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AXIOMATIC COHOMOLOGY FOR BANACH MODULES

I. G. CRAW

ABSTRACT. A characterisation is given of the cohomology
functor for Banach modules over a fixed Banach algebra. The
result is used to simplify the proofs of two known isomorphism
theorems.

1. Introduction. In [2], B. E. Johnson shows how the Hochschild
cohomology theory for modules over an algebra may be extended to
define (useful) cohomology groups H™(Y, X) for Banach modules X over
an arbitrary Banach algebra 2. These groups are given explicitly in terms
of a certain cochain complex. We draw attention in this note to the
abstract characterisation of these groups. This characterisation has also
been noted by J. L. Taylor, and in [5, Proposition 3.7] he obtains a theorem
for more general topological algebras, which includes our Theorem 1.
Our main concern with the result here is that it simplifies the proofs of
known isomorphism theorems.

If A is a Banach algebra, A(%) is the double centralizer algebra of U,
and X is a Banach A(2)-module, then Johnson has shown [2, Proposition
1.9] that, with certain restrictions on the module, H™(U, X*)~
H"(A), X*) (n=0,1,---). A similar result is due to Sinclair [4];
he shows that if J is an ideal in 2 having a bounded approximate identity,
and ¥ is a Banach A/J-module, then H™(UA, X*)~H"(A/J, X*). By
exploiting the uniqueness involved in the characterisation of these
cohomology groups, we are able to give shorter, although nonconstructive,
proofs of these two isomorphisms.

We assume familiarity with the definitions and notation used in Chapter
1 of [2]. In particular, we write L"(2U, X) for the space of continuous
n-linear maps from %A to X, writing conventionally Lo, ¥)=X. If X is a
Banach A-module, we define 6°=0, and for n=0,

O™ LA, X)—>L" (A, X)
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by

0" T(ay, -+, appy) = ay " T(@g, "+, pyy)
+ 2(—1)iT(a1, @1t Apyy)
+l(_—1)""'1T(a1, crr,a,) Any (ag, e -‘, A, €N).

It follows that 6"*16"=0, and we define the cohomology groups of U,
with coefficients in X, by

H™, ¥) = Ker 6"*/Im 6".

I am grateful to both B. E. Johnson and A. M. Sinclair for pre-
publication copies of their work, and also to C. Maclachlan for drawing
my attention to abstract results of the type given in Theorem 1.

2. The axiomatic characterization. Let % be a Banach algebra, B,
and B, Banach A-modules, and X an arbitrary Banach space. The Banach
space L‘(‘81®232, X) becomes a Banach A-module if we define

a - Tb,®b) =TMba®by), T-a(b,®by) = T(b, ® ab,),
and then extend the maps by linearity and continuity to 8,&%B,.

LemMMA 1. Let U be a unital Banach algebra, and B a Banach WN-module.
Then for any Banach space X,

HW DA B, X)) =0} @©=1).

PrOOF. Let T e L™(U, Ll(‘H@ﬂB X)), and suppose that 6"+t T=0; we
must find some S € L™Y(A, L{(ARB, X)) with 6"S=T. If we define

S(ala T, avn—l)(a ® b) = T(a’ ap, ", an—l)(e ® b)’
then S extends to an element of L™ (A, L}(ARVB, X)). Now
0"S(ay, -+ -, a,)a®b) = T(aa,, as, * * *, a,)e ®b)

n—1

+ Z (_l)iT(aa‘ala 50454, ", an)(e ® b)
i=1

+ ("'l)nT(as ala T, an—l)(e ® anb)’

and since in particular 6"t T(a, a,, * - - , a,)(e®b)=0,
0 = T(al, T, an)(a ® b) - T(aala Y an)(e ® b)
n—1

+ z (_1)i+1T(a’ al, T, aiai-H.’ T, an)(e ® b)
i=1

+ (=" T(a, a5, -, a,_,)(e @ a,b).
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Adding, we have
0"S(ay, ** -, a,)a ® b) = T(ay, "+, a,)a X b),
and so 0"S=T as required.

THEOREM 1 (see [3, THEOREM X - 3-31Y). Let N be a unital Banach
algebra, and let € be the category of unital Banach U-modules and con-
tinuous A-module homomorphisms. Then for each n=20, H*(U,_) is a
covariant functor from € to the category of vector spaces and linear maps
such that

(i) H°U, X)={x € X:xa=ax (a € N)} for each object X € €; H*(A, 0)=
0|H(Y, X) for each morphism 6 € 6.

(ii) If 0>X—Y—3—0 is an exact sequence in €, split as a sequence of
Banach spaces, then there is a long exact sequence

—H"(U, ¥) > H"(A, V) - H" (A, 3) - H*(U, X) —
(iii) If X is an object in €, so is L‘(‘ZI@?I, X), and
HA,LDAA X)) =0} @@=l
Further, if K*(N, _) is another sequence of functors having these properties,
then there is a natural isomorphism K™(U, X)~H"(YA, X) (n=0).

ProOOF. We note first that H*(U, _) has the above properties. It is
immediate from the definition that (i) holds, (ii) is proved in [2, Proposi-
tion 1.7], while (iii) follows from Lemma 1.

To establish the uniqueness result consider the map 6: E-LNARY, X)
given by 0(x)=T,, where we define Tz(a®b)-—axb (a, b €A) and then
extend 7 by linearity and continuity to a map on ASA. Since A is unital
this is an embedding, and has a continuous left inverse given by Tw>
T(e®e). Thus if Y= L‘(‘ZI@‘JI X)/6(%), 9 is a Banach 2[-module, and

0——>%——>L1(‘ZI®‘II,$)—+‘D—->0

satisfies the hypotheses of (ii). Thus using (ii) and (iii) we have
) H*U, P) = H(U, X) (nz1).
From (i), H°(, _) and K°(W, _) are naturally equivalent. Using (ii) with
the above sequence, and (iii) we have

HY(Q, X) =~ HOU, 9)/Im HA, LA & A, X)) = KU, X).
The general result now follows by induction using (1).
Wwarmd that in the first printing of [3], the condition

H"(A, Homg(A ® A,M))={0} (n>0)
is misprinted.
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REMARKS. Theorem 1 still holds if we replace € by the category €, of
duals of unital Banach %-modules, and weak * continuous A-module
homomorphisms. To see this, note first that if X is any Banach %-module,
then Ll(?I®9I )~ [AQADX]*, while ABASX has an 0bv10us A-
module structure whose dual multiplication is that given on L}(A®A, X*).
Thus condition (iii) still holds. Further, since the embeddmg 6:%X*—
LY(ARA, X*) is weak * continuous, the cokernel of 0 is also a dual
Banach 2U-module, and so the proof can be carried out within €.

A similar result holds if 2, although not unital, has a bounded two
sided approximate identity. In this case the appropriate category €, seems
to be all duals of neo-unital Banach %U-modules, and weak * continuous
A-module homomorphisms. Recall that an A-module X is neo-unital if,
for each x € X, there are a, b € Wand y € X such that x=ayb; equivalently,
by the module version of the Cohen factorisation theorem [1, VII 32.22],
for each x € X, |e,x—x||—0, |xe,—x||—0, where {e,} is the bounded
approximate identity in A. This latter condition is easily verified for the
module ABARX, so L‘("I@‘)[ X*) is an object of €,. The next lemma,
stated in slightly more generality than we need at present, shows that (iii)
of Theorem 1 remains valid in this situation.

LEMMA 2. Let A be a Banach algebra, and 3 an ideal in N containing a
bounded approximate identity. Let B be a Banach U-module, and X a
Banach space. Then

H'Q LSO B, %) =0} (=)
ProOF. Let Te L™, LN(35B, x*)) and let {e,} be the bounded

approximate identity in \3 Then 7(, , )(e,®") is a bounded net in
L™, L'(B, l’i*))—[‘lI@ ?IQ)QS@%]* hence there is a subnet {e,}
such that 7(-,---,-)(e, ®) is convergent in the weak * topology. In

particular, given al, o-,a,€U, beB, then T(ay, - -, a,)(e,®x) is
convergent in the weak * topology on X* to some member of X*.
Now suppose 6"t1T=0, and define

S(ala T, an—l)(j @ b) = llm T(/$ al’ Y an—l)(ey ® b)9

where the limit is taken over the directed set corresponding to the subnet
{e,}. Then by the above S is well defined and extends to an element of
LU, Ll(\5®23 X*)). The calculation in Lemma 1 now shows, on
making obvious changes, that 6"S=T, and the result follows.

COROLLARY 1. Theorem 1 remains true when U is a Banach algebra
with a bounded two sided approximate identity provided that the category €
is replaced by the category €, of all duals of neo-unital Banach W-modules,
and weak * continuous N-module homomorphisms.
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PrOOF. It is clear that (i) and (ii) hold, while (iii) follows from Lemma
2, on putting A=J=2B. To establish the uniqueness, let {e,:x € &} be
the approximate identity in %, let X be any neo-unital Banach 2%-module,
and for brevity write )=ARUARX. Define 0:X*>P* by 6(f)=T,
(f € X*), where T,(a®b)=afb (a, b € A). As before, T, extends by linearity
and continuity to a map in 9*.

If f, g€ X*, and T,=T,, then in particular, for «, f €., x € X we
have (eyxe,, f—g)=0. Since eyxe,—x, this shows that f=g and hence 6 is
an embedding.

For fixed o, § € &, the map

e, Qez:Tra>T(e, ® ep) (TeD*

is in LY(Y*, ¥*)=~ ["Z)*é)%]*. As a, § vary this gives a bounded net in a
dual space, and hence a subnet {e¢,®e;} weak * convergent to some
p € L\(D*, X*). Further, for fe X*,
PT(x) = lim e, ® es(T;)(x) (xeX)
= lim(x, e, fe;) = lim(e,xe,, f
= {x,f}.
where the limit in each case is taken over the directed set corresponding
to the subnet {e,®e;}. Thus p(f)=f, and p is a left inverse for 6.
Finally, since 6:X*—9* is weak * continuous, it is the dual of the
A-module homomorphism 6*:9Y—X, and since P is neo-unital, so is

Ker 6*. We then have a split exact sequence 0—X*—9)*—(Ker 6*)*—0
in %5, and the result follows as in Theorem 1.

3. An application to centralizers. Let U be a Banach algebra with a
bounded approximate identity {e,}, and X an U-neo-unital A-module.
We may regard U as a closed ideal in A(), the algebra of double
centralizers, and there is then a unique way of extending the 2-action on X
to a (unital) A()-action; we define

A-x =lim(4e) - x, x-A=Ilimx- (e,A) (x € X, A € A(N)).

The following result was proved in [2, Proposition 1.9].

THEOREM 2. Let U be a Banach algebra with a bounded approximate
identity, and let X be a neo-unital A-module. Then

H™(A, X*) =~ H"(A), X*).

PrROOF. We define a sequence of functors on dual neo-unital modules
and weak * continuous A-module homomorphisms by K"(U, X*)=
H"(AY), X*), K", 6)=H"(A(Y), 6) (n=0). We establish that K*(U, )
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satisfies (i), (ii) and (iii) of Theorem 1 in the category %,; the isomorphism
then follows from the uniqueness proved in Corollary 1.

Clearly K°(U, X*)< H(U, X*). Let fe H*(Y, X*), and x € X. Then if
A € A(W), since X is neo-unital,

x,A-f—f-A)=(ayb, A f—[fA) (a,beA, yeX)
= (ayb-A — A-ayb,f)
= (y.bA-f-a) —(y,b-f- Aa)
=0
since fe HU, X*), and A4 is a double centralizer. Since this holds for

each x € X, Af=fA4 and (i) follows. The exactness condition (ii) follows
immediately from the exactness of H*(A(2), _). Finally,

K, LU @ A, X)) = H'AQ), LA S A, X9) =0} (=)
by Lemma 2, so (iii) holds.

4. An application to annihilator ideals. Let A be a Banach algebra
containing a closed ideal J, and X a Banach %-module on which J acts
trivially; then X may also be considered as an A/J-module. The following
result was proved directly by Sinclair [4].

THEOREM 3. Let W be a Banach algebra, and 3 a closed ideal in A
containing a bounded approximate identity. Let X be any Banach W-module
which is annihilated by J. Then H™(U, X*)>~H"(A[JT., X*) (n=0).

PROOF. We assume first that % and X are unital. If this does not hold,
we may adjoin an identity to % to obtain %, and in a natural way X
becomes a unital ‘ZI-module Since (A/J)~=A/J, and since for n=0 we
have H™(U, %)NH"(‘ZI X¥) [2, 1.d], the general result follows from that
obtained in the unital case.

We define a sequence of functors on the category %, of duals of unital
A/J-modules, and weak * continuous 2/J-module homomorphisms, by

KM U3, %) = H"A, X¥), K"/, 00 = H" W, 0)  (n=0).

By the remark following Theorem 1, the isomorphism is established if
we show that K™(A/J, _) satisfies the conditions (i)—(iii) of Theorem 1
in €.
Since J annihilates X*,
H'(A, X*) = {fe X*:af = fa (a € N)}
={feX"@+ Jf=fla+3) (a+IeAI)
= H°(U/[J, %),
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and (i) holds. The exactness condition follows immediately from the
exactness of H"(U, _), and it remains to check condition (iii).
Let 9= ?I@QI/S@% and make 9 into a left J-module by defining
(a®a +\5®x)—]a®a +\5®x Then by [2, Proposition 1.8] we know
that IOA/IRX is closed in ARA/IRX, and that the sequence

0~ (3EUIE DL —~ LI(ABS WS, ¥~ NI & AT, ¥ —0
is split as a sequence of Banach spaces. Since
3O UIE B = L'AIF ST, ¥,
we have a split exact sequence of Banach spaces
0— L'U/J & AT, X%) — LA AT, X*) > LI(T & AT, X*) —> 0.

Giving each space the U-module structure described before Lemma 1,
the above is an exact sequence of A-modules, and weak * continuous
A-module homomorphisms. Taking B=U/T in Lemma 1, and applying
(ii) of Theorem 1, we have for n=1,

H"(, DI & AT, ¥9) = B W, LGSR UI, ¥) =0 (nZ2)

by Lemma 2. Let T e H'(Y, L'(J ® A/, X%)). Then using the Cohen
factorisation theorem [1, VII 32.26],

T(j®a+I)=Tjh®@a+J=pT(j2@a+23)
Thus H'(, LY(A/JISA/T, X*))={0}, completing the proof.
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