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ON  SPECIAL  LINEAR  CHARACTERS  OF  FREE

GROUPS  OF  RANK n ^ 4

ALICE  WH1TTEMORE1

Abstract. Let Fn be a free group of rank n. In a recent paper R.

Horowitz has shown that for n^3 the ideal Z„ in the ring of special

linear characters of Fn consisting of those polynomials in the

characters which vanish for all representations of Fn by subgroups of

5Z.(2, C) is principal. In this paper the case n=A is investigated; it

is shown that for n>3, Z„ is not principal.

1. Introduction. The theory of two dimensional special linear charac-

ters was investigated extensively in the late nineteenth century by Fricke.

More recently R. Horowitz [2] has studied the ring of special linear

characters of free groups Fn; in particular, for n=l,2 he has shown

that these rings are isomorphic respectively to the rings Z[x] and Z[x, y, z]

of polynomials in one and three indeterminants with integer coefficients,

and that the ring of characters of F3 is isomorphic to the quotient ring

of Z[xx, x2, ■ ■ • , x7] modulo a principal ideal consisting of those poly-

nomials which vanish on the character manifold. The first theorem of

this paper shows that the number of algebraic relations between the charac-

ters of Fn increases considerably with n; Theorem 2 gives some restriction

on these relations for n—A.

2. Preliminaries; statement of theorems. Given a group G, denote

by (G, K) the set of all representations p:G^-SL(2, K), where K is either

the field R or C of real or complex numbers, and where SL(2, K) is the

group of all 2x2 matrices with entries in K and with determinant one.

For w e G the character ou ofu is defined by ou:(G, K)-*-K, with per u = o(up)

for all p e (G, K), where o(up) denotes the trace of up .The set {ou\u e G}

generates a subring JG,K of the ring of all functions from (G, K) into K

with the usual addition and multiplication.
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The following formulae for u,v,weG [1] will be needed:

(2.1)       ou = or«-!,

(2 2)      a    = a  • a  — a   -,

\^"^)      ®uvw ®u     ®vw   T" Ov     OUVJ -y- Ow     Ouv Ou     Uv * Uw Ouwv.

Using (2.1)—(2.3) Horowitz has proved the following theorem [2]:

Let Fn denote the free group on n free generators ak, k=l, •••,«.

For all m e F„, au can be expressed as a polynomial with integer coefficients

in the 2"—1 characters

(2.4)    oa,        a = ahah ■ ■ • air, 1 < r < n, 1 <; ix < ■ ■ ■ < iT ̂  n.

As an immediate consequence we have Jp K^ZJIn K, where Zn

is the ring of polynomials with integer coefficients in the 2n~x indeter-

minants ixi2---ir, l^r^n, 1^/1<- ■ -<ir^n, and InK is the ideal

consisting of those polynomials in Zn whose images in Jn K under the

canonical homomorphism vanish for all p e (Fn, K). It is easily checked

that In.c^I„.R, and m^n implies Im¡K^In,K.

Each element <p of the group An of automorphisms of Fn induces a

map aa—>aav of the characters rra of (2.4), where according to Horowitz's

theorem, oatp is a polynomial p(oa) in the oa. The corresponding assign-

ment ixi2 • • • ir-^>-p(ixi2 • ■ • ir) induces an automorphism of Zn, called

the automorphism induced by <p. Clearly In K is invariant under the group

¿én of automorphisms of Zn induced by An. A set of generators for An is

given by A, B, C, D, where the image of a generator ak of Fn under each

of these automorphisms is given by Table 1 [3, p. 164]:

Table 1

ax      a2   a3   ■ ■ ■   an^x   an

■ an      ax

■ an-i   an

■ fln-l     an

■ an-l     an

Let a, ß, y, d denote the automorphisms of ¿én induced by A, B, C, D

respectively. Finally, if w^a^af1 ■ ■ ■ af1 is any nonempty word in the

free generators ax, ■ ■ ■ , an of F„, denote ow by o±il±Í2.. . ±h. If 1 ̂ i<j<

k<:n by (2.3) aikj = ai ■ ajk+oj ■ oik+ok ■ aH - a, ■ oj ■ ok -om; let the

symbol ikj represent the polynomial i ■ jk+j • ik+k ■ ij—i ■ j • k — ijk in

A a2 a3 ax ■ ■

B a2 ax a3 ■ ■

C a^1 a2 a3

D axa2 a2 a3 ■ •
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Zn. We can now state:

Theorem 1.    In Z4, the set of polynomials

px = -123 • 132 + l2 + 22 + 32 + (12)2 + (13)2 + (23)2

- 1 • 2 • 12 - 1 ■ 3 • 13 - 2 • 3 • 23 + 12 • 13 • 23 - 4,

p2 = 1 ■ 1234 + 243 - 234 - 12 • 134 + 13 • 124 - 14 • 123
- 1 -3 • 124 + 3 • 12- 14,

p3 = 13 ■ 1234 - 123 ■ 134 - I • 124 + 12 ■ 14 - 2 • 4 + 2(24)
- 3 • 234 + 23 • 34,

px = 132 • 1234 - 12 • 23 • 134 - 23 • 234 + 1 • 3 • 134 -13-134
- 12 ■ 124 + 2 • 23 • 34 + 2 • 12 • 14 + 2 • 24 - 1 • 14

- 3 • 34 + 2(4),

ps = (1234)2 - 1234(4 • 123 + 3 • 124 + 12 • 34 - 3 ■ 4 • 12)

+ (123)2 + (124)2 + (12)2 + (34)2 + 32 + 42 - 4 ■ 12 • 124

- 3 • 12 • 123 - 3 • 4 • 34 + 34 • 123 • 124 - 4,

p9 = 2(1234) + (1 • 2 - 12)34 + (1 • 4 - 14)23 + (13 - 1 • 3)24
- 1 • 234 - 2 • 134 - 4 ■ 123 + 3 • 142

together with their images

{Pjoi' | i mm 1,2, 3, ; - 1, 2,4} U {p3a} U {/>3)Soc': | / = 0, 1, 2, 3}

generate an ideal I which is (i) invariant under s/x; (ii) contained in /4 K.

Theorem 1 contrasts sharply with Horowitz's results that Ix K=I2 K=

{0}, and I3,K is the principal ideal generated by px. Since Im,K—Jn.K f°r

m^n, the above result indicates the complexity of the ideals /„ K for

«5ï4. On the other hand, the relations in JF  K are restricted by

Theorem 2. Let p e /4 R be a polynomial of degree 0 in the indeter-

minants ixi2 ■ • • ir of length r>2 and of nonzero degree in at most nine of

the ten indeterminants of length rí=2. Then p = 0.

3. Proof of Theorem 1. Table 2 showing the images of the generating

polynomials for / under the automorphisms a, ß, ó, y can be verified

by direct calculation using (2.1)—(2.3) and the defining relations for

Ax[3, p. 164]. The symbols ±* indicate that a given polynomial is either

fixed or sent to its negative by a given automorphism. The images of p5

and the polynomials qt (i= 1, 2, 3, 4) of Table 2 because of their length,

are written separately.
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/75a = /75 + 1 • /?4a — 3 • pAcL3 — 34 • p3ßa? — 1 • 3Ap2cc

4- IA ■ (p3ß + 2 ■ p2a.2),

Pbß =/>s + D • 0 ■ A01 + />4<* + /?4/?a) + 4 • (4 • px + /?4 + />4a3/?a)]a

+ 1 ■2-(/>3Í?a+/73/Sa£ + 34-/76),

W ■«/»♦..+ 1 • [(4 • Ft + />< + yC4a3/?a)a],

p6ô = 22-Pi + (A-p^ + A-p4+ px)«.2,

qx=Pi + (l-2- 12)/>2a2 - 2Pi + 1 • />3/J,

<72 = 1 • 4 • /?2a2 + 3 • />3a/S

- (^a2 + 2 -/^a2 + 4 ■ p3 + 1 • /i,/îa + 1 ■ 34 •/»,),

<7s = [23 -/72 + (1 -2 - 12)/?2a2 - ptß - A ■ px -2 ■ p3]x -2 ■ 34 • pt,

qt = />4a3 + 2 ■ />3ßa2 4- 2 ■ 4 • /?2 — 1 • p3a. — 12 • p2ce.3.

It is evident from the table that / is invariant under ,s/4. In order to

show /ç/4K, because of the relations p2——p3ßa, pi=p3ßxo<x.~1,

ps= — (pia.2o+pißa2), Px=pi(a.ià)~1, pe=p2aö~1 and the fact that IiIC

is invariant under jtft, one need only show/?3 6 /4 /c. For this purpose let

u=axa2a3, v=axa3ax. By (2.2) we have

(3.1) 0 =      CT123 • oX3i -\- oX23X3i + 0"23_3_4.

Rewriting o23_3_t by (2.1) and (2.2) one obtains

(3-2) o-23_3_4 = cr23o-34 — o-3 • cr234 + <r24.

Expansion of ct123134 via (2.3) with u—axa2, v=a3axa3, w=a¿ using (2.1),

(2.2) yields

(3.3) o-123134 = o-13 • cr1234 — ox ■ or24 + oX2 ■ axx — a2- cr4 4- o2i.

Substitution of (3.2), (3.3) into (3.1) yields the desired result.

4. Proof of Theorem 2. We may assume without loss of generality

that/? has degree 0 in either of the indeterminants 4 or 34. Indeed, if p has

degree 0 in one of the remaining eight indeterminants of length k^2,p may

be replaced by pv.'~ße for suitable A=0, 1, 2, 3, e = 0, 1. Both cases are

treated simultaneously.

Define a representation p:Fi-^SL(2, R) as follows:

/4 /=

axp

"iP =

a,   o

0   xf.

x7      x8

X,X9 + 1

a2p =

Ll X3

X = (Xx, ■

1
a3p = ¿A + 1

K    ■

X9) e Ra, Xx, A4, x7 nonzero.
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The two systems of functional equations X(pcri)=i;i, i=l, 2, 3, 12, 13,

14,23,24, k, k=4 and A: = 34, define transformations Fx and F2 respectively

from a subregion of R9 into Rs. Let X e Ä9 have coordinates Xx=2, /, = 1,

l</':_9. The Jacobeans of both Fx and F2 evaluated at X are nonzero.

It follows from the implicit function theorem that there exist neighbor-

hoods Ui of ÂF, and transformations G, : Ut—>R9 (i= 1, 2) with the

property that f(Ci°F¿)=| for all f e [/,-. Accordingly, for all f e (7¿

there exist representations p¿ e (F4, Ä) (/=1, 2) such that Ç=ipxox, • • •,

PiO-24, PiOi), i'=l; i = (p2ox, • • • , p2cr24, p2cr34), i=2.

Since /> e IiR we have />(f)=0 for all f e J7(, which implies p=0.
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