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FREE INVERSE SEMIGROUPS

H. E. SCHEIBLICH

ABSTRACT. At least three authors have offered proofs of the
existence of a free inverse semigroup, but without describing its
structure. This paper shows that if X is a nonempty set, G is the
group on X, and E is a certain subsemilattice of the power set of G,
then a certain collection of principal ideal isomcrphisms of E is a
free inverse semigroup on X.

I. Introduction. The first to ascertain the existence of a free inverse
semigroup seems to have been V. V. Vagner [S]. Subsequent existence
proofs have been offered in [3], and in [2]. The purpose of this paper is to
provide a characterization of that semigroup and thus shed some light on
its structure.

Terminology will be that of Clifford and Preston [1]. In addition, a
basic knowledge of inverse semigroups and symmetric inverse semigroups
is assumed.

If X is a nonempty set, a free inverse semigroup on X is a pair (I, f)
such that (i) 7 is an inverse semigroup, (ii) f: X—I, and (iii) if S is any
inverse semigroup and g: X—S, then there exists a unique homomorphism
h:1—S such that fh=g. Definitions of free group and free semigroup are
stated similarly.

Throughout, details of induction proofs are omitted as are other
proofs which seem particularly simple.

II. The free inverse semigroup on X. Let X be a nonempty set. Let
X! be a set disjoint from X such that [X|=|X"!|. Let x—>x~! for each
X € X be a bijection of X onto X—*. The union of this map with its inverse,
x<>x71, is then a bijection of Y=XUX"1,
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Let F be the free semigroup on Y, i.e., F is the set of all finite sequences
of elements of Y with products defined by juxtaposition. Let R=
{w € F:w(n+1)% (w(n)) for all n}. Using the appropriate multiplication -
on R', G=R"is then the free group on X [4]. The relation

= = {(w,v) € R X R:w = vu for some u € R}

is a partial order for R. For each w € R, let w}={v € R:w=v}.

Now let E={A<SR:4A#[], A is finite, and if we 4, then wi< 4}
The relation = (contains) is a partial order for E. Further, if 4, BEE,
then AUB € E and AUB is the greatest lower bound of {4, B}. Thus
(E, V) is a semilattice. Also if 4 €E, then EA, the principal ideal
generated by A, is {Be€ E:B2 A4}.

For each x € X, let X:G—G by

wx =1 fw=1,
=x_1 ifw=x,

= x"1-w otherwise.

Then for each x € X, x € Per(G), the permutation group on G, and so the
map x—X extends uniquely to a homomorphism of G into Per(G). Of
course, 1 is the identity map of G and if x € X, then

wxl = ifw=1,
=X ifw=x1,

= x+w otherwise.

Assume that w € G. Then w may be considered to be a permutation of
Pow(G), the power set of G, where Aw={vw:v € A}. Now let A€E,
and let w € A'. Then w|EA, the restriction of # to EA, is an isomorphism
of EA onto E(Aw). Thus WIEA € S, the symmetric inverse semigroup on
E.

LEMMA 2.1. Suppose that A€ E; w, ve A*; and WEA=0|EA. Then
w=o.

Proor. Since w, ¢ preserve order in E, it follows that 4w=Ad.
Suppose wsv. If v=1, then A=Aw and ws#1. If w, v#1, then assume,
without loss of generality, that v(n)#w(m) where |v|=r and |w|=m.
Then A=Awi~. But v(1) € 4 and so (u)wi—r=v(1) for some u € 4. But
(wo)(wi)=0v(1) and so wvl=u € 4. In any event, A=Ai for some
u € A with |u|=I=1.

Assume first that u(1)#u(l)~'. From siz=u for some s € 4 and (uu)i=u
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follows that uu € A. By induction, u” € 4 for all n, a contradiction since
A is finite.

Assume now that u(1)=u(/)~ and let £k be maximal with respect to
u(j)=u(l+1—j)* for all j with 1=j=<k. Then u=pgp~" where |p|=k,
lgl=1—2k=1, and g(1)#q(I—2k). Then from (pggp—')i=u and induction
follows that pg"p~— € A4 for all n, again a contradiction.

LEMMA 2.2. Let Ac Eand we A. Then Aw € E and w= € Aw.

Proor. Certainly Aws [] and 4w is finite. Suppose that p € 4w and
p=gq. Then p=>bw for some b € 4. Let |b|=m, |w|=n, and let k be maximal
with respect to b(j)=w(j) whenever 1= j=k.

(1) Assume first that k=m=n. Then p=bw=w(n) - - - w(k)~1. Thus
g=w(n)~t-- - w(i)? for some i where k<i=n. But u=w(l)---w(i)e
wl<S 4 and g=uw € Aw.

(2) Assume that k=n<m. Then p=bw=b(k+1)---b(m) and so
g=b(k+1) - - - b(l) where k+1=I=m. But u=b(1) - - - b(/) e b= 4 and
gq=uw € Aw.

(3) Assume now that 0=<k<m, n. Then

p=bw=wrn)?---wk+ 1)bk+1) - bm)
and so either g=w(n)~* - - - w(i)~! where k+1=i=<n or
g=wn)y---wk+ 1)k +1):--b()

where k+1=/<m. In the first case u=w(l)---w()ewl< 4 and g=
uw € Aw. In the latter case u=5b(1) - - - b(l) e b £ 4 and g=uw € Aw.
Finally, w(l) € A and hence (w(1))w=w"' € Aw.
LeMMA 2.3. Let A, BEE, we A, ve B.. Then AUBW '€ E and
w-v € (AUBW ).

PrROOF. Suppose that pe AUBW™ and p=q. If p€ A4, then g€ AU
Bw~1. Suppose p € Bw~*. Then p=>bw! for some b € B. Let |b|=m, |w|=n,
and let k be maximal with respect to b(j)=w=1(j) whenever 1= j<k.

(1) Assume that k=m=n. Then

p=>bwt=>b() --bmwn)? - -wn—m+ 1)1 wl1)?]
=wl)---whn—m+1).
Thusge wtc AS AUBW™.
(2) Assume that k=n<m. Then v
p="bwt=b()bn): - bmwm)™ - wl)™]
=b(n + 1) - - b(m).
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Thus g=b(n+1) - - - b(i) where n+1=i=m. But u=b(1)- - - b(i)e b< B
and so g=uw~' € BWlc AUBW.
(3) Assume that 0=<k<m, n. Then

p=>bwt=1[b(1)--bk)---bm)]
X [W(n)y e wn — k + 1)1 ()]
=w():-wn—kbk + 1) b(m).

Thus g e wfc A< AUBW! or g=w(l) - - w(n—k)b(k+1) - - - b(i) where
k+1=i=m. In the latter case u=b(l)---b(i)ebt<B and g=uw'le
Bwlc AUBWwL

The argument that w - v € (4 UBW)! is similar.

Let I={(4,w)e EXG:w e A'}. According to Lemma 2.1, (4, w)—
W|EA is an injection of I into . and so I will be considered as a subset
of S5 Thus (4,w)?*=(4w,w)el by Lemma 2.2. Further, if
(A, w)(B, v) € I, then the domain of (4, w)(B, v) is (E(AW)NEBw 1=
(E(AWUB)W=E(AUBWw™). Also wi=(w-v) . Hence (4, w)(B, v)=
(AUBWw™, w-v) e I by Lemma 2.3. Thus I is an inverse subsemigroup of
Fg. Let f:X—I by xf=({x}, x).

THEOREM 2.4. (I, f) is a free inverse semigroup on X.

PrOOF. Let S be an inverse semigroup and let g: X—S. Then g extends
to a map g': Y-S by (x1)g’'=(xg)! for each x € X. Since F is a free
semigroup on Y, and since Y may be considered to be a subset of F, there
exists a unique homomorphism 4’: F—S such that #'|Y=g'. When w € F,
then wh’ will be denoted by (w). Thus if w=w(l)---w(n) € R, then
(w)=w(1)) - - - (w(n)). When no confusion seems possible, (w) will be
denoted more simply by w.

Let K< S with K finite. If K=[1, then [K] will mean 1 € S1. If K[,
then [K] will mean [ ] {aa~':a € K}. Notice that if L& S with L finite, and
r, s€S, then [K]|[L]=[KUL], r[Klrt=[rK], r[riK]=[K]r, [rKlr=
r[K], and [r, rs]=[rs].

Now let (4, w)e L If w=1, let (4, w)’={(w):uec A} S. If w1, let
(A4, w)°={(W):u e 4, u(l)>#w(l)}. For each i such that 1=i<]|w|,
let (4, w)i={w):ueR, (Law())ued, and u(l)#w(i+1)}, and
let (4, w)"'={(u):ue R, wue A}. If 0=i=|w|, let [4, wl'=[(4, w)'].
Define h:I—S by

K
(4, wh = [4,w] [ T ()14, ).
i=1
It follows immediately that g=fh. The argument that 4 is indeed a homo-
morphism will be accomplished as a sequence of lemmas. Let (4, w),
(B,v)el
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LemMMA 2.5. Assume w=1. If v=1, then
(4, Dh(B, Dh = [4, 1P[B, 11° = [4 U B, 11° = [(4, 1)(B, D]h.
Assume |v|=1. Then
|v|

(4, Dh(B, v)h = [4, 1°[B, o]° | [ (w(i)IB, vV
= [(u):u € 4, u(1) # v(1)]
- [B, o[(w):u € 4, u(1) = o(D)I()(B, o'
|v]

T TG)B, of

j=2
= [4 U B, v]°(v(1))[(u):u € R, v(1)u € A, u(1) # v(2)][B, v]*
|v|
- [(u):ueR,v(Nu e A, u(1) = v(2)] I_[ w()H)[B, v}’

=2
||

= =[4UB, '] [(j)[4 U B, vJ’= [(4, 1)(B, v)]h.

=1
LEMMA 2.6. Assume that |w|=1, say w=x€ Y.
(1) Suppose v=1. Then

(4, x)h(B, 1)h = [A, x]°x[A4, x]'[B, 1]°
= [A4, x]°x[u € B:u(l) = x ][4, x]'[u € B:u(l) # x!]
= [4, x]°[u € R:xu € Blx[A4, x]*[u € B:u(l) # x~'}
= [4 U Bx, x]°x[4 U Bx7!, x]' = [(4, x)(B, 1)}h.
(2) Suppose that v|=1 and v(1)=x"1. Let x - v=b € G. Then
|v]
(4, x)h(B, v)h = [A, x]"x[A4, x]'[B, v]°x*[B, v]* I_I v(j)[B, v)’
" |
= [, x]’lx(4, x)"][x(B, v)’l[B, vo]* | [ o()[B, v}
=2
= [u € A:u(1) # x, o(2)][x(4, x)'1[x(B, v)’]
|2]
B, o]'[u € A:u(1) = o(2)] | [ o(/)IB, o)’
j=2
= [4 U Bz, b]%(2)[u € R:v(2)u € A, u(1) # v(3)][B, v]?
|v|
- [ueR:v2u € A, u(l) = v(3)] | [ (B, v} = - -

=3
|b}

=[4 U Bz, bl | [ b(j)[4 U B, b’
i=1

= [(4, x)(B, v)]h.
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(3) Suppose that |v|Z1 and v(1)#x71. Then
k]

(4, x)h(B, v)h = [4, x]’x[4, x]'[B, v]° | | v(j)[B, v}’

j=1
= [A4, x]°x[u € (B, v)*:u(1) = xJ[u € (4, x)":u(1) # v(1)]
- [u € (B, v)*:u(1) # x[u € (4, x)*:u(l) = v(1)]

|

T Tupis, v¥

i=1

= [A, x]’[u € R:x"u € (B, v)°]x[u € R:xu € A, u(1) # v(1)]

- [B%™, xvl'w(1)[u € R:xv(L)u € A, u(1) % v(2)][B, v]*

- [u € R:xv(L)u € A, u(1) = v(2)] Iw[v( J)IB, o]’
=MumﬂmMMuMﬂm§awamﬁ

- [u e R:xo(l)u € A, u(l) = v(2)] IuI v(j)[B, v = - - -

i=2

|zo|

=[4 U Bz, xv]° [ | (xo)(j)[4 U Bz, xv]’

= [(4, x)(B, v)]h. -
LEMMA 2.7. Suppose |[w|=n=2. Let
W = {u €R: (ﬁ w(j))u eA,u(l) = w(n)}.
Let =
P=(4- (1:1 W))W, ﬁ W)

and let Q= (W, w(n)). Then P, Q € I, (A, w)=PQ, and (Ph)(Qh)=(PQ)h.

That 4 is a homomorphism now follows by induction using Lemmas
2.5, 2.6, and 2.7. It is not difficult, using Lemma 2.7, to see that Xf
generates I. Thus A is the only homomorphism from I into S such that

fh=g.
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