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COUNTABLE INTERPOLATION SETS
AND THE GLEASON METRIC

D. M. OBERLIN!

ABsTRACT. Countable interpolation sets of type 1 are charac-
terized as those countable compact sets which intersect each part at
most once. A metric condition is given which characterizes those
countable compact sets which are interpolation sets for logmodular
function algebras.

We present here two results which deal with the relationships between
the Gleason “metric” and the sets of interpolation for certain function
algebras. The first of these characterizes those countable compact subsets
of maximal ideal spaces which are interpolation sets of type 1, while the
second characterizes those countable compact sets which are sets of
interpolation for logmodular function algebras. The main tools of this
investigation are the decomposition theorem for measures orthogonal
to a function algebra, the embedding theorem of Wermer, the characteri-
zation of interpolating sequences for H of the unit disc, and a corollary
to a theorem of Hoffman and Wermer. Our result for logmodular algebras
extends a well-known characterization of the countable interpolation sets
for the disc algebra.

We first establish some terminology. We shall constantly cite [1], the
book of Stout, as a reference for known facts about function algebras,
and we refer the reader to this source for definitions of terms with which
he may be unfamiliar. Let 4 be a function algebra with maximal ideal
space .# 4. Let x and y belong to .# 4. Then y(x, y), the Gleason “metric”
evaluated at the ordered pair (x, y), is defined to be the supremum of the
numbers |F(y)| where F varies over all functions in the unit ball of 4 which
vanish at x. p(x, y)=1 if and only if x and y belong to different Gleason
parts. Now let K< .# 4 be compact. K is an interpolation set for 4 if every
continuous function on X is the restriction to. K of some function in A.
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When this is so there exists some constant M <co such that, given Fe
C(K) and &£>0, there exists g€ A which extends F and has |g|S
(M +¢)||F||. We describe this situation by saying that K is an interpolation
set of type M.

Now let K< .# 4 be an interpolation set of type 1 and let x and y be
distinct elements of K. Then there exists, for ¢£>0, Fe A with F(x)=0,
F(y)=1—¢, |F||=1. Hence y(x, y)=1 and so KX intersects each Gleason
part at most once. Our first theorem states that a converse to this observa-
tion holds for countable K.

THEOREM 1. Let K< .# 4 be a countable compact set which intersects
each Gleason part at most once. Then K is an interpolation set of type 1.

ProoF. Let 1 be a measure on .# 4 which is orthogonal to 4. By a
result of Glicksberg (p. 208 in [1]) it suffices to show

) Mg = 12z

Let K={x,;},. Then to show (1) it suffices to show that

}

no

2. 1A=l = 1Ay, ey = 121020

2 = ©
= Mz + 2 1A({xDI
i=‘no+l
holds for every no. Let G={x;, - - - , x,,,}.

By the decomposition theorem for orthogonal measures (p. 258 in [1]),
there exists a sequence ¢@,, n=1,-- -, of elements in .#, which lie in
distinct Gleason parts such that for some representing measure u,, for ¢,
and some Borel ES 4 4, A=32, 1,+ 4|5, where 4, is absolutely continu-
ous with respect to u, and 4| is singular with respect to every represent-
ing measure for every point in .# . Furthermore each 1, and Az is
orthogonal to 4. Now since the yx, are all pairwise mutually singular
(p- 165 of [1]) and are all singular with respect to }.I g, We have
lAlls=2me1 |1 2:ls+ 1Al g~s for any Borel S<.#,, so to show (2) it
actually suffices to show

3 2 e + 12 zne = 2, I1AlLe, 16 + 1Al gi6-
=1 i=1

Since }.| g is singular with respect to every point mass on .4, 1Al & ~c=0,
so we have

4) 12 Ene = 12 g6
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Now, after reordering the A; and ¢, there is a nonnegative integer
k=n, such that for j=<k, x; and ¢; are in the same part, while for j >k, ¢,
is not in a part with any of the x; (1=<i=n,). Fix j>k. Since ¢, is not in the
same part as any x; (1=i=n,), u; is singular with respect to each of the
point masses d,, (1=i=n,).

Since 4, is absolutely continuous with respect to u;, [|4;/¢=0, so we
have

) 1lle = 144 06

for j>k. If, on the other hand, j<k, then x; and ¢, belong to different
parts for 1 <i=n, and i#j, so, as above, ||4;|g=I14;({x;}I. If |1,({x,;})|=0
then (5) is clear. If |4;({x;})|#0, then, since Z; is orthogonal to 4,
(X DF(x;)=—{ 4\, F dA; for every F in A. But ;| 4 ,\zy=%| .0 065
since 4;({x;})=0 if i#%j, so —(l/lj({x,}))ljla is a complex representing
measure for x;. Hence

1/12,({xDD "}*5"/(‘\0 Z 1,

$0 14,1 ¢ peZI4;({x;DI=114;llc. Thus (5) is established for j<k. Adding
(4) and (5) for all j we get (3) and hence the proof of our theorem.

Our second theorem deals with countable interpolation sets for log-
modular function algebras.

THEOREM 2. Let A be a logmodular function algebra and let K=
{x1, - - -} be a countable compact subset of M 4.
(@) If there exists 6 >0 such that for every x; € K we have

]_—_[ p(x;,, X;) Z 6,
i=1;i#17g
then K is an interpolation set of type <2(1—2 log 6)/6° for A.
(b) If K is an interpolation set of type M for A, then
H 'P(xjo, xa’) _Z_ I/M

i=1;#79g
Jor every x; € K.

PROOF OF (a). Let A be a measure on 4, which is orthogonal to A4.
Then, as before, it suffices to show

o) Iz = M l|Ale,x

where M=2(1—2 log 0)/8°. Let A=3, A,+4|g be a decomposition of 2
as in Theorem 1 so that 4, is absolutely continuous with respect to some
representing measure y; for the element ¢, € 4 4, and, if P; is the part to
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which ¢; belongs, P,=P; only if i=j. Then

Il = 3 Vi + Vilsne =3 (3 14G6D1) + 3 1z (b
@ =3 aehi =3 S IAGD], where s, = P, K,

i xeSi

since 4| is singular with respect to every point mass and since 4;({x})=0
ifx¢P;.

Since [|A]| # \EZ >4l #,\K> to show (1) it suffices by (2) to prove
that for every i,

€) 2 14(xPI = M 1A g k-
zeS;

We distinguish two cases. If S; consists of just one point x, then either
2:({x})=0 and (3) is clear, or 4,({x})0 and so (as seen in the proof of
Theorem 1) —li({x})‘ll,.l #,\K is a complex representing measure for x
and therefore has norm 1. Since M =1, (3) follows if .S; consists of just
one point.

If S; consists of more than one point, then the part P, is nontrivial.
We shall use Wermer’s embedding theorem (p. 170 of [1]) to prove that
each finite subset E; of S; is an interpolation set of type <M for A, whence

0) 2 1D = M A4z,

z€E;

by Glicksberg’s theorem. Since E; is arbitrary, (3) follows from (4).
There is a one-to-one map = of the open unit disc U onto P; such that
feo 7is an analytic on U if f € A. Fix a finite set E;={y;, - - -, y,} = S;. Let
g, *, w in U be such that r(w;)=y;. Schwarz’s lemma from complex
function theory tells us that if Fe H®(U), z, w € U, and F(w)=0, then
|F(2)IZIIF| - | B(z, w)| where B(z, w)=(z—w)/(1 —&z). Hence if f € 4 and
S(yi))=0, then [f(y)l=|f°r(wI=IfI o |B(w;,, »;)| since for€
H*(U). Thus y(y,, y:,) <|B(w;,, ;,)|. Hence, for any i e {1, - - - , k},

© k k
8= T v0uwx) = [ 90wy = T1 1Boy @)l
:‘=l:zi$v,-° i=1;i$i° i=1;i$i0
This implies, by p. 203 of [2], that {w,, - - -, w,} is an interpolation set
of type =M for H*(U), and the proof of (a) will be finished when we show
that E, is an interpolation set of type =M for 4. So let » € C(E;) and fix
£>0. Then ho 7€ C({w,," -, w.}), so there exists an & € H*(U) with
Al S(M+¢)||h]| and such that % interpolates to ko7 on {wy, -, @}
Now ko 71 is a bounded analytic function on P;, so by Theorem 29 on
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p- 154 of [3] which is a corollary to a theorem of Hoffman and Wermer,
there exists a sequence {g,} in 4 with | g,| <|| and g,—h o 7! pointwise
on P;.

Now E; is a finite set and so is an interpolation set of some type C< .
Pick g, €4 with |g, (y)—he T(y:)|<e for i=1,---, k. Then there
exists a function g € 4 with g(y,)=h o 77(y))—g,,(y) fori=1,-- - kand
lgll =(C+¢)e. Then g, +g is a function in 4 which interpolates to / on E;
and has

Ign, + gl S liga )l + lgl S 1Al +(C + e)e = (M + &)l + (C + o).

Since ¢ was arbitrary, E; is an interpolation set of type M and we are done
with the proof of (a).

PrOOF OF (b). To show (b) it suffices to show that for x;, -+, x; in
the same part as x;,, [ [i=1 ¥(x;,, x;)=1/M. Let P be the part to which
X;» """, X; belong and let 7:U—P be an embedding map as before.
Let w,, * -+, w, be the elements of U such that 7(w;)=x;_. Since {x,, - -,
x; } is an interpolation set of type M for 4, {w,, * - - , w,} is an interpola-
tion set of type M for H*(U) because fo 7€ H® if f€ A. Thus, by the
remarks on p. 196 of [2],

and it is only necessary to show that p(x;,, x;)=|(w;—we)/(1 —@ew,)|.
But the function F defined by F(z)=(z—w,)/(1 —®,z) is in the unit ball of
H*(U), so, by Theorem 29 on p. 154 of [3] again, there exists a sequence
{g.} in the unit ball of 4 with
ga(x;) > For'(x;) =0, go(x;) > For(x;) = 22
1 — @yw,;

Hence it is clear that p(x;,, x;)Z|(w;—we)/(1 —®ow;)| as desired.

REeMARKS. (1) The example of the unit circle, which meets each Gleason
part for the disk algebra at most once but is not a set of interpolation,
shows that some hypothesis such as countability is needed in Thoerem 1.

(2) For certain logmodular algebras, there are no countable compact sets
of interpolation in the maximal ideal space. Thus, it has been proved by
A. Dufresnoy, Sur les compacts d’interpolation du spectre de H®(D),
Studia Math. 43 (1972), 235-244, that the finite sets are the only compact
metrizable sets of interpolation in the spectrum of H%, and that the same
is true for any uniform algebra, with Silov boundary an F-space, having
the unique representing measures property.
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