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A SECOND ORDER NONLINEAR OSCILLATION THEOREM!

JAMES S. W. WONG

ABSTRACT. An oscillation criterion is given for the second order
nonlinear equation x”+a(t)|x|? sgn x=0, y>1, where the coef-
ficient a(t) is not assumed to be nonnegative for all large values of 7.

Consider the second order nonlinear differential equation
(0 x" 4+ a(t) |x|"sgn x = 0, y >0,

where a(t) € C[0, o). We restrict our attention to solutions of (1) which
exist on some ray [fy, o), where #,=0 may depend on the particular
solution. Such a solution is said to be oscillatory if it has arbitrarily
large zeros. Equation (1) is called oscillatory if all such solutions are
oscillatory. For a general discussion on nonlinear oscillation problems,
we refer the reader to [14]. We are here concerned with sufficient conditions
on a(t) for the oscillation of (1) when a(z) is allowed to assume negative
values for arbitrarily large values of 7. The well-known Wintner-Leighton
oscillation criterion for the linear equation, i.e., equation (1) when y=1,
states that if a(r) satisfies

T
2) lim f a(t)dt = + oo,
T—-o JO

then equation (1) is oscillatory for y=1, see [12], [8]. Waltman [11]
showed that condition (2) is also sufficient for the oscillation of (1) when
y>1. Bhatia [1] and Wong [13] independently generalized Waltman’s
result to more general nonlinear equations showing in particular that
condition (2) is sufficient for oscillation of (1) for all y>0.

We note that Wintner [12] in fact proved a stronger result, namely,
if a(t) satisfies the weaker condition

T
3) fim lf fta(s) ds dt = + oo,
0 0

T-0o T
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then equation (1) is oscillatory for y=1. Clearly, condition (2) implies
condition (3). It is therefore of interest to investigate whether the weaker
hypothesis (3) is sufficient for the oscillation of (1) for all ¥>0. Recently,
Kamenev [6] proved that for 0<y <1, the weaker condition

T pt
4) lim sup L f fa(s) dsdt = + o0,
T Jo Jo

T- o

suffices for the oscillation of (1). The purpose of this note is to provide a
partial solution to this problem by proving that condition (4) together
with the following condition

t
®) lim inff a(s)ds = —A > — oo, A>0,
t—= o0 0
imply oscillation. This gives credence to the conjecture that the original
Wintner’s oscillation criterion (4) remains valid for equation (1). Clearly,
condition (2) implies condition (5), hence our result generalizes that of
Waltman.
We now state and prove the following

THEOREM. Suppose that a(t) satisfies conditions (4) and (5), then equation
(1) is oscillatory when y>1.

PrROOF. Assume the contrary, then there exists a solution x(t) which
may be assumed to be positive on [f,, o) for some #,=0. Dividing (1)
through by x?(¢) and integrating from ¢, to ¢, we obtain

(6) x7(O)x'(1) + 'yJ; (fﬂi—g) ds + A(t) = ¢y,

where f=(y+1)/2, ¢;=x7"(t))x'(t,), and A(t) denotes the indefinite
integral jio a(s) ds. Integrating (6) once more from f, to ¢, we obtain

t s ! 2 t
x7(1) + yf f (x (T)) dr ds +f A(s) ds = it + ¢,
to Jto to

x(r)

" T
where ¢,=1/(1—p)x771(1,).

We distinguish three cases of the behaviour of x'(z), namely, (i) x'(¢)
oscillatory on [t,, o), (ii) x'(#)>0 on [t,, ) for some #,=t,, and (iii)
x'(t)<0 on [t,, o) for some t,=1t,, and show that the assumption x(z)>0
leads to contradiction in each case.

Suppose that x'(¢) is oscillatory, then there exists a sequence {t,,:n= 1,2,
3, } such that x'(t,)=0 and #,—co. It follows from (6) and condition
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(5) that x'x—8(¢) € L%(t,, c0). By Schwarz’s inequality, we note
1 1

t Y 2
<|[20uf < [
(1 = B2 x*72(t) = |Jw xﬂ(s) to \Xx%(s)
Recall that 28—2=y—1, and so (8) implies that there exists a constant
M such that
) Oy -1 =ML, =1,

Applying the estimate (9) in (7), we obtain the following inequality,
valid for all 1=¢,,

®

t
— Mt +fA(s) ds = ¢yt + ¢,
to

which contradicts condition (4).
Next, suppose that x’()>0 for t=1,2¢,, thus x(¢)=x(t,) and x () =
x~"1(¢,). We deduce from (7) that
1
1=y

1
Pan () +f A(s) ds = eyt + ¢,
to

which again contradicts condition (4).
Finally, we assume that x'(f)<0 for t=t,2¢, By condition (5), we
can estimate (6) as follows,

X x"*(s)
—(cy + 4
(10) o ) Z—(a+M)+ yf 0 s

If the integral in (10) is finite as r—oco, we can deduce a contradiction
in a similar way as the case when x'(¢) is oscillatory. Otherwise we may
choose T=t, such that

T x ’2
yf (s)ds—l+cl+l

x"*1(s)
For 1= T, we multiply (10) through by
x'(t) x*( ) 4
1+ A
S RCEL R Ry

and integrate from T to ¢ to obtain

t=x'(s)
1 y) =
og( @+d+ f x"*(s )ds) - yfr x(s) o,

which together with (10) yields
(11 —x'(0/x(1) Z x"(T)[x(1).
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It follows from (11) that x'(f)< —x"(T)<0, which contradicts the assump-
tion that x(¢)>0. This completes the proof.

REMARK 1. Conditions (4) and (5) are also sufficient for the oscillation
of (1) with y=1. The validity of this result for the linear case follows from
a result of Hartman [5], see also Coles [3] and Macki and Wong [9].

RemMARrk 2. For 0<y<1, condition (4) gives an immediate contra-
diction in (7). This offers an alternate argument for Kamenev’s result.

REMARK 3. Erbe [4] gives another interesting generalization of Walt-
man’s result. Erbe introduced the following condition on a(¢) that for all
large ¢

t
(12) lim inff a(s)ds > 0,

t— o0 T

and showed that if a(r) satisfies (12) and that the linear equation
(13) u” + Aa(tu =0

is oscillatory for all A>0, then equation (1) is oscillatory. We note that
although condition (3) or conditions (4) and (5) are sufficient for the
oscillation of (13) for all A>0, condition (12) is not implied by condition
(5), (in fact, the converse is true). This shows that our result is not com-
patible with that of Erbe’s. Condition (12) was also used in Bobisud [2],
see also Onose [10].

Finally, we present an example of a(t) which satisfies conditions (4)
and (5) but fails to satisfy (12). Thus, Erbe’s result does not apply in this
case. Define

a(t) = at + Py, 4k =t=4k+1
=yl +0 4k+1=1=4k+2
= &t + 1y, 4k +2=1t=<4k+3
= oyt + 74, 4k +3 =t =<4k +4,
where o, =(k+1)+ S (129, B=—(4k)u; yi=—oy, 0= —(dk+2)y,;

&=—o,—(1/2¥%Y), n=—4k+2)&; o,=—46,, T=—(k+4do,. It is
easy to see that a(t) € C[0, o) and satisfies

liminf a(t) = — o0, lim sup a(t) = + co.

t—= o t—= o

Denote A(t)= [qa(s) ds. It is readily verified that

=

k
Ay = =S5 Ak + 1)=’—‘—J§—'—
=1

N

1
1 21=1
k+1
Ak +2) =k + 1, A(4k+3)=k—;'l_% 1
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From this we deduce liminf, ., A(t)=—1, limsup, ., ;4(t)=+oo.
Denote & (T)=(1/T) i A(t)dt. We compute and find
l n
ALln +4) = ——— A(4k) + A4k + 1
Py ])go[ (4k) + A( )
+ A(4k + 2) + A(4k + 3)]
1 z o 1 )
=—>(2k+1)=2>-——
4(n+1)z(( +D zzf k1

k=0

i=1

] n
> —— S22
_4(n+1)gl
1 n
=—n D=-,
4n+1) (n+ D) 4

which shows that a(t) satisfies condition (4).
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