ji=jir1, k=1, -+, n—1.

[ [ _sx+npmar
Tha |Vllzb
=f f {f(X +Y) —f(x:1 + y1, A71)} D,(Y)dY
Tn—l l”]lgb

#f et Ry pnay
Ty Iﬂlléb
=R, + R,,
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where

(A R, =J;111|%b fTﬂ_l{f(xl + y, (X, + Yl)_) — [+ s A_/l)}

x D,(Yy)dY, D; (yy) dy,,
and

A Ro=[ S+ 5 B Dy

In view of the remarks in the first paragraph of the proof and by apply-
ing Theorem 1 with n replaced by (n—1) we have, for almost all y,,

[o 06+ 3 X0+ 90 = 164 4 30, T}D (T aF,

= [, Guts + 10 = g KD T,

n—2 n—1
= Clgayn . 2 G222 1] (log i),

k=0 I=k+1

where C is a constant depending only on P, (n—1), and T, _,.
Consequently, from (A;) we have

Cc n—2 ) . n—1 . §
IR = €[5 (130 Hlogh} @) S
k=0 l=k+1

and therefore R,—0 uniformly in X as j;, - - -, j,—>00.
Finally, we show that R,—0 uniformly in X as j,—oc0. Let £>0 be given,
choose 6>0 such that

(Aa) C'(Z‘IT)(P_D/P° “f";’n . 61—(n—1)/P . b—l < 8/2,

where C is the constant chosen previously in the proof. Let Z,, Z,, - - - , Z,
be points of T,_; such that any point of T,_; will be within the d-neigh-
borhood of at least one of Z,, Z,, - - - , Z,, and such that

(Aa) lim fGa+ 31, Z) Dn()’l) dy, =0

iy~ Jiy|2b

uniformly in x, for /=1, -+, N. That this can be done is obvious from
the Fubini theorem and the 1-dimensional localization principle. Now
let X be any point of T,,. There is / with 1 S/=< N such that

(As) IZI - XII < 0

where by |X| we mean the euclidean norm of X in the corresponding
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appropriate space. Write

R, = f (G + v T — 1y + y1, 20} Dyy(vr) dyn
I”llgb

(As) +J; lef(xl + Y1, Z[) Djl(yl) dyl

=R, + R}

That |R3|<¢/2 if j, is sufficiently large and independent of X follows from
(Ay). We shall have shown that |R,|<e for sufficiently large j, and inde-
pendent of X if we show that |R;| <e&/2 for all j,. As pointed out in the first
paragraph of the proof, for almost all y,, the following inequality holds

1fOa + i X)) —fa + 3, ZY)l = C "ga:l+141"}>.(n—l) | X, — Z,|""

therefore

IRyl < fl UG 31 B = fo + 3 2D, 001 dy,
nl2

= f [fCer + 1, X0) — f(x1 + w1, Z)| dy,

b
< FQn TRl | B — 2P <

-

by (Aj3), (A;5), and the Holder inequality. Q.E.D.
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