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A NEW PROOF OF A THEOREM OF
CASSELS AND PFISTER

LARRY J. GERSTEIN!

AsTRACT. This note uses the theory of quadratic forms over
Dedekind domains to give a new proof of a theorem of Cassels and
Pfister on the representation of polynomials in terms of squares
of rational functions.

The following theorem has been important in connection with studies
of sums of squares.

THEOREM. Let F be a field of characteristic not 2, and let f(x) € F[x].
Suppose there are scalars «,, - - - , o, € F and rational functions ry(x), - -+,
ra.(x) € F(x) such that

Jx) = oy (rn(x))* + -+ + o (ru ()™
Then there are polynomials py(x), - - -, p,(x) € F[x] such that

f(x) = “l(pl(x))z + et + “n(Pn(x))z'

This theorem evolved as follows. Artin proved [1, Satz 7] in 1927 that
a polynomial f(x) € F[x] that is a sum of squares of rational functions
in F(x) can be expressed as a sum of squares of polynomials. In 1964
Cassels [2] showed that the same number of squares suffices. Then in
1965 Pfister [6] modified Cassels’ proof to obtain the more general result
stated above.

The proof to be given here uses the notions and terminology of quad-
ratic spaces and lattices over Dedekind domains as in O’Meara [5]. Of
particular interest are modular and maximal lattices over the polynomial
ring F[x]. Since 2 is a unit of F[x], every unimodular F[x]-lattice is
F[x]-maximal, though the converse is false.

We need two lemmas. The proof of Lemma 1 follows the argument of
Example 102:3 in [5]. Lemma 2 can be deduced by adapting Hermite’s
integral reduction (see [4, Theorem IV.17]) to the setting of quadratic
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forms over F[x]. Alternately, it follows immediately from theorems of
Harder [3, 13.4.3 and 13.4.8].

LeMMA 1. Let V be a regular quadratic F(x)-space, and let L and M
be F(x]-maximal lattices on V. Then L and M have the same volume. In
particular, if V supports a unimodular lattice then every F[x]-maximal
lattice on V is unimodular.

LEMMA 2. Let L be a unimodular F[x]-lattice on an n-ary quadratic
F(x)-space V. Then there are scalars o,,-:-,«,€F such that L~
(ag) L+ *+ L (et,); and every unimodular F(x]-lattice on V is isometric to L.

ProOF oF THEOREM. Consider a quadratic F(x)-space V given by
V(o) | - -+ 1 («,) with respect to a base {v,, - - - ,v,}. By the hypothesis,
there is a vector v € V such that Q(v)=f(x), so there is an F[x]-maximal
lattice M on V with v € M. Note that the lattice F[x]Jv, | --- | F[x]v,
~(oy) | *++ | (a«,) is unimodular. Hence, by Lemma 1, M is also
unimodular, so by Lemma 2 there is an F[x]-base {w,, - -, w,} for M
with respect to which M=~(a,) | --- | («,). Now let p;(x), - -+, p,(x) be
the coefficients of v with respect to this basis, and the result follows.

Q.E.D.
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