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ON APPROXIMATION IN THE BERS SPACES

CHARLES K. CHUI

ABSTRACT. Let D be a Jordan domain in the complex plane with
rectifiable boundary C. Let 4,(D) denote the Bers space with norm
Il lle- We prove that if f € 4,(D), 2<g < o, then there exist functions
sa(@D=28 11 (z—2,,), z,,€C for k=1,---,n, such that
|lsn—f1l;—0. This result does not hold for 1<g=<2 even when D is
a disc.

1. Introduction and results. Let D be a bounded Jordan domain in the
complex plane with boundary C. For 1 <g< oo, let A,(D) denote the Bers
space, that is, the Banach space of holomorphic functions fin D with

(1) If1l, = f f 1£(2)] 25%(2) dx dy < oo,
D

where 4,(2) is the Poincaré metric for D. Polynomial approximations in the
Bers spaces have been considered by various authors. In the case g=2,
Bers [2] and Knopp [5] proved that the polynomials are dense in A4,(D).
Recently, Metzger and Sheingorn [10] proved the polynomial density
result for ¢>1 if D is a Smirnov domain, and Metzger [9] proved this
result for g>3/2 if the boundary curve C is rectifiable. In the following,
we will consider the approximation problem by the functions

©) @)= >, zueC
k=12 — Znx

k=1, -, n. The complex conjugate of s,(z) represents the gravitational
(or electrostatic) field at the point z due to unit masses (or charges) at the
points z, , (cf. [7]). Korevaar [6] proved that if f is holomorphic in D,
then there exist functions s, as in (2) which approximate f uniformly on
each compact subset of D. However, recently Newman [11] proved that if
D is the open unit disc and |z, ,|=1, k=1, - -, n, then |s,|,==/18 for
all n. Hence, we cannot, in general, approximate in the spaces A4,(D) by

Received by the editors July 19, 1972 and, in revised form, January 8, 1973.
AMS (MOS) subject classifications (1970). Primary 30A82.
Key words and phrases. Bers spaces, approximation, Jordan domain, gravitational

field, unit masses.
(© American Mathematical Society 1973

438



ON APPROXIMATION IN THE BERS SPACES 439

the functions s, for | <¢=<2, when D is an open disc. Forg>2, we have the
following:

THEOREM. Let D be a Jordan domain with rectifiable boundary curve C.
Let f€ A, (D) where 2<q< 0. Then there exist functions s, as in (2) such
that ||s,—f,—0.

2. Proof of the Theorem. Let ¢ be a conformal map from the exterior
of the unit circle onto the exterior of C such that ¢(c0)= 0o and such that
the continuous extension to the closure, which we also denote by ¢, maps
the point 1 to a point z, € C. Let p(f)=¢(e”"), and denote the diameter of
D by d and the length of C by /. For 2<g< o, we have

[224] 27l —2
3) f < 4d)°
Clz = lle q—2( )
and
4) < 2T gerge,
« q — 1

Indeed, by the Koebe-} Theorem (cf. [4]) we have 1j(z)dist(z, C)=} for
all ze D (cf. [2]), so that for each { € C, we have

A%z
ff ()d dy <4"‘2f |z — {* *dx dy

lz =

< 492 J:f |z =" *dx dy

|z <a

= 27492 f Y 27
o q—

259(2) 2l
fc{ !) [ s dy} 2] < 27 ™,

proving (3). (4) can be proved similarly.

Now suppose that f' € 4,(D). Since the polynomials are dense in 4,(D)
(cf [2], [5]), we can assume that f'is an entire function. From a represen-
tation formula of Mac Lane [8], we can write

(Y () dt
1) = [ 02 -

and, hence,
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for each z € D, where u(t) is a real-valued analytic function on [0, 1]. Let
kin
fn(z)__z /“( [n)
niciz — (kin)’
and for a real x we denote, as usual, the largest integer no greater than x by
[x]. Then

D) = fiuld) = - f 0 ot — ()
0z — y(t

= - gt— [(" ;]}z {W (0 — () + p(y' (0} dt
so that
[ wde ) el _ldy
"f"fn"a——<—n 0|z — n fo|z—€[2 q

where ¢ is an upper bound of |u()| on [0, 1]. By (3) and (4), we conclude
that || f—f,l,=O(1/n). Hence, we can assume that f(z)=a/(z—z,) where
z, € C and —1<a<1. Actually, the above proof is independent of the
point z,, and for convenience, we can take z,=z,.

Now, for each z € D, we have

2 dt _ 2 _
® f z—de")  z—d(c0)

Modifying a construction in [3], we let

Q2 — )7

tho=0, t,,=—o"—,

0 . n+1—a
. _(2—a)7r+21r o _(2—a)7r+2(n-—l)1r'
n.2 n+l—0( ’ s n,n T n+1_a ’

and z,,=d¢(e'**), k=0,---,n. Let u,(t) be the step function with
discontinuities only at the ¢, ; such that

un(t:.k) - un(t;,k) =1
for k=1,---,n, u,(0"N)=(1—a)/2 and u,27")=n+(1—a)/2. We also
take u,(0)=0, u,(2mr)=n+1—« and
un(tn,k) = [un(t:.k) + “n(';k)]/z
for k=1, ---, n. Then it is clear that, for each z € D,

Z 1 o 27 du,(t)
6 - = L
© 2 ) $e’
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Let v,(t)=u,(t)—(n+1—a)t/27. By (5) and (6) we have
& 1 « 2 do, ()

7 - = n

M ,goz—zn,k Z — z, J; z — Py’

But by the construction of u, and v,, it is clear that v,(0)=v,(27)=
v,(t,.)=0 for k=1, - - - , n; and hence, it is.not difficult to see that

®) sup [0,()] < maxg, = “} <1.

0st=2r

Let E be any subset of D. Integrating (7) by parts, we obtain, by using
(8), that

o

25%z) dx dy
~ Zpk Z—2Z
d¢(e") 2—a
©) B et

if{f,, e s <[ {5 e ol

Let ¢>0 be arbitrarily chosen. By (3), we can find a compact subset K=

K, of D such that
2—q
f[ﬂ 1_(§|)2d dy} gl < e.

Hence, for all n, we have, from (9),

o

(10) 25%(2)dx dy <.

Znke Z7 20

D\K
On the other hand, since C is rectifiable, it is well known that ¢’(e**).is
Lebesgue integrable on [0, 27]. Hence, it can be shown, by using (8) and a
prodf similar to that of the Riemann-Lebesgue lemma, that

f ") —"S(it)e—:; dt—0
0 (z — ¢(e))

uniformly on each compact subset of D. (In doing this, we note that v,(¢)
has the behavior similar to cos af as in the proof of the Riemann-Lebesgue
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lemma.) Hence, by (7) we have

< 1 o
—_—

k=oz - Zn.k zZ — 20

uniformly on the compact set K. By combining this with (10), we have
completed the proof of the theorem.
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