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TRANSCENDENTAL EXTENSIONS OF FIELD TOPOLOGIES
ON COUNTABLE FIELDS

KLAUS-PETER PODEWSKI

ABSTRACT. Let .7 be a field topology on a countable field K and
let K(x) be a simple transcendental extension of K. Then there exists
a field topology 7 for K(x) such that 7’| K=7.

Let K be a countable field and let A be a fundamental system of neighbor-
hoods at zero. We identify K with the field of constant functions on X and
K(x) with the field R(K) of rational functions over K. If D is a non-
principal filter on K, then we define for each U € %, U” to be the set of all
fER(K) with {r|f(r)eU}e D and AP to be the set {UP|UeU}.
AP1K=A, and AP is a filter base. But A is not necessarily a funda-
mental system of neighborhoods at zero of a field topology on R(K).

1. DEFINITION. A filter D on K is called %-generic, if for each U e«
and for each fe€ R(K) there is a ¥ € U such that {r|f(r) Vo U} e D.

2. THEOREM. If D is a U-generic filter on K, then AP is a fundamental
system on R(K) such that Q[D1K=QI.

PrOOF. To see that A defines a group topology on R(K), let UP € AP
be given. Since U is a fundamental system there is a ¥ such that V¥ —V< U.
Suppose f,g€V?. Then {r|f(r)eV}eD and {rlg(r)eV}eD. By

{r|f(N—gr)e U} {r|f (e VIin{r|gr) e V}

we have that f—g € UP. Thus V?—v?< UP,

By a similar argument, it can be seen that inversion and multiplication
at zero are continuous. So it remains to show that multiplication is con-
tinuous everywhere. Let fe R(K) and UP e AP be given. Since D is
U-generic there is a ¥ such that {r|f(r)- V= U} € D. Suppose g € VP,
Then {r|g(r)eV}e D.

{rlg(r)-f(r) e U= {r|f(r)- V= UIN{r[g(r) € V}
and therefore f-ge UP. Thus, multiplication is continuous every-

where. O
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Under certain conditions one can show that there exists a 2-generic
filter on K.

3. THEOREM. If W is a countable fundamental system, then there is a
UA-generic filter D on K.

Proor. If {0} € A, then take D to be the cofinite subsets of K. Other-
wise let (f,),e, be a well ordering of R(K), (U,),,c. @ Well ordering of U,
and ((n,, M,))sec @ well ordering of wXw. By induction over a« we
choose nonempty open sets 0, as follows:

Let 0,=K. Assume that 0, has been chosen. Then there is a r, €0, and
a V, e, such that f, (r,) is defined and (f, (r,)+V,)V,<U,, . Because
Jn, 18 continuous at r,, there exists a V, €U such that Sy (r +V)<
Jrg (r¢)+ V,. Define 0,,, to be 0,N(r,+V,). Thus 0, has been chosen for
every o € . By a straightforward argument, it can be seen that {0,|« € w}
is a base of a A-generic filter. O

Thus we have shown that every field topology with countable basis on
K, can be extended to a field topology on K(x). Moreover, if the topology
on K is locally bounded, then the topology on K(x) is locally bounded. To
prove that every field topology on K can be extended to a field topology
on K(x) we need the following Lemma:

4. LemMA. If Wis a fundamental system on K and U € U, then there is a
countable fundamental system W' <A for a field topology with U € A'.

PrROOF. Let ¢, denote the set of functions ¢,, ¢,, ¢,, and ¢,, a € K,
defined by ¢,(V)=V/(1-V), ¢.(V)=V -V, ¢,(¥V)=V—V and ¢,(V)=
aV, for every subset V of K, 1 ¢ V. Let (¢,),.. be a well ordering of ¢x
and ((n,, M,))ye, @ Well ordering of w X w such that a=m,.

By induction over o« we choose sets U, € A. Let Uy=U. Assume that
U, * - -, U, have been chosen from 2. Because U is a fundamental system,
there is a ¥ € A such that ¢, (V)< U,, and V<U,. Let U,,, be sucha V.
Thus U, is well defined for a € w. It is straightforward to see that
{Uala € w} is a fundamental system, which contains U and is a subset
of U.

5. THEOREM. If T is a field topology on K, then there is a field topology
T on K(x) such that 7" 1K=9

ProoF. Let U be a fundamental system of neighborhoods at zero of 7.
By Lemma 4 there is a set {%;|U € A} of countable fundamental systems
such that J {Ay|U € A}=A. From Theorem 3, we see that for each
U € U there is an Ay,-generic filter Dy,. By Theorem 2 we have that AP7
is a fundamental system on K(x) such that APv|K=A,. Hence,
U {‘IIIU)-UIU € A} is a subbase for a fundamental system A* on K(x) such
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that A*1K=U. If we take 7' to be the field topology defined by A*, then
J ' has the desired properties.
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