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NONLINEAR INTEGRAL EQUATIONS
IN A MEASURE SPACE

P. C. DAS

ABSTRACT. An abstract nonlinear integral equation is formu-
lated in a measure space and existence, uniqueness of its solution
is proved. It is shown that it includes as particular cases certain
classes of integral equations and also differential equations con-
taining measures.

This is an attempt towards defining a notion for the solutions of an
equation which is an abstract formulation of a class of nonlinear integral
equations and to study the existence of a solution of that equation in a
sense to be defined.

In §1, we consider this abstract formulation and give an existence
theorem for the solution. In §2, a link between these equations and equa-
tions from which this abstraction was made is established. It is to be noted
that differential equations containing measures considered in [1], [2],
[4], [6] and their abstraction in [5] from the point of view of existence of
solutions are particular cases of the class of equations considered here.
The whole idea in this abstraction is to free the differential and integral
equations of implicit Cartesian co-ordinate system.

1. Let (X, S, u) be a o-finite measure space. Let E* €S and let A
denote the space of all real valued signed measures defined on E*NS. Let
Ag={l€ A|1(F)=l(EnF)} for each E=E*NS. Ag, and in particular A,
is a Banach space with total variation norm [3]. L(E, x) will denote the
space of integrable w.r.t. u functions mapping E to R and L(y), the space
of integrable with respect to # functions mapping E* to R.

Let G be a subclass of sets of S contained in E* such that |J (4|4 € G)=
E* and G generates the o-algebra E*NS on E*. We assume further that
restriction of every real signed measure on E*NS to G has a unique o-
additive extension to the g-algebra E*NS.

We shall term such a class of sets “g-class” for the measurable space
(E*, E*NS). Now AE(G)={1|A is a real signed measure on G and its
extension belongs to Ag} is a Banach space with total variation norm
where the total variation of an element is calculated for its extension in A g.
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Now we consider the following equation

(1 A(E) = »(E) + s f(x, 4,) dp,

where v € A; A, AXX—R; f: XX R—R; Ey€G.

DEFINITION. A real signed measure  defined on E € G, is said to be
a solution of (1) in E if 1 satisfies the equation (1) for all E€e G> E<E.
For this purpose 2(E)=A(E NE) for E€ E*NS.

Now we are in a position to establish some theorems concerning the
existence of solutions of equation (1). Let A%(G)< Ax(G) denote the set
of all finite signed measures in Ag(G) for which Vg_g (A—v)=a, where
“Vg-g, denotes the variation over the measurable set E— —E,. By A}*(G)
we shall denote the set of all real signed measures from A%(G) which coin-
cide with » on E, NG. It is easily seen that A¥3(G) is a closed subset of the
Banach space Az(G).

THEOREM 1 (LOCAL EXISTENCE). Let f be such that f(x, 4,) is measur-

able for each fixed , in the set AX%(G), and there exists an integrable func-

tion U in E* satisfying | f(x, A)|SU(x) (for all 2 € AR(G)). Suppose also
that there exists a constant N such that

1f(x, 1) = f(x, )] < NVge_g (A — 1) for 1, A€ AF¥(G).

Finally, let there exist a set E€G such that (p g U(x)du=a and
Nu(E—Ey)<1. Then there exists a unique solution of the equation (1) on E.

ReMARK 1. The last condition is automatically satisfied if the measure
is nonatomic or if the atoms are sufficiently small.

ProoF. It is trivial to see that AZ*(G) is a closed subset of the Banach
space Ag(G) with total variation norm. We denote by T the following
mapping from A3*(G)—Ag(G)

(TA(E) = »(E) + f(x, A,) du.
E-Eo

The mapping is well defined on AZ%(G). Now we verify that T maps
A%%(G) into itself.

(T2)(E)=v(E) for E € G, E< E, and consequently for E € S and E € E,.
Further

Vs (TA —v) = Va.Eo( .

—Eo

fx, 22) d#)
< L Al du S L Umdusa

T is also a contraction.

(TA — TIE) = fE_E (G, 2 — £, 29) d.
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Hence

Va(TH — Ti) < f AL — f(x, 2 dp < L NV (it — 2%)dp
E-Eo —Fo
= Nu(E— E)Vp_gi(# — 1),

or |[TA'—T2%| Zk||A*—22|| where k=Nu(E—Ey)<1. So T has a fixed
point which is the required solution and the solution is unique.

2. In the following, we show that the above abstract equation has the
following systems of equations as special cases.

@ 50 = h) + [ 1 (5, [ ks, & (00 d) dgcs),

where 4 is a function of bounded variation in [1, t,], g is a right con-
tinuous monotonic increasing function f: R®—R, and k: R®*—R.

3 x(i) = h(t) + f 1G5, x(5)) dg(s),
with A, f, g as above.

(4) }‘(E) = }‘O(E) + & f(xl.’ Xo, Azl.xz) dxl dx2a

where E is a Borel measurable set in R® (Euclidean plane), and 2, ,,:
A?x R*—R, where A? denotes the class of real signed measures defined
on Borel sets of RZ.

Lastly, the equation (1), also includes the equation considered in [5]
as a particular case where E*=S§ in the notation of (5) and 1,=4(S,),
a particular case of the mapping considered here. We verify our statement
for the equation (1) only and others are similarly verified.

Consider E*=[t,, 1], E;=@, u is the Lebesgue-Stieltjes measure
generated by a right continuous monotonic function defined on [t,, #,].

We have the equation

x()) = h(t) + f (s j ks, & x(8) dE) de().

We see that the class of sets F={[ty, t]:1 € [ty, ,]} is a “‘g-class”. S(F),
the o-ring generated by F, is precisely the class of Borel sets of [t,, t,].
It is also easily verified that a real signed measure defined on the Borel
sets [2,, #,] restricted to F has a unique o-additive extension to the Borel
sets of [#y, ,]. We note that we can consider [f,, ) instead of [, #,].
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Now let the equation (2) have a solution x of bounded variation. Then,
x(1) — x(to) = h(1) — x(to)

® + ﬁ t f (s, f, :E(s, £ x(&) = x(to) + x(1)) dE) dg(s),

where k(s, £, y)=0 for £>s. Every function of bounded variation y(f) on
[#0, #,] defines uniquely a signed measure 4 on the Borel sets of [7,, #,] with
A([ty, t))=y(t)—y (o). So we rewrite the equation (5) as

Wt 1)) = o(ltor ) + f £(s, 4,) dg(s)

where »([to, t])=h(t)—x(t,)=h(t)—h(t,) (taking into account the right
continuity of g) and

3= f s, £ At &]) + h(te)) dé.

Hence writing E=[t,, t], Ey= @ , we have the following equation

ME) =v(E) + f(s, 4;) dg(s), or
( 6) E-Eo
AE) = »(E) + f(s, 4,) dp,
E-Eo

putting du=dg(s). Thus every solution of (2) leads to a solution (6) which
is an equation of the class (1).

Conversely if (6) has a solution, the steps can be retraced back and we
get a solution of equation (2).

In fact we can formulate the following theorem for equation (2) for the
existence of its solution. By b.v. we denote “bounded variation”.

THEOREM 2. Let h be b.v. function in [t,, t,], and

7(e [ :k(t, £, x(6) dt)

be measurable, for each function x of b.v. belonging to the set P=
{y| Vt’;(x—h)ga}. Suppose also that there exists an integrable function U
and a constant L such that

f(t, f K1, &, x(8) ds)] < U(:
Ikt &, X(8)) — k(t, &, ) < L 1x(®) — ¥,
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for each x, y € P. Let | f(t, p)—f(t, )| SM|p—q| where

p,9g€EQ = {y(t) | y(t) = L tk(t, &, x(&)) d&, with x € P}.

Finally, let there exist a t, such that

ﬁ :‘U(z) dg) Sa and LM(g(t) — g(ty) < 1.

Then there exists a solution in [ty, t,] for the equation (2).

Here, by a solution, we mean a function of bounded variation satisfying
equation (2). We consider the equation (6), instead of equation (2). For
equation (6) all the conditions of Theorem 1 are verified by maintaining
a and U as such and putting LM=N. In fact,

15,2 — f(s, A))
1(s f :’E(s, e.x@nag) =1 (s. | G4 x(®) ds!

<M

f, "K(s, & #(&)) d — f KGs, £ x(&) ds‘

<M f k(s, & 5(8)) — K(s, & x(8))] d& < ML f 1%(8) — x(®)\ de.

Since x and x € A’[‘,';‘,t.](G), we have X(#,)=x(t,)=h(t,) and hence,
|%(€) — x(&)] S Vi(E — x) = VA — 4).

0

So |f(s, 2)—f (s, XS)I§MLVE_E°(1—1) in the notation of Theorem 1.
Hence, Theorem 2 follows from Theorem 1.
Finally, the author thanks the referee for helpful comments.
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