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ON THE ESTIMATION OF THE L,-NORM OF A FUNCTION
OVER A BOUNDED SUBSET OF R~

HOMER F. WALKER

ABSTRACT. The objective of this paper is to present an estimate
bounding the L,-norm of a function over a bounded subset of R"
by the L,-norms of its derivatives of arbitrary order over all of R"
and the L,-norm of its projection onto a finite-dimensional space of
functions with bounded support. The estimate essentially generalizes
inequalities of Friedrichs [1, p. 284] and Lax and Phillips [2, p. 95].
An application of the estimate is made to the Fredholm theory of
elliptic partial differential operators in R™.

1. Introduction. Let L,(R"; C*)bethe usual Hilbert space of equivalence
classes of C*-valued functions on R” whose absolute values are Lebesgue-
square-integrable over R™. Denote the norm on L,(R"; C¥) by || ||. For
each positive integer m, let H,,(R"; C¥) be the Hilbert space consisting of
those elements of L,(R™; C*) which have strong partial derivatives of
order m in Ly(R™; C¥). To specify the norm on H, (R"; C¥), first define

fozut = [ e acor ae]”

for an element u of H,(R"; C¥), where

i) = Qm)y ™ 2J;" e "5 y(x) dx
is the Fourier transform of u. Then take the norm of an element u of
H,(R"; C*) to be |ull,,={llul?+|07u| /2. Given a subset D of R",
denote by L.(D; C*) and H,(D; C*) the subspaces of L,(R"; C¥) and
H,(R"; C*), respectively, consisting of elements with support in D.
Consider the following theorems.

THEOREM (FRIEDRICHS [1, p. 284]). If a bounded subset D of R" and a
number £>0 are given, then there exist an integer M >0 and elements
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Wi, ***, Wy of Ly(D; C*) such that the estimate

M
lull® < & |0ull® + > I(u, wpl*
=1
holds for all u in H,(D; C*).

THEOREM (LAX, PHILLIPS [2, p. 95]). If a number R>O0 is given and if
nz=3, then the estimate

2
f ()P dx < —R— oty
2|<SR 2(n — 2)

holds for all v in Hy(R"; C¥).

The first objective of the following is to demonstrate a general estimate
which, despite a certain lack of sharpness, includes in essence the two
estimates above as special cases. The second objective is to apply this
estimate toward obtaining new bounds on the Fredholm index of a linear
elliptic first-order partial differential operator in R? whose coefficients
become constant outside a bounded subset of R2.

2. The estimate. For each positive integer p, denote by =, the pro-
jection onto the subspace of Ly(R"; C*) spanned by functions of the form
x*Xg(x)c, where « is a multi-index with 0=|«|<p, c is a vector in C¥, and
XF is the characteristic function of the ball Bz={x € R":|x| <R}, i.e.,

Xe(x) =1 if [x]| =R,
=0 if|x] > R.

Denote by =, the zero operator on L,(R"™; C¥). Then one has the following
estimate.

THEOREM. Suppose that there are given positive integers n and m and a
number ¢, 0<e<1. Then there exists a calculable constant C,, ,, , depending
on n, m, and ¢ for which the estimate

2
19z ull

f lu(x)|2 dx < " u”2 Cn.m.eRzm
= ||, +
|2|SR ? 2p + n — 2m)*ma-o

holds for all nonnegative integers p>(m—n/2) and all u in H,(R"; C¥).

Before proving the theorem, the lemma below will be established. It will
be seen that the theorem, the proof of which follows the proof of the
lemma, is an easy corollary to the lemma.

LEMMA. Suppose that there are given positive integers n and m and a
number ¢, 0< e<1. Then there exists a calculable constant C,, ,, . depending
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on n, m, and ¢ for which the estimate

R R2m
L,, 6 () de < —— s

= (2 +n —2m )2m(l—£) "¢"

holds for all ¢ in (I—m,)(Ly(Bg; C*)) and all nonnegative integers
p>(m—n|2).

PrROOF OF THE LEMMA. Let p be a nonnegative integer greater than
(m—n(2) and let ¢ be an element of (I—,)(Ly(Bg; C¥)). Then for any
K>0,

fm O

= f |12 | (&) dE + f €172 | (&)1 dé
HES S IHES: S

<K agl 4+ lerider ds
1§1=K
by Parseval’s relation. Now

36 = G| g0 d

= @m)™" f. M(Z( f") ) #x

since ¢ is in (/—m,)(Ly(Bg; C*)). Therefore

< @my e S L {f _ i as g

N . j .
den s @SB [ ig )

f=p]
—n © IEII Ri+n/2A:l/2
S QY | 4]

= N2+ )
where A, =[¢a-1 dw is the area of the unit sphere in R". Continuing,

l5|i+r Ri+v+n/2A1/2

i2oG + P2 + 2p + n)'?

B < @mye S Il

|1a sz+n/2A!/2

—n/z, eir 1€
=(2n) 22p + m

Il
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Then

" e2KRR217+nA
—2m 2d S 217 —n n 2p—2m d 2
fl Jon IO dE s n){ f. Ll s} 14l

e2KRK2p+n—2mR2p+nAi

(®)’2p + W(2p + n — 2m)

I$l®

=(@mn™"

and so

L T PO de

= K‘z"‘[l + 2n) "

eZKR(KR)2P+nA2

- Il
(P’2p + m)(2p + n — 2m)] ¢
If K is taken to be (2p+n—2m)1—*/R, then the inequality becomes

L ET ()1 e

R2m
=<
= (2P +n— 2m)2m(1—e)
y [1 @ ez(zp+n—2m)““’(2p + n — 2m)prma-a-1 3] 19l
w .
(®)’Cp + n)

To prove the lemma, it will suffice to show that the function

e2(2p+n—2m)u_e’(2p +n— 2m)(2p+n)(l—e)—1

(pY°2p + n)
is bounded from above for all nonnegative integers p greater than
(m—n/2) by a function G(p) which becomes monotone decreasing after a

finite, determinable number of integers p. Indeed, if such a function G(p)
exists, then the desired constant C, ,, ., may be taken to be the calculable

quantity

F(p) =

Coome = [1 +@m "4 sup G(p)].
p=20:p>(m—n/2)

Define
: (1-€)
ez(zz+n—2m) (2x +n— 2m)(2z+n)(l—¢)——1

{exp (2J;zlog s ds) }(Zx + n)

for all nonnegative x greater than (m—n/2). Since

G(x) =

y 4
exp (ZJ log s ds) = ("
0
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for all nonnegative integers p, it is immediate that F(p)=<G(p) for all non-
negative integers p greater than (m—n/2). Furthermore, G is monotone
decreasing for large values of its argument, because a number x, may be
easily found beyond which

4 __4l=9 _ _
T [log G(x)] = 2+ 1= 2m)y + 2(1 — ¢)log(2x + n — 2m)
2[(2x + n)(1 — &) — 1] — 2log x —
(2x 4+ n — 2m) 2x + n

is negative. This completes the proof of the lemma.
PROOF OF THE THEOREM. Let p be a nonnegative integer greater than
(m—n/[2) and let u be an element of H, (R"; C*). Note that

f U — (o dx
I=R

= sup (¢, (I = mw)f*
de(I—7,)(Lo(BR:C )il gl =1
= sup I(¢a u)l2

delI—m N Lo(BRC Nl ol S1
2

L ET B8 1€ a(e) dé

= sup
delI—m, ) (Ly(BE:C)ill ol S1
N
= s [ i e e
delI-m N Lo(BEC Nl pl 1 IR

2m
< Cn.m.eR

m 2
= (2P +n— 2m)2m(1—e) ”a“’u”

where C, ,, . is the constant in the estimate of the lemma. The theorem
then follows immediately from the observation that

f lu(x)]* dx = ||m,ul? +f (I — m)u(x)|* dx
|z|=R |z|SR

and the proof is complete.

3. Anapplication. After a brief sketch of the Fredholm theory of linear
elliptic first-order partial differential operators in R™ whose first-order
coefficients become constant and whose zero-order coefficients vanish
outside'a bounded subset of R", the theorem of the preceding section will be
applied toward establishing new bounds on the indices of such operators
when the number of independent variables is two. (A linear first-order
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partial differential operator
Au(x) = D A(x) aix u(x) + B(x)u(x)
i=1 Z

with domain H,(R"; C*) is said to be elliptic if det| >;_; A;(x)&;|#0 for all
x in R™ and all nonzero & in R™.) Similar applications of the theorem in its
full generality will be made in the sequel to [4]. For details relevant to the
following discussion, the reader is referred to [3] and [4].

Given a positive number R and a linear elliptic first-order partial
differential operator A4, with domain H,(R"; C*) having constant co-
efficients and no zero-order term, denote by E(4,, R) the set of all linear
elliptic first-order partial differential operators with continuous zero-order
coefficients and continuously differentiable first-order coefficients whose
coefficients are equal to those of 4, outside the ball Bx. Denote by M(4,, R)
the subspace of H,(R"; C¥) consisting of all elements u of H,(R"; C*) for
which Aqu has support in Bf, and let A be an operator in E(4,, R). It is
apparent that the null space N(4) of A4 is contained in M(A4,, R). Since
the support of Au is contained in B% for each u in M(4,, R), the re-
striction of 4 to M(A4,, R) may be thought of as a bounded operator from
M(A,, R) to Ly(B%, C*). It is shown in [3] that the dimension dim N(4)
of N(A) is finite, and, since the adjoint operator A* of A4 is an operator
in E(Ag, R), it follows that dim N(A4*) is also finite. It is shown in [4] that
the restriction of 4 to M(A,, R) is a bounded Fredholm operator from
M(Ay, R) to Ly(Bg; C*). If the number of independent variables is at least
three, then the index of this Fredholm restriction of A4 is [dim N(4)—
dim N(4*)]. If the number of independent variables is two, however, the
index cannot be prescribed so elegantly. In [5], it is shown that if the
number of independent variables is two, then the index of the Fredholm
restriction of A4 is at least [dim N(A4,)—dim N(4})—k] and at most
min{[dim N(4)—dim N(4*)], [dim N(4,)—dim N(4;)]}, where 4, denotes
the operator in E(A4,, R) consisting of the first-order terms of A4. It is a
corollary to the following lemma, whose proof employs the theorem of the
preceding section, that the index is at least [dim N(4)—dim N(4*)—2k]
and at most [dim N(4)—dim N(4*)]; thus the index is bounded by
quantities defined by the operator 4 alone.

LEMMA. If A is an operator in E(A,, R) and if the number n of independ-
ent variables is equal to two, then the dimension of the orthogonal comple-
ment of A(M(Ay, R)) in Ly(B%; C*) is at least dim N(A*) and at most
[dim N(A*)+2k].

PrROOF. First note that the restriction of any element of N(4*) to Bk
is orthogonal in Ly(B%; C¥) to A(M(A,, R)). Hence the dimension of the



1973] THE ESTIMATION OF THE L,-NORM OF A FUNCTION 109

orthogonal complement of A(M(A4,, R))in L,(B%; C¥)isatleast dim N(4*).
To show that the dimension of the orthogonal complement of
A(M(A,, R)) in Ly(B%; C*) is at most [dim N(A*)+2k], first suppose that
an arbitrary element v of L,(B%; C*) is given. Since 4 has bounded co-
efficients, there exist positive constants ¢, and ¢, for which the estimate

1/2
T e

1/2
g{clf (P dx + 3 ua;uMZ} ol
|le|=R

holds for alluin H,(R?; C¥). Noting the elliptic estimate || O5u|| Sconst | Aqu|
for elements u of H,(R?*; C*), one then sees as a particular consequence
of the theorem of the preceding section that there exists a positive con-
stant ¢ for which the estimate

I(Au, 0)| = e{llmul® + | 4gul*}' ol

holds for all v in H,(R?; C¥). Denote by L(A4,, R) the set of all elements
u of H,(R%; C*) for which Aqu is constant in B%. The set of ordered pairs
{[myu, Agu):u € L(A4,, R)} is a pre-Hilbert space with respect to the norm
|| [ryu, Agul||={llmul?+ || 44u]|2}*/2, and it follows from the above estimate
that the assignment [mu, Au]—(Au, v) is a bounded linear functional on
this pre-Hilbert space. The Riesz representation theorem then implies that
there is a unique element of the completion of this pre-Hilbert space which
represents this bounded linear functional. That is to say, there exists a
unique w in m,(Ly(R?; C¥)) and a unique z in the closure of A,(L(4,, R))
in L,(R?; C*) for which the relation (4u, v)=(mu, w)+ (4yu, z) holds for
all u in L(4,, R). Note that both w and z are constant in B% and that w
vanishes in R2— B%.

Now let arbitrary elements v;, - - * , vy, Of the orthogonal complement
of A(M(A,, R)) in L,(B%k; C*) be given. The lemma will be proved if it
can be shown that there exist scalars a;, * - * , ¢y, DOt all zero, such that
the linear combination a0+ -+ 4y 10041 can be extended to an
element of N(4*). It follows from the above discussion that there exist
elements wy, - - -, Wy, of m(Ly(R?; C*)) and elements z,, - - -, z,,,, of the
closure of A,(L(4,, R)) in L,(R?; C¥) for which the relation

(Au, v;) = (mu, w;) + (Ao, z;)

holds for all u in L(A4,, R) and for each j, 1 = j=<2k+1. Since the elements
Wi, **, Wepr and zy, « -+, Zy,, are constant C*-valued functions in B},
there are scalars o, * -, &y 1, Not all zero, which are such that the
functions >3 a;w; and Y54 a,z; vanish inside By. (In particular, the
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function 331" «,w, vanishes on all of R™.) Then the relation

2k+1 2k+1
(Au, Z ocjv,-) = (Aou, 2 oc,.z,-)
j=1 j=1
holds for all u in L(4,, R). Now suppose that u is an arbitrary element of
H,(R?, C*). It is shown in [4] that ¥ may be uniquely written as a sum
u=u,+u,, where u, and u, are in L(4,, R) and M(A4,, R), respectively.
Then one has

2k+1 2k+1 2k+1 2k+1
(Au, Z ov; — Z oc:.z,.) = (Aul, Z oc,-v,-) — (Aul, z oc,-z,-)
j=1 i=1 i=1 i=1
2k+1 2k+1
+ (Auz, Z o(,.v,.) - (Auz, Z oc,-z,.).
j=1 j=1

The first and second terms on the right-hand side cancel, since
2k+1 2k+1
(Aul, Z oz,.v,.) = (Aoul, Z o:jzj)
j=1 j=1

and since the coefficients of A are equal to the coefficients of 4, in R?— B%.
The third term on the right-hand side is zero, since u, is in M(A4,, R) and
since each v; is orthogonal to A(M(A4,, R)). The fourth term on the right-
hand side is zero, since the support of Au, is contained in Bg. Conse-
quently,

2k+1 2k+1
(Au, Z av; — Z oc,.zj) =0
j=1 j=1

for all u in H,(R?; C*). This is to say that (J5et" a0,— it a,z;) is an
extension of ;-4 a,v; to an element of N(4*), and the lemma is proved.
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