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COMPACTNESS IN TOPOLOGICAL TENSOR PRODUCTS
AND OPERATOR SPACES

J. R. HOLUB

ABSTRACT. Let E and F be Banach spaces, E®F their algebraic
tensor product, and E ®, F the completion of E®F with respect
to a uniform crossnorm « >4 (where 1 is the “least”, and y the
greatest, crossnorm). In §2 we characterize the relatively compact
subsets of £ ®; F as those which, considered as spaces of operators
from E* to Fand from F* to E, take the unit balls in £* and in F*
to relatively compact sets in F and E, respectively. In §3 we prove
that if T,:E,—~E, and T,:F,—F, are compact operators then
T,®, T, and T, ®, T, are each compact, and results concerning
the problem for an arbitrary crossnorm « are also given. Schatten
has characterized (E®, F)* as a certain space of operators of
“finite a-norm’’. In §4 we show that a space of operators has such a
representation if and only if its unit ball is weak operator compact.

1. Introduction. Throughout this paper E and F will denote Banach
spaces, E®F their algebraic tensor product, and £ ®, F the completion
of EQF with respect to a uniform crossnorm a=1 (see [6] for notation
and definitions used without other reference). Here A will denote the
“least” crossnorm and y the greatest crossnorm [6].

In §2 we give a characterization of the relatively compact subsets of
E ®,; F. The characterization is given in operator terms, regarding
E ®, F as both a space of compact operators from E* to F and one from
F* to E.

If T,:E,—~E, and T,: F;—F, are continuous linear operators then the
tensor product maps T, ®, T, E, @, F~E ®,F, and T, ®,T,:
E, ®, F,—~E, ®, F, are each continuous. A question of considerable
interest and importance in the theory of tensor products is the degree to
which properties of the operators 7; and T, carry over to the tensor
product mappings (for results in this area see [1], [2], [4], and [5]). In
§3 we show that if T, and T, are compact operators then 7; ®; T, and
T, ®, T, are also compact. A number of results concerning the more
general situation in which « is any crossnorm for which 7, ®, T, is con-
tinuous are also given.
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In §4 we consider the representation of Banach spaces of operators as
duals of tensor products. Let £ (E, F) denote the space of all continuous
linear operators from E to F with norm given by ||T||=sup ;-1 | Tx||. A
linear subset A(E, F) of #(E, F) which contains all finite-dimensional
operators is called a Banach space of operators (or simply an operator
space)if (i) A(E, F)is a B-space under some norm which we call the A-norm
on A(E, F) and denote by ||*| 4, and (ii) if T € A(E, F) then |T| 2| T,
with equality holding for all one-dimensional operators. Schatten has
shown that if « =1 is a crossnorm on E® F then (E ®, F)* can be identified
in a natural way with an operator space A(E, F*) [6]. In §4 we show that a
given operator space A(E, F*) can be represented in the form (E ®, F)*
for some «a=1 if and only if the unit ball in A(E, F*) is compact in the
weak operator topology on A(E, F*).

2. In this section we will characterize the relatively compact subsets of
E ®; F. To state this characterization in operator terms we recall that the
space E ®; F may be identified (in the obvious way) with the space of all
compact operators from E* to F which are continuous in the w*-topology
on E* and the weak topology on F (of course, the same is true with the
roles of E and F reversed) [3]. We will accordingly denote by T an element
of E®; F, thinking of it as an operator from E* to F. Its adjoint
T*:F*—F is associated with the same element of F ®, F, of course.
Let U° be the unit ball in E* and V° the unit ball in F*.

THEOREM 1. A set A< E ®, F is relatively compact if and only if each
of the sets A(U®)=(Tf|TeA, feU%<F and A(V)={T*g|T€ 4,
g € VY= E is relatively compact.

Proor. There is a natural embedding of F ®, F into C(U°x V9
(where U®x V'? has the product of the w*-topologies on U® and ¥°) ob-
tained by embedding E—~C(U®), F~C(V°) and E ®,; F~C(U% ®, C(V%)=
C(U°x V) [2]. Thus by Ascoli’s theorem, to show A< E @, F is relatively
compact we need only show that as a family of functions in C(U°x V9) it
is equicontinuous.

Let £>0 and (f;, g,) € U°X V'°. Since by assumption the sets 4(U°) and
A(V®) are relatively compact and hence totally bounded there exist
(V)iei =AU and (x;)7-; <A(V° each of which is an ¢/6-net in the
respective sets.

If

N(fo) = {feU°|I{f, x;) — (fo, x| < €6,j=1,2,--,m}

and
N(gy) ={geV°| g, y:) — (8o ¥l < €[6,i=1,2,--- n}
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are w*-neighborhoods of f; and g, respectively then for any (f,g) €
N(fy)XN(gy) and any T € A4,

Q1) KIf, g — (Tfy, gl = KTIf, &) — (If, god| + TS, go) — {Tfo, &ol-

Now (,)i=1 is an &/6-net for A(U°) so there is a y, for which || Tf—y, || <e/6.
Similarly there is an x, for which | T*g,—x,| <e/6. Hence

KTf, &) — {Tf, g)l S KTf, &) — Do O + [ &) — s 800
(2.2 + [P 80) — (T, go)l

< ¢g[6 + ¢/6 + ¢/6 = ¢]2.
Similarly,

KT, 800 — (Tfo, god| = I{fs T*g0) — (for T*go)|
2.3) S ISy T*goy — (s Xl + [fo %) — (fow %,
+ [{fo» %) — {fo, T*80)]
< ¢l6 + /6 + /6 = ¢[2.

Combining (2.1), (2.2) and (2.3) we have that if (f, g) € N(fy) X N(go)
and T € A4 then

KTf, &) — (Tfy, go)l < &.

By definition, then, A4 is an equicontinuous subset of C(U°x V'°) and is
therefore relatively compact.

Conversely, suppose A< E ®, F is relatively compact. Then given ¢>0
there is an ¢/2-net (T,);_,< 4. Since each T is a compact operator from
E* to F, the sets T,(U® < F are each relatively compact and hence totally
bounded. Correspondingly, for each 1=i=n there exists a sequence
P2 < T,(U° which is an ¢/2-net for T,(U°).

We claim that the set B={y{"|1 Zi=n, 1< j=<m(i)}< A(U°) is an ¢-net
for A(U). For, if T € A4 then there existsa | Sk =nfor which | T— T, | <e/2.
If feU® then ||T,f—Tf|<e¢/2 and there is a 1=p=m(k) for which
I T~y <ef2. Tt follows that ||Tf—y¥|<e and B is an e-net for
T(U9.

In the same way A (V'?) is relatively compact and the proof is concluded.

Recall that if either E* or F has the approximation property then
E* ®, F can be identified with the space K(E, F) of all compact operators
from E to F [2].

COROLLARY. If either E* or F has the approximation property then a
subset A< K(E, F) is relatively compact <= each of the sets A(U%=
{Tx|T € A, x € U=unit ball of E} and A(V®)={T*g|T€ A, g € V'=unit
ball of F*} are relatively compact.



1972] COMPACTNESS IN TOPOLOGICAL TENSOR PRODUCTS 401

3. Let Ty:E,—~E, and T,: F;,—F, be continuous linear operators. The
operator defined on E,®E, by

To n(Z x; ® yi) =2 T ® Ty,
i=1 i=1

is called the tensor product operator. If o is a ®-norm (in the terminology
of Grothendieck [3]) then T3®T, is continuous and may therefore be
extended to the operator T; ®, Ty:E; ®, F;—~E, ®, F,. In the study of
tensor product spaces it is often necessary to know whether certain prop-
erties of the operators T, and T, are inherited by their tensor product.
While this is often the case there are numerous exceptions ([2], [4], [5]).
In this section we show that compactness of the operators 7, and T,
carries over to Ty @, T, for =2 and a=y. Several remarks concerning
the problem for arbitrary ®-norms are also given.

THEOREM 2. Let T,:E,—~E, and T,: F,—F, be compact linear operators.
Then Ty, @, Ty:E, ®@; F—E, ®,; F, is compact.

PROOF. Let U°and V? denote the unit balls in E3 and F7, respectively.
Then, as is well known, we can embed E, in /*(U°) and F, in /*(¥°) under
the mappings j, : E,—/*(U°) and j,: F,—~I®(V°).

Let S;=j, T} and S,=j,* T,. Then S, €K(E;,[*(U%) and S,e€
K(Fy, I”(V?)), so since each of /*(U®) and /*(V°) has the approximation
property [2] there exist sequences (P,)< Z(E,,[*(U%) and (Q,)<
ZL(F, I°(V?) of finite-dimensional operators whose norms are uniformly
bounded and for which [|S; —P,[|—"0 and ||S,— Q,[—"0. Then (P, ®, Q,)
is a sequence of finite-dimensional operators on E; ®; F; into [*(U% ®,
1?(V°) for which

1€ €58 — P, &, Ol S 15,8, — P, ®, S,
+ P&, 8, — P, ®; 0,l
= 1Sl 1Sy — Pyl + 1Pl 1Sy — Q1.

Since sup,, [P, <+ co this last goes to zero with n, showing that S, ©; S,
can be approximated arbitrarily closely in operator norm by finite-
dimensional maps and hence is compact.

But S, ®; S;=(jy @, jo) " (T; ®; T,) and it is well known that j;, ®; j,is
an isometry. Therefore T} @; T, is also compact.

REMARK 1. It is clear from the proof of Theorem 2 that the theorem
holds for any ®-norm o for which j, ®, j, is an isometry (or even an
isomorphism).

REMARK 2. It is also clear from the proof of Theorem 2 that if both
T, and T, can be approximated arbitrarily closely by finite-dimensional
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operators then the theorem holds for any ®-norm. This will be the case,
then, if one of E, or £, and one of F, or F, has the approximation property.

THEOREM 3.  Let Ty: E\—E, and T,: F—F, be compact linear operators.
Then T, ®, T,:E, ®, F,—~E, ®, F, is compact.

PrOOF. It is clear we need only show T\®T,:E,®F,—~E,®, F, is
compact. Let (Z;) be a y-bounded sequence in E,®F;, say Z,=

10 xB eyt for k=1,2,---. We want to show that a subsequence of
(TZ,) converges in E, ®, F,.

To do this, note first that for any k and P,

ITy ® T(Z,) — T, ® THZ,), = sup KZy — Z,, T¥STy)|
IS|I=1:S€L(E2. F2")
by [6] and the definition of T,®T,. Hence we will be able to invoke Ascoli’s
theorem to obtain the desired result if the set A={T¥ST,|S € L(E,, F¥)
with [[S|| =1} is relatively compact in .Z(E,, F{")=(E, ®, F1)* (since (Z,)
is an equicontinuous subset of C(A4)).
Let {T3S,T;} be a sequence in 4. For any n, m,

= sup KT;(S’IL - Sm)nx7 .V>|
llzll=1,zeEy: ||v]=1,veF,
= sup ISy — SuTix, Toy)] .

llzll=l.zeEy: |lv]|=1.yeF,

Again, since (S,) is an equicontinuous subset of (E, ®, F,)*, our theorem
will be proved if the set T, (V)®T,(V)={Tx®T,y| IxI=1, lIyI=1} is
relatively compact in E, ®, F,. But this is immediate since if (Tyx,®T,y,)
is a sequence in T;(U)®T,(V), then by virtue of the fact that each of T 1
and T, is compact there exist subsequences (Tyx,,) and (T,y,,) which
converge in E, and F,, respectively, and hence for which (T1x,,®T5y,,)
also converges. The theorem is proved.

In view of Remark 2 following Theorem 2 it is, of course, very likely
that the tensor product 7; ®, T, of compact operators is compact for
every ®-norm o (we continue to require « to be a ®-norm only to insure
that T, ®, T, is continuous). The next theorem shows that the problem
may be reduced to that of showing that one certain type of tensor product
map is compact.

Let E and F be Banach spaces and (f,)<E*, (g,)< F* sequences for
which | f,[l—0, [g,l—0. Define the mappings T € K(E,c,) and Se
K(F, c,) by

G.1) Ix = ((far ), Sy = ((&ns 1))
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If X=closure of the range of T and Y=closure of the range of S then
TeK(E,X)and Se K(F, Y).

THEOREM 4. Let o be a ®-norm such that whenever T € K(E, X) and
SeK(F,Y) are as above then T ®,S:E®, F>X®, Y is a compact
operator. Then if T,:E,—~E, and T,:F\—F, are compact operators the
tensor product T, ®, T, is also compact.

Proor. It is known that since 7; and T, are compact there exist
sequences (f,)<Ey and (g,)<F such that |f,[|—0, |g,|—0 and
| Tixl| Ssup, |{f,, x)| for all x € E;, | ToyllSsup, [{g,, )| for all ye F}
[7].

Thus T, may be factored as T, =P, - P, where P,(x)=((f,,, x)) € X< C,
for all x € E, and P,: X—E, is defined by P,((f,, x})=T,x. Similarly T,
can be factored as T,=Q, 0, where Q,(y)=((g,. )€ Y<C, for
y € F, and Q,: Y—F, is defined by 0,((g,, ))=T5y.

Since T ®, T,=(P; ®, Q5) - (P, ®, 0y), where P, &, Q0 E ®, Fi—
X®, Yand P,®, 0,:X ®, Y—E, ®, F,, and by assumption P, ®, Q, is
compact, we see that T; ®, T, is also compact.

REMARK 3. If one could show that the sets X and Y occurring in the
above theorem have the approximation property then Theorem 4 together
with Remark 2 would prove the result for all .

4. If E and F are Banach spaces and « a crossnorm on E®F then
according to results of Schatten the space (E ®, F)* can be identified with
the Banach space A,(E, F*) of all operators from E to F* of “finite
e-norm” [6]. In this section we study the converse problem, that of
determining when a given space of operators A(E, F*) is (under the
identification given by Schatten) a space 4,(E, F*)=(E ®, F)* for some
crossnorm .

The definition of a Banach space of operators A(E, F*) was given in §1.
By the weak operator topology on A(E, F*) we mean the topology of
pointwise convergence of nets in A(E, F*) on the set EX F (or, equiva-
lently, on EQF< A(E, F*)*). .

We begin with a simple lemma. We emphasize that the embedding
mentioned in the lemma (and denoted by the inclusion symbol) refers, as
do similar embeddings throughout this section, to a very special em-
bedding (namely, that of Schatten) which is explicitly defined in the proof
of the lemma.

LemMma. If A(E, F*) is an operator space and «. is defined on EQF by

a(i X; ® yi) = sup i (Tx,, yi)‘ R
=1

ITa=1] ;-

then o is a crossnorm and E @, FS A(E, F*)*.
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Proor. If 37, x;®y;€ EQF then for Te A(E, F*) the equation
(T, 271 x;®p;y= 211 (Tx;, y;) identifies the tensor 37, x,®y; with a
linear functional on A(E, F*).If (T,,) is a sequence in A(E, F*) converging
in A-norm to zero them (7,,) also converges to zero in operator norm
(since [T T for T € A(E, F*)), implying >7; (T,x;, y;)—"0 and
the functional }7_; x,®y; is continuous on A(E, F*). Therefore we can
identify in a canonical fashion the algebraic tensor product EQF with a
linear subspace of A(E, F*)*. If we define

‘Z(i x; ® J’i) = sup

i=1 T |la=1

Z (Tx,, y»\

then « is simply the norm induced on E®F considered as a subspace of
A(E, F*)* and so the embedding E ®, F—~A(E, F*)* is an isometry.
Moreover if x®y € EQF then
xx ®y) = Sup (Tx,y) = Sup (Tx,y) = Ix]l Iyl
ir T
Conversely,

x(x®@y)Z sup (x®y,f@g = |x| |yl
7 ll=llgll=1
since by assumption A(E, F*) contains all finite-dimensional operators
and the A-norm of the one-dimensional operator f®g is equal to || f@g| =
ILfIl - ligl. It follows that o is a crossnorm-and the lemma is proved.
ReMARK. Though we will not need the result in what follows, the cross-
norm « defined above is =4. To see this note that

a(ixz@yi) = sup Zx ®yuT

i=1 IT|a=1

\Zx ® Y f® g>

]If[l IIaII 1

(as in the proof of the lemma)

n
Z X; @ y; “ .
i=1 2
Using this lemma we now prove the converse to Schatten’s theorem.

THEOREM 5. Let A(E, F*) be an operator space. Then there is a cross-
norm o for which A(E, F*)=(E ®, F)* if and only if whenever T € ¥ (E, F*)
is the weak operator limit of a net (T,) in A(E, F*) for which sup, | T,| 4<
+ oo then T € A(E, F*) and | T|| 4<sup, | T, 4
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ProOF. Suppose A(E, F*)=A,(E, F*)=(E ®, F)* for some cross-
norm « and T € Z(E, F*) is the weak operator limit of the net (7)) in
A(E, F*) for which sup, | T,|| ;=M <+ c0.

If 5%, x,®y; € E®, F and £¢>0 then there is a y, for which

Z (Tx;, yi) — Z <T-,0Xi’ V)| <&
i= =1
Hence '
> (Tx, y,»>| < | D (Typxs, yi>| +e
i=1 =1
STl || 2 x@nl| +eS M| 2 x 0y +e
i=1 3 ;=1 a

Since >0 was arbitrary we see that T is a continuous linear functional
on E ®, F and is therefore by Schatten’s theorem an element of 4,(E, F*)=
A(E, F*). Moreover, |T|| ;S M=sup, |T,| 4-

Conversely, suppose the operator space A(E, F*) has the stated prop-
erty. Define « on E®F as in the preceding lemma. Then according to the
lemma the canonical mapping S:E ®, F—~A(E, F*)* described in the
proof is an isometric isomorphism.

Let Te(E®,F)*=A4,(E, F*). By the Hahn-Banach theorem, T
extends to a functional T in A(E, F*)** with | T || o, z.70 =Tl 5.7+
Since the unit ball in A(E, F*)is weak*-dense in the unit ball of A(E, F*)**
there exists a net (S,) in A(E, F*) for which sup, ||, 4=|T| and
(8,, x@y)—~(T, x®y)=(Tx, y) for all x®y € EQ F< A(E, F*)*. It follows,
then, that we actually have (S,) weak operator convergent to 7. By hy-
pothesis, then, T € 4,(E, F*) and ||T|| ,Ssup, IS, = TIIAG(E’F.,.

Thus we have shown that if T e A,(E, F*) then T € A(E, F*). The
reverse inclusion is trivial since if T € A(E, F*) then T defines a continuous
linear functional on A(E, F*)* and hence also on E ®, F< A(E, F*)*. By
Schatten’s theorem T € A,(E, F*) and |T| 4 & r+)=|T| 4. It follows that
the spaces A(E, F*) and A4,(E, F*) are isometrically isomorphic.

A more useful version of Theorem 5 is

CoROLLARY. Let A(E, F*) be an operator space. Then there is a cross-
norm a=A such that A(E, F*)=(E ®, F)* if and only if the unit ball in
A(E, F*) is compact in the weak operator topology.

Proor. If A(E, F*)=(E @, F)* then the unit ball in A(E, F*) is
compact in the o(4, (E, F*), E ®, F)-topology (by Alaoglu’s theorem)
and hence certainly weak operator compact since all x®y for xe E,
yeFarein Eg,F.
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Conversely, suppose the unit ball in A(E, F*) is compact in the weak
operator topology and T € #(E, F*) is the weak operator limit of the
bounded net (T,) in A(E, F*). Then by compactness of the unit ball
there is an operator S in the ball of radius r=sup, |T,|, in A(E, F*)
which is a weak operator cluster point of (7). But since (T,) converges
to T in weak operator topology it must be that S=T (the weak operator
topology is Hausdorff), and hence, by Theorem 5, A(E, F¥*)=(E ®, F)*
for the crossnorm « constructed in that theorem.
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