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A(p) SETS  AND SIDON  SETS

SAMUEL   E.   EBENSTEIN

In this note we present a short proof of the following theorem due to

Robert E. Edwards, Edwin Hewitt and Kenneth A. Ross [3]:

Theorem. If Y is an infinite (discrete) abelian group there exists £c F

so that E is A(p)for allp< oo, but E is not Sidon.

Our proof is based on a theorem of Aline Bonami [1, Theorem 5,

p. 359]. We refer to [4, §37] for the definition of the terms A(p) set and

Sidon set.

Lemma 1. If rocF is a subgroup and E<^Y0, then E is A(p) [Sidon]

in T0 if and only if E is A(p) [Sidon] in Y.

Proof.   Clear.

Lemma 2.    If Y is an infinite abelian group then Y contains a subgroup

ro isomorphic with one of the following:

(i)Z;
(ii) Ziqx)for some prime q;

(iii) 2"=1 Ziqn) where qn is an increasing sequence of primes;

(iv) ^¿n=xZiq) for some prime q.

Proof.   See [3, Theorem 2.3].

The following lemma is a special case of [2, Lemma 1, p. 590].

Lemma 3.    If E is Sidon in Y and rV<= Y is infinite then W+ W^E.

Definition. If £ is a countable subset of T let yx, y3, y3, • • • be an

enumeration of the elements of E. For y g Y and s a positive integer, let

RsiE, y) be the number of representations of y of the form

y = ±y„, ± yn„ ± ■ • • ± yn,      («, < n2 < • • • < ns).

The following theorem is a special case of [1, Theorem 5, p. 359].

Theorem 4. If E<=Y and Z?s(£, 0)^BS for some B^O and all s, then

E+Eis Aip)for allp<oo.
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Proof of Theorem. By Lemma 3 and Theorem 4 it is sufficient to

find an infinite set E so that RsiE, 0)=0, and let F=E+E.

If r contains an infinite independent set E, then clearly RsiE, 0)=0.

If T contains no infinite independent set then either Z<=r, or Z(^œ)<=r

for some prime q. If Zc r let £={3"}™=1. Then the lacunarity of E implies

that RsiE,0)=0. If Z(qa>)<^Y let E={exp(2mlqn)}^=1. (Here we are

considering Ziq™) as a subgroup of F.) Then a simple computation shows

that R,(E, 0)=0.
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