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ADMISSIBLE EXPONENTIAL REPRESENTATIONS
AND TOPOLOGICAL INDICES FOR FUNCTIONS
OF BOUNDED VARIATION

F. M. WRIGHT AND J. N. LING

ABSTRACT. In this paper we first prove a theorem concerning the
composition 7 of an analytic complex-valued function g in a region
of the complex plane with a continuous complex-valued function
¢ of bounded variation on the closed interval [a, b] of the real axis.
We then relate this theorem to admissible exponential represen-
tations and topological indices introduced by Whyburn in his book
Topological analysis. We also show how this theorem can be used to
prove a result of interest in the study of the argument principle.
Moreover, we look at the situation where ¢ is a complex-valued
function of bounded variation but not necessarily continuous on a
closed interval [a, b] of the real axis, p is a complex number not in
the range of ¢, and u is a complex-valued function on [a, 4] such
that e*® =[¢(t)—p] for ¢ in [a, b]. We present conditions for u to be
of bounded variation on [a, b].

1. Introduction. In §2, we show that the composition # of an analytic
complex-valued function g in a region S of the complex plane with a con-
tinuous complex-valued function ¢ of bounded variation on a closed inter-
val [a, b] of the real axis is of bounded variation on [a, b]. We show
further that o »(£) dn(t)= 2 v(t)g'($(¢)) dp(t) for any continuous complex-
valued function » on [a, b]. In §3, we use the result of §2 to give a proof
(patterned after that in [1, p. 56]) to show that if ¢ is a continuous com-
plex-valued function of bounded variation on a closed interval [a, b] of
the real axis, p is a complex number not in the range of ¢, and u is a con-
tinuous complex-valued function on [a, b] such that

(1.1) e =¢(—p,  tela b,

then u is of bounded variation on [a, b]. Whyburn [1] calls (1.1) an ad-
missible exponential representation of [¢(t)—p] on [a, b], and he calls the
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complex number
(1.2) p(¢, a, b, p) = u(b) — u(a)

the topological index of the ordered pair (¢, [a, b]) with respect to p. We
also use the result of §2 to establish the integral formula

(13) u(é, a, b, p) = f [6(1) — pI* dg(0)

for the topological index (1.2). It then follows from a result in [2] or [3]
that when (w, [c, d]) is any member of the oriented Fréchet curve for the
complex plane containing the ordered pair (¢, [a, b]), then u(w, ¢, d, p)=
u(é, a, b, p). The preceding result generalizes (1.5) of [1, p. 59] for ¢ of
bounded variation on [a, b]. In §4, we show how the result of §2 can be
used to prove a result which relates to the argument principle.

In §3, we also look at the situation where ¢ is a complex-valued function
of bounded variation but not necessarily continuous on a closed interval
[a, b] of the real axis, p is a complex number not in the range of ¢, and u
is a complex-valued function on [a, b] such that (1.1) holds. We suppose
that there is a positive real number M such that |¢(t)—p|=M for all ¢ in
[a, b]. We suppose further that we have a positive real number ¢ and a
partition A of [a, b] such that |im u(¢")—im u(t')| <& whenever ¢, t" are
on one of the closed subintervals of [a, b] determined by A. We use a
simple and direct proof to show that u is of bounded variation on [a, b].
We observe that the condition here on the imaginary part of u(¢) holds
when u is continuous on [a, b]. Therefore, the result here, which is
Theorem 3.3, generalizes the first result of §3 mentioned above, which is
Theorem 3.1. The proof we give of Theorem 3.3 provides an alternate
approach to the one used in proving Theorem 3.1 via Theorem 2.1 and the
Whyburn technique.

2. A theorem for functions of bounded variation. In this section, we
establish the following theorem which we relate later to the study of ad-
missible exponential representations, topological indices, and the argument
principle.

THEOREM 2.1. Let g be an analytic complex-valued function in an open
subset S of the complex plane. Let ¢ be a continuous complex-valued function
of bounded variation on a closed interval [a, b) of the real axis such that the
range of ¢ isin S. Let n(t)=g($(¢)) for all t in [a, b]. Then, n is of bounded
variation on [a, b]. Moreover, if v is a continuous complex-valued function
on [a, b], then [qv(1) dn(t)= o »(1)g'($(1)) d(1).

Proor. For each z in S, let §(z)=re g(z) and g(z)=im g(z). For each
t in [a, b, let $(t)=re $(¢) and $(t)=im &(t), and let 7(t)=re 7(¢) and
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7j(t)=im 7(t). Let T be the closure of a bounded and open set such that T
is a subset of S and such that the range of ¢ is in the interior of 7. Let M be
a positive real number such that |§,(z)| =M, |g,(z)| =M for all zin T. Let
y be a positive real number such that for every ¢ in [a, 4], the y-neighbor-
hood of ¢(t) is in T. Let  be a positive real number such that |¢(¢")—
é(t)|<y for every t', t" in [a, b] satisfying |¢t"—t'| <.

Let ¢’, t” be points of [a, b] satisfying |t"—1'|<d. Let z'=x"+iy" and
Z"=x"+1iy" be ¢(¢') and ¢(1"), respectively, in rectangular form. Then,

() =) = (") = &(2)
= (1= 0)' +62")(x" = x') + §o((1 = )7 +62")(y" — )

for some real number 6 satisfying 0<6< 1. It follows that

(") — (O = M{GE") — (O] + 1) — N}
From this it follows that 7 is of bounded variation on [a, b]. Similarly, 7
is of bounded variation on [a, b]. Thus, 7 is of bounded variation on [a, b].
Let A={a=1,<t,<t,<'--<t,=b} be any partition of [a, b] with
norm less than 6. For each integer j=0,1,2,---,n, let z;=x;+iy; be
the complex number ¢(¢;) in rectangular form. For each integer j=1, 2,
-+« ,n,let 0, be a real number satisfying 0<8,<1 such that

7(t;) —7(t;-1)
=g((1 =0z, +0;z,)(x; — x;_1) + §((1 = 0))z,_, + 0,;2)(y; — y,;)-

We may use the boundedness of () on [a, b], the uniform continuity of
g1and g, on T, and the continuity and rectifiability of ¢ on [a, 6] to show
that

n

lim Z v(t)[E((1 — 0))z,, + 6,2)(x; — x;_)
1Al =0 j=1
+ &((1 =6z, + 0,2)(y; — y;0)]
- f WOF(S(D) dB(D) + f WDFAH(D) dB(1).
It then follows that
fa (1) dii(t) = f WOF(S(1) db(t) — f W(DE(S(D) d(1).

Similarly,

f (1) di(t) = f WOG(H(0) dB(D) + f WOFH(1) ().
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Therefore,
f (1) dn(t) = f WOE ($(1)) db(e).

This completes the proof of Theorem 2.1.

3. Topological indices. First we show how Theorem 2.1 can be used to
prove the following result concerning the admissible exponential rep-
resentation (1.1) when the function ¢ is continuous and of bounded
variation on [a, b]. The proof we give is patterned after that given by
Whyburn [1, p. 56].

THEOREM 3.1.  Let ¢ be a continuous complex-valued function of bounded
variation on a closed interval [a, b] of the real axis. Let p be a complex
number not in the range of ¢. Let u bé a continuous complex-valued function
on [a, b) such that (1.1) holds. Then, u is of bounded variation on [a, b].

Proor. Consider first the case where there is a ray L in the complex
plane emanating from p such that L contains no points in the range of ¢.
Let S be the region consisting of all complex numbers z not on L. There is
an analytic complex-valued function g in S such that e7*'=(z—p) for all z
in S. Let 5(t)=g(¢(¢)) for all ¢ in [a, b]. It is apparent that 7 is continuous
on [a, b], and we have from Theorem 2.1 that % is also of bounded
variation on [a, b]. It is clear that e""’=¢(t)—p for all ¢ in [a, b].

Next we drop the restriction about the ray L. Proceeding as in the proof
of (1.2) on p. 56 of [1], we have that there is a continuous complex-valued
function 7 of bounded variation on [a, b] such that ¢"" =¢(1)—p for all
tin [a, b].

There is a constant k such that u(¢)=»(t)+k for all t in [a, b]. Thus, u is
also of bounded variation on [a, b].

This completes the proof of Theorem 3.1.

Next we show how Theorem 2.1 can be used to prove the following
result which provides an integral formula for the topological index (1.2)
when the function ¢ is continuous and of bounded variation on [a, b].

THEOREM 3.2.  Let ¢ be a continuous complex-valued function of bounded
variation on a closed interval [a, b] of the real axis. Let p be a complex
number not in the range of . Then, u(¢, a, b, p)= [ [$(1)—pl dp(1).

PROOF. Let u be a continuous complex-valued function of bounded
variation on [a, b] such that (1.1) holds. Then,

Jb[¢(t) — P de(t) =J'be_u(t) d[e"® + p] =J"'e_umeu(t) du(1)

a

in view of Theorem 2.1. The desired result then follows.
This completes the proof of Theorem 3.2.
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The next result concerns the formula (1.1) when ¢ is a complex-valued
function of bounded variation on the closed interval [a, b] of the real axis
such that ¢ is not necessarily continuous on [a, b]. This result provides
conditions for u to be of bounded variation on [a, b] and extends Theorem
3.1. We give a simple, direct proof of Theorem 3.3 different from the proof
above for Theorem 3.1.

THEOREM 3.3.  Let ¢ be a complex-valued function of bounded variation
on a closed interval [a, b] of the real axis. Let p be a complex number not in
the range of ¢. Let u be a complex-valued function on [a, b] such that (1.1)
holds. Suppose there is a positive real number M such that |§(t)—p|=M for
all t in [a, b]. Suppose we have a positive real number ¢ less than w[2 and a
partition A of [a, b] such that |im u(t")—im u(t')| <& whenever t', t" are on
a closed subinterval of [a, b) determined by A. Then, u is of bounded variation
on [a, b].

Proor. Foreachtin [a, b], for simplicity of notation let w(t)=¢(t)—p,
let @(t)=re w(t)and &(t)=im w(t), and let #(¢t)=re u(t) and i(t)=im u(z).

We now show that i is of bounded variation on [a, b]. For each ¢ in
[a, b, @(?) is the principal logarithm, Lnjw(¢)|, of the positive real number
|w(2)]. Let t" and ¢” be any two real numbers in [a, b]. We note that

i#(t") — (1)) = |Lnleo(t")] — Lojo(t)]| = |THlo(")] — o))}
for some { on the segment of the real axis joining |w(¢")| and |w(z")|. Thus,
lia(t") — a(1")| £ MY |$(t") — pl — 1$(t') — pl| £ M~ |$(1") — $(1')].

From this it follows that & is of bounded variation on [a, b].

Next we consider the more tricky task of showing that the function # is of
bounded variation on [a, b]. Let p be a real number satisfying e<p<
4(e+7/2). For each t in [a, b], #(t) is an argument of the nonzero complex
number w(t). For each t in [a, b] such that —#/2 <ii(t) <72, we have that

o)/ |w(t)]
ia(t) =f (1 — s¥) ™2 ds.

0
For each ¢ in [a, b] such that 0<d(t) <,
)/ |w(t)|

mg=§—f (1 — s?)72 gs

0
For each ¢ in [a, b] such that =2 <i(t)<37/2,
&) /||
mn=w—f (1 — s¥)7 V2 ds

0

We may obtain analogous expressions for #4(¢) for all ¢ in [a, b].
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Let ¢’, t” be real numbers on one of the closed subintervals of [a, b]
determined by the partition A. Let z'=x"+iy’ and z"=x"+iy” denote
w(t’) and w(t"), respectively, in rectangular form. In case [—m[2+p]=<
a(t"Y=[m[2—p], then [—7[2+ (p—&)]|=Zu(t") S [#[2—(p—¢&)], so it follows
that

la(e") — a()

v'/|z"|
= f (1 —s»™2ds
Yy

ra|

yl/ ’ Iy/l Izll — yl |zll||
Scsc(p—e) | —|=cclp—e) T — ——
EX A [z'11z"11
_ csclp — 0 =1L V11T = |27
[z 1z"1]
" — ! ” — ’ 2 " — ’
=< csc(p — ¢€) fly i+ |z z”gcsc(p—e)lz—zl.

Iz/II M

In case i(t')=[7/2—pland é(t") = [m[2— p], then i(t') = [7/2— (p—e¢)], and
4tz [7)2—p]l—e=[—m[24+(p—¢)] since p<m[2, and so we have as in
the preceding case that [d(t")—d(t")|Scsc(p—e)2|z"—2'|/[M. In case
[7[2—p]=i(t)S[m—p] and a(t")>[n|2—p], then é(t")=[m—(p—¢&)],
4(t")Z(p—e) and a(t")=(p—e) since [7[2—pl=(p—¢) in view of the
restriction that p<3(¢+/2), and

x”/|2"| ;
f (1 _ SZ)—1/2 ds

g

x' /|2

lat") — a(r)| =

xl! xl
SR ELTE
1z 12l
as in the first case considered. We may continue thus to show that

la(t"y — a(t")] = csc(p — e2M 7" |$(1") — (1)
Thus, i is of bounded variation on [a, b]. Hence, u is of bounded variation
on [a, b].
This completes the proof of Theorem 3.3.

2 'ZII - ZII

M

= csc(p — ¢)

4. A result relative to the argument principle. Here we show how
Theorem 2.1, together with Theorem 3.2, can be used to prove a result of
interest in the study of the argument principle. Let g be an analytic com-
plex-valued function in a region S of the complex plane. Let ¢ be a con-
tinuous complex-valued function of bounded variation on a closed interval
[a, B] of the real axis such that the range of ¢ is in S. Let p be a complex
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number not in the range of ¢. Let C be the oriented Fréchet curve for the
complex plane containing (¢, [a, b]). Let n(t)=g(¢(?)) for all ¢ in [a, b].
Clearly 7 is continuous on [a, b], and 7 is of bounded variation on [a, b] in
view of Theorem 2.1. Clearly p is not in the range of %. Let z’'=¢(a) and
z"=¢(b). Making use of a result in [2] or [3], we let

fcg'(Z)[g(Z) —plTtdz = [lg'(¢(t))[g(¢(t)) — pI7 dg(d)

- f [n(t) — pI™* dn (1)

by Theorem 2.1. We have from Theorem 3.2 that

J [n(t) — pI7! dn(t) = u(n, a, b, p).

Then, it follows that

fc ¢()Mg(z) — pI™ dz = {Ln |g(=") — pl — Ln|g(z) — pl}

+ i {change in a continuous argument of [g(z)—p]
as z traverses the path determined by C}.
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