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Abstract. The paper provides necessary and sufficient con-

ditions for a weakly zero-dimensional metrizable space to be

strongly paracompact, i.e., to have the star-finite property. The

characterizations use special basis properties of uniformities which

induce the topology of X, and yield further characteristics of the

class of all metric spaces with ind X=0 and Ind A">0.

1. Introduction. A space X is said to have the star-finite property, if

every open covering is refined by a star-finite open covering; i.e. any

member of the refinement meets at most a finite number of other elements

of the refinement. Spaces with the star-finite property are often called

strongly paracompact. (As it is known, for locally compact spaces this

property coincides with paracompactness.)

In dimension theory the star-finite property plays an important role.

P. Roy [Bull. Amer. Math. Soc. 68 (1962), 609-613] has constructed a

weakly zero-dimensional metric space X, i.e. ind A"=0, which certainly

does not have the star-finite property. The purpose of this paper is to

characterize all weakly zero-dimensional metrizable spaces which have the

star-finite property. Using results of (among others) B. Banaschewski,

B. Fitzpatrick and R. M. Ford, K. Morita, J. de Groot, A. F. Monna

and P. Nyikos this yields nice characterizations of the class of all metric

spaces X with ind ^=0 and Ind X>0.

The conditions of these characterizations involve special basis prop-

erties and are outside the realm of dimension theory. At the same time,

characterizations of all order-totally-paracompact [2] metrizable spaces

with ind X=0 are obtained.

2. Preliminaries. A space A'has Ind ^=0 (ind ^=0), if every pair of

disjoint closed subsets (points) can be separated by open-closed sets.

A. F. Monna and B. Banaschewski have shown that the topology of every

space X with ind X=0 can be induced by a uniformity °U on X which

has a base {U\iel} of equivalence relations, i.e. £/¿ ° Ut=Ui, iel

([4], [!])•  (As a defining family of pseudometrics for °U take e.g.
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{dA\dA(x,y)=l iff xeA, y$A or vice versa; moreover dA(x,y)=0

in all other cases; A is a clopen subset of X}.)

If such a space has a countable base {i/,|7=l, 2, • • •} of equivalence

relations, there is a nonarchimedean metric d on A", which is compatible

with tft; in other words, d satisfies the strong triangular inequality:

d(x, y) ^ max(ri(x, z), d(z, y))   for all x,y,z e X.

Clearly, if ¿(x, z)=e, d(z,y)=r¡, r¡^e, then (í,z)et/tet, (z,y)e

£/,<= i/e. Consequently, (x,y) e U*=UC which is equivalent to ¿(x, z)^

max(¿(x, z), d(z,y)).

Now let I be a nonarchimedeanly metrizable space and Bt(y)=

{(x,y)\d(x,y)<e}, then the strong triangular inequality implies Äic52

or P,=> £2 whenever 2?,nj?2?í0. It follows that any such space (X,d)

has the star-finite property [2] and Ind X=0 [7]. Conversely, J. de Groot

has proved that the topology of any metrizable space X with Ind ^=0

can be induced by a nonarchimedean metric [3]. (In a quite different

setting this theorem has been proved by F. Hausdorff before.)

Now we can prove the following theorem.

3. The results.

Theorem 1. A weakly zero-dimensional metrizable space X has the

star-finite property if and only if the topology of X can be induced by a

uniform structure which has a totally ordered base (ordered by inclusion) of

equivalence relations.

Proof. By a theorem of K. Morita [5] the star-finite property

guarantees ind A=Ind X for every metrizable space X. Thus any such

metrizable space X, ind ^=0, has Ind X=0 and therefore is nonarchi-

medeanly metrizable. The induced uniform structure Q¿ obviously has a

totally ordered base of equivalence relations :

{Ue={(x,y)\d(x,y)<e},e>0}.

Conversely, let á?={r/,-|/e/} be a totally ordered base of equivalence

relations for the uniform space (X, W) ; then every {/; induces a partition

of X, and, of course, the clopen sets of all these partitions form a base

for the topology. Moreover, if two members A, B of this base have non-

empty intersection, they belong to different partitions one of which

refines the other. So we essentially obtain a base with the following

property: two basis sets either have empty intersection or one contains the

other. And this implies the star-finite property [2].

Remark. The second part of the proof goes through without any

metrizability condition. We can construct a type of universal space for
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arbitrary uniform spaces X having a totally ordered base $i of equiva-

lence relations: Let {Ua\a<r} be a well-ordered cofinal subset of 2ft, then

every U{ induces a partition of X into m, clopen sets. Now let ¡x=supmt

and let A be an arbitrary set of cardinality a. For each equivalence class

B„(x), x e X,we arbitrarily associate an element of A, associating distinct

elements with distinct classes. This procedure yields an inverse system of

sets Ca and we can build the projective limit C=proj \im{Ca\o<T} in the

category of sets. The points of C can be identified with transfinite

sequences (a„\a<r) e A'. Now for any sequence (a„) define the system

{¡¡¿a.) = {(ba) | aa = b„ Va <u},p< r}

to be a local base for a topology t on A7. Thus C has the topology inherited

from the space (A', t) and, obviously, A'is homeomorphically imbeddable

into C.

Spaces A7 with the topology considered above have been studied to some

extent by A. K. Steiner and E. F. Steiner under the name 77ze natural

topology on spaces A7 [J. Math. Anal. Appl. 19 (1967), 174-178].

P. Roy [§1] was the first to construct a metric space X with ind A"=0

and Ind X^O, thus solving the problem of the equivalence of "ind" and

"Ind" for metric spaces in the negative. By Theorem 1 we obtain a

characterization of all such spaces:

Corollary 2. A metrizable space X has ind X=0 and Ind X>0 if

and only if no uniformity % compatible with the topology of X has a totally

ordered base.

Proof. By Theorem 1 we only have to prove the sufficiency of the

condition; but this is obvious by the theorem of Hausdorff-de Groot [§2].

4. Order-totally-paracompact spaces. R. M. Ford in his thesis defined

the concept of total paracompactness and showed that ind X=Ind X

for totally paracompact metric spaces. Later on, Fitzpatrick and Ford [2]

generalized this concept to the concept of order-total-paracompactness

which again guarantees ind X= Ind X for metric spaces X. Order-total-

paracompactness generalizes especially the star-finite property, which is

not induced by total paracompactness alone. (Compare also J. A. French

in [Duke Math. J. 38 (1971), 251-253].) Let us recall the definitions:
Xis totally paracompact iff every basis for X has a locally finite subcollec-

tion covering X. And X is order-totally-paracompact if for any base G

there is a linearly ordered collection (//, <) of open sets covering X

such that:

(i) every he H is contained in an element g e G such that B(h)<^B(g),

where "B" denotes the boundary of the set.
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(ii) His initially locally finite, that is: for any he H the collection of all

h(<h (ht e H) is locally finite at each point of A.

The importance of condition (i) is showed by a result of H. Tamaño,

Note on paracompactness [J. Math. Kyoto Univ. 3 (1963), 137-143]: a

regular space X is paracompact iff for every open cover G of X there is a

linearly ordered collection (H, <) of open sets refining G such that H is

initially locally finite. Other interesting references in this connection are: H.

Tamaño and J. E. Vaughan, Paracompactness and elastic spaces [Proc.

Amer. Math. Soc. 28 (1971), 299-303]; J. E. Vaughan, Linearly ordered

collections and paracompactness [Proc. Amer. Math. Soc. 24 (1970), 186—

192] and Y. Katuta, A theorem on paracompactness of product spaces

[Proc. Japan. Acad. 43 (1967), 614-618].
Now, by Theorem 1, we get the following characterization:

Theorem 3. For metric spaces X the following properties are equivalent :

(i) ind ^=0 and X has the star-finite property.

(ii) ind X=0 and X is order-totally-paracompact.

(Hi) Ind X=0.
(iv) The topology of X can be induced by a uniformity % which has a

countable base consisting of equivalence relations i/: on X.

(v) The topology of X can be induced by a uniformity <% which has a

totally ordered base consisting of equivalence relations í/¿ on X.

Proof. (i)=> (ii) and (ii)=> (in) has been proved by Fitzpatrick and Ford

in [2]. (iii)=>(iv) follows by the theorem of Hausdorff-de Groot (compare

also [1]) and analogously (iv)=>(v) because of the metrizability of A'. The

implication (v)=>(i), and thus the equivalence of all these properties, is

proved in our Theorem 1.

Remark. The negation of any of these properties gives interesting

characterizations of the so-called Roy spaces, i.e. the class of all metric

spaces X with ind X=0 and Ind X>0.
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