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COLENGTH   OF  DERIVATION  IDEALS

KENNETH   KRAMER

Abstract. In this paper, D is a derivation acting on the formal

power series ring K[[tl, • • ■, lr]] over a field K of characteristic

p^O. We conjecture that the colengths of the ideals (ß''"/'i, • •'•,

D""tr) and (D'"~1tJ, ■ • •, Dp"~ tT) are congruent modulo />", pro-

vided they are finite. We give a proof for the case r = \ and any

»¡£1, and for the case n = \ and any r^l.

1. Introduction. Let A=K[[t1, ■ ■ ■, tT]] be the ring of formal power

series in /--variables over a field K of characteristic pj¿0. The colength

of an ideal 31 of A is the dimension of the quotient ring A/% viewed as a

vector space over K. Given D, a /¿-derivation of A, we let %{D) denote the

ideal (Dt1, • • • , Dtr) of A. Since Dv is again a derivation, we have a

descending chain of ideals:

«(£>) = 9I(D") 3 «(O"2) => • ■ • .

Conjecture. Suppose D is a K-derivation of A. Let i{n) denote the

colength of the ideal <}l(DI>"). Then the congruence /(«) = /'(«— 1) (modulo pn)

holds for each integer n^l such that ;(«)<co.

This paper contains a proof of the conjecture in the one-variable case

and a proof of the initial congruence, ;'(l) = /(0) (modulo/?), in the general

case.

Suppose that a is a A'-automorphism of A, and let 1 denote the identity

automorphism of A. We may view the operator L = a— 1 as a "twisted

derivation" in the sense that L(xy)=xL(y) + a(y)L(x).

Consider the analog of the above conjecture obtained by substituting

L for D. In the one-variable case, the congruences of this analog are

implied by the Hasse-Arf theorem as generalized by Sen [2]. For general

A and a of finite order, the analog would follow from an affirmative

answer to a question asked by Serre [4, p. 418].

The author wishes to thank John Täte for his generous advice on this

paper.
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2. The one-variable case, ^4 = A![[/]]. For a.eA, let a, denote the

formal partial derivative of a with respect to t. Thus Dx=<x.tDt for all

derivations D.

Lemma. Let D be a K-derivation of A. There exists a "constant"

c e K[[tv]], such that Ds+p~1t=cDst,for sj>l.

Proof. Let Dt=f, which we may assume is not zero. As %(Dv)c

3I(Z>), we may write Dvt=cDt for some c e A. Now D and Dv are deri-

vations, so

D*+H = D(D't) = D(cf) = cDf + fDc
and

D*+lt = Dp(Dt) = Dpf = ftDvt =ftcf= cDf.

It follows that/Dc=0. Hence, c £ K[[tp]]. Now for s^l, we have

D'+'-it = Ds-\D»t) = Ds~l(cDt) = cDst.    D

Let v denote the valuation of A corresponding to the ideal (t) and written

additively. The colength of an ideal is then v of a generator of that ideal.

The lemma implies that Dm(p~1)+1t = cmDt for m^l. Taking m =

(pn—])l(p—\), we find that the colength of ça(Dp") is given by

/(„) = v(D»"t) = (/>"-! +'•;-.+ \)v(c) + v(Dt).

Similarly

i(n - 1) = (/>*-2 + • • • + \)v(c) + v(Dt).

Subtracting, we find that /"(«) — i(n—l)=pn~1u(c). But p divides v(c)

because ceX[[/']]. Hence, i(n) = i(n—\) (modulo/)") and the conjecture

is true in the one-variable case.

3. Partial result when A=K[[t1, ■ • ■, tT]]. The congruence /(l) = /(0)

(modulo p) may be obtained with the aid of the residue symbol. (See

Hartshorne [1, pp. 195-199].)

When œ is an r-differential form on A over K and the ideal (/1; • • • ,fr)

has finite colength, the residue symbol

CO

i, • ■ • , /J
taking values in K is defined. We make use of the following properties,

assuming in each case that the conditions for the existence of the residue

symbol are fulfilled :

(a) Let Sl=(/i,- ■-,/,). Then

dft A • • • A dfr = colengthCä) ■ 1^.
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(b) If a 6 3t=(/i, ■ ■ ■ ,/r), then

aco = 0.

(c) If the elements g¿=2,r=l a,,/,, for /=1, • • ■ , r, generate another

ideal of finite colength, then

det(oc¿í)ft>

Lgi, • • • , gr

CO

.A, ■ ■ ■ ,/J

Lemma. Suppose that (f, • ■ • ,fT) has finite colength and olu, ßi} are

elements of A such that

r r

gi = 2 aafi= 2 M»    '= l> ' ' ' -r-

Then det(a,,)-det(^.) e (gl, • • • , gT).

Proof. To fix notation, let the Koszul complex K^f, • ■ ■ ,fr) = Kif{f)

be given as follows (see Serre [3, Chapter IV]): Km(f) = Am(Ar), the

wth exterior product of Ar. Let ex, ■ ■ ■ , er denote the generators of K^f).

The boundary map ôm:KJJV^-A^ii/) is given by

m

«<i A • • • A elm -> 2 (~'iyl%ell A • • • A êu A • • • A e,m.

Let E1,---,Er denote the generators of K^g). Define a map of A-

algebras Sif:Kie{g)^>-Kif(f) by the following action on generators:

£V-*"2i-i*<j^i- Because g¿=^j=iOLijfj, the following diagram is com-

mutative:

St identity

Kx(f\ A W) = /Í

and S commutes with the boundary map <5. In particular Sr is multi-

plication by det(a¡7) in dimension r.

Similarly, we define T: /l*(/j)—*■#*(/) by replacing oc0 by /3¿) above.

K*(g) is free. K*(f) is exact in positive dimensions because the ideal

(fu"'>fr) has finite colength [3, p. IV-5]. Since S0=T0=identity in

dimension zero, there is a standard way (Spanier [5, p. 165]) to construct

hm-Km{g)^Km+l(f) such that ôm+lhm+hm_lôm=Sm- Tm. In dimension r,
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[det(a;j) - deti/S,-,.)]«?! A • • • A eT = (Sr - TT)E1 A • • • A Er

— K-i^r^i A • • • A ET

= yex A ■ ■ ■ A eT

where y e (gl, ■■■ , gr).

It follows thatdetia,-) — dtt{ßu) e (g1, ■ • ■ , gr) and the lemma is proved.

Theorem.   /(l) = /(0) (modulo p).

Proof. Let 9,a denote the formal partial derivative of a with respect

to ti. Thus Da=2ri3i(x.Dti.

Let Dtl=fu and Dptt = F,. As (Flt • • •, Fr)c(flt ■ • ■ ,fr) we may
write

(1) Fi = 2c«/í'        i = h- ■ ■ ,r.
3 = 1

Using properties (a) and (c) of the residue symbol, we find that

'detfoOdettà/,) df, A • • • A dtTdet(c¿)) d/i A ■ • ■ A dfr

Flt • • •, Fr
¿(0)-l/c =

and

L    Fu-",Fr

Subtracting, we find that

[/(I) - i(0)] • lK =

F»-,Fr

det(dtF3) dtx A • • • A dtr

Fu--.Fr

y dtx A • • • A dtr

.    Fl3 ■ ■ ■ , Fr

wherey=det(öiFJ)-det(c„)det(3,/3).

We now obtain two expressions for ^, = ¿)!'+1í1 by using the fact that

both D and Dv are derivations.

gi = D{D%) = D(Fi) = 2(SA)fi

and
3 = 1

g{ = D'(Dtt) = D\Q = 2 (a^F,.
3 = 1

Substitute the expression in (1) for F} above and apply the lemma of

this section to show that y=det(diFj)—det(cij)det(difj) is an element of

the ideal (gl, ■ • • ,gr)f=(Flt • • • Fr).

Now, by property (b) of the residue symbol, [/(I) — /'(0)] • 1^=0.

Hence the theorem is proved.    D
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