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ON THE JOIN OF SUBNORMAL SUBGROUPS
A. J. VAN WERKHOOVEN

ABSTRACT. Let © be the class of finitely generated groups. If
the join of finitely many subnormal X=snX subgroups is always
an X-group and P ={sn, ¢, n,}< G, then the join of finitely many
subnormal XY-subgroups is an X)-group. If the subnormal coal-
ition class X and the class 9)={sn, 9, n,}Y) are such that whenever
A € X9, A has a maximum subnormal X-subgroup, then X(PA ®)
is a subnormal coalition class (YA @ is the class of finitely generated
P-groups).

1. Introduction and notation. In this section we state our results.
The notation used is discussed in 1.3 and 1.4.

1.1. DEFINITION.  The class X is a subnormal coalition class if, whenever
H and K are subnormal X-subgroups of G, their join (H, K) is a subnormal
X-subgroup of G.

We establish a condition which implies that the class X,X, is a sub-
normal coalition class, given that X, and X, are subnormal coalition
classes.

THEOREM A. If the subnormal coalition class X and the class 9=
{sn, q, ny}Y are such that whenever A € X%), A has a maximum subnormal
X-subgroup, then X(YA®) is a subnormal coalition class.

. We may take, for example, for the class 9 of Theorem A the class
M.

It is a consequence of 2.8 that whenever X is a subnormal coalition
class and YP={sn, q, ny}?Y = ®, an XY-group has a maximum subnormal
X-subgroup. Hence, as a corollary to Theorem A we have

THEOREM B. If X is a subnormal coalition class and Y={sn, q, ng}P =< ®
is a class of groups, then X9 is a subnormal coalition class.

In Theorem B we may take for the class ) the classes , 9, and G~
1.2. DerINITION.  If X is a class of groups, then G € s5,X if and only if
G is the join of finitely many subnormal X-subgroups.
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It is clear that every subnormal coalition class is so-closed. It is shown
in [4] that the class of solvable groups is s,-closed.

We also investigate conditions which imply that X,X, is sy-closed,
given that X, and X, are sy-closed classes.

TheOREM C. If X={sn, so}X and Y={sn, g, n)}Y < ® then XY=s,X9.

We leave as an open question whether the condition “X=snX" may
be deleted from the hypothesis of Theorem C. A result in this direction is

THEOREM D. If X=s5,X, then XF=5,XF.

The author is grateful to the referee for his helpful comments and
suggestions.

1.3. The identity element and the group of order one are denoted by 1.
If H is a subgroup of G, we write H< G and denote by |G: H| the index
of Hin G. If |G: H|=n and G=|Ji-, Ha(i), we say that the set T={a(l1),
a(2),- - ,a(n)} is a right transversal for H in G. If H is a subnormal
(normal) subgroup of G, we write H1<G (H<G) and denote by s(G, H)
the subnormal index for H in G. If G is generated by the subsets T,
a € A, we writte G=(T,|« € 4). H? denotes the conjugate of H by g€ G.
If T is a subset of G, HT=(H'|te T). If H and K are subgroups of G,
HK is the set {hklhe H, k€ K} and [H, K]=([h,k]|h€H, ke K),
where [h, k]=h"k—'hk. Define [H, K] inductively by [H, K]=H
and [Ha i+1K]= [[H, iK]’ K]~ ‘

1.4. A class of groups is a collection of groups X such that 1 € X
and whenever G € X and G, is isomorphic to G, then G, € X. We let

& = the class of finite groups,
® = the class of finitely generated groups,
®*» = the class of groups, all of whose subnormal subgroups
A are finitely generated,
M(M,) = the class of groups satisfying the maximal condition for
subgroups (subnormal subgroups).

If X is a class of groups, we let

snX = class of subnormal subgroups of X-groups,
g% = class of quotients of X-groups,
neX = class of products of finitely many normal X-subgroups.

If @ €{sn,q,n,, o}, we say that the class X is g-closed if pX=2X.
If Y= {sn, q, ny, 5o}, ¥=YX if X is g-closed forall p € Y. If X and ¥ are
two classes of groups, X% denotes the class of X-by-9) groups and XAY
denotes the intersection of X and ).
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2. Some preliminaries.

2.1. Lemma [1, LemMMA 3.21). Let H and K be subgroups of a group,
let N<K and suppose K|N can be generated by n elements. Then, for any
t>0, HE=IN[H, ,K] where L is generated by at most 14+n+n*+-- -+
nt=1 conjugates of H by elements of K.

2.2. Lemma [2, LemMa 2.4]. Let X={sn, ng}X. If H1<G, K<Q«G,
J=(H, K) and J=HK, then JA<G; also Je Xif He X and K € X.

We will need the main results of [3].

2.3. DEerINITION [3, p. 423]). The class X is locally coalescent if
whenever H and K are subnormal X-subgroups of G, then every finitely
generated subgroup F of J=(H, K) is contained in some subnormal
X-subgroup X of G such that FE X< J.

2.4. THEOREM [3, THEOREMS A AND B). If X is a class of groups such
that X={sn, ng}X, then X is locally coalescent. If X is a locally coalescent
class, then XA® is a subnormal coalition class.

2.5. DEFINITION.  If X is a class of groups, then
6x(G) = (H | H<4< G and He X).

2.6. The following are immediate consequences of Definition 2.5:
(i) 6x(G) is a characteristic subgroup of G.

(i) If K is a finitely generated subgroup of 6x(G), there exist finitely
many subnormal X-subgroups H,, H,,---,H, of G such that
KE<H1’ Hz, TS Hn)’

(iii) If X=snX is a subnormal coalition class and K<1<1G, then 04(K)=
0£(G) NK.

2.7.LEMMa [3, p. 424). Let X be alocally coalescent class. If x(G)=G,
then every finitely generated subgroup of G is contained in some subnormal
X-subgroup of G.

2.8. LeMMA. Let X=s.X and let D={sn,g}P<®. If G XY, then
0£(G) € X and G/0£(G) € 9.

Proor. Let G€ X% and let NG such that Ne X and G/Ne€ 9.
Since N<=04(G), 60x(G)/INeP<6. It follows from 2.6(ii) that 6x(G) €
soX=ZX. Since g9 =Y, we have G/03(G) €Y. O

2.9. LemMAa. If X={sn,ne}X and Y={sn,q,n}Y are classes such
that whenever A € X9), 0x(A) € X, then the class X is locally coalescent.

ProoF. By 2.4, it suffices to show that XY ={sn, n,}X%).
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Let H and K be normal X%)-subgroups of J=(H, K) and let Fg=0x(H)
and Fx=04(K). By hypothesis, Fy, Fx € X and H|Fg, K[Fg €q9=9.
It follows that Fz and Fx are normal X-subgroups of J and FyFg € X=
nX. Hence, J|FyFx € {q, no}P =% and XPY=n,X%.

If H4G € X9, then K=04(G) € X and G/K € 9. Hence, HK/KG|/K
and HK/K € Y=snY). Also, HNK e X=snX. It follows that He X9
and XPY=sn%Xy. O

3. Subnormal coalition classes.

3.1.LeMMA. Let X be a subnormal coalition class and let 9 ={sn, q, ny}Y
be a class of groups such that whenever A € X9, 0x(A4) € X. Let H and K
be subnormal XY-subgroups of G such that (H, K)=HK. If N<H such that
NeX, HNeY, and (N, K) is a subnormal X9-subgroup of G, then
(H, K) is a subnormal X%)-subgroup of G.

Proor. It follows from 2.2 that HK is subnormal in G.
Let M=(N, K) and let

M=Mm<Mm_1<"'<M1<Mo=HK.

be the standard series for M in HK. Suppose M;,; € X9). Then 05(M,, )=
M € X and M<M,. Now,

M; = M; 0 HK = (M; N H)M,,,
and

Mi/M =(M; N H)M/M)(Mt+llﬂ)

Since (M;NH)M|M and M, /M are subnormal Y={sn, n,}P-subgroups
of MM, it follows from 2.2 that M;/M €9). Hence, M;c X% and
HKeXxY. O

3.2. LeMMA. Let X be a subnormal coalition class and let Y=
{sn, q, no}Y be a class of groups such that whenever A € X9, 0(A4) € X.
If H is a subnormal X(YA®)-subgroup and K is a subnormal X-subgroup
of G, then (H, K) is a subnormal X(YA®)-subgroup of G.

PrOOF. Let N=0x(H), J=(H, K), and J=(K¥, N). By hypothesis,
NeX and HIN €eq(PAG)=DAG. If t=s(G, H), it follows from 2.1
that

J= <LN[Ks tH]’ N)=(L, NX[K, tH]’ N>’

where L is the join of a finite number of conjugates of K. Since X is a
subnormal coalition class, M=(L, N) is a subnormal X-subgroup of G.
Since N<([KX, (H], N)<H and 9=49, ([X, .H], N) is a subnormal X%)-
subgroup of G. Consequently, by 2.2, Ja<G and J=JHI<G. An
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application of 3.1 shows that J € X¥9). A second application of 3.1 shows
that J=JH € X9). Since 0(J) € X and J/0(J).€ 6, J € X(DAG). O
PrOOF OF THEOREM A. Let H and K be subnormal X(PAG)-
subgroups of G and let J=(H, K). Let N<H such that Ne X and H/N €
DAG.
If t=5(G, H), it follows from 2.1 that

(K®, Ny = (LK, H], N) = (L, NXIK, H], N),

where L is the join of a finite number of conjugates of K. By induction on
s(G, K) we conclude that L is a subnormal X(YA®)-subgroup of G.
An application of 3.2 shows that (L, N) is a sabnormal X(YA®)-subgroup
of G. Also, ([K, ,H], N) € X9). It follows from 3.1 that (K¥ K N)e X9
and from 2.2 that (K¥, N)<<G. Since J=(KZ, NYH, it follows from
3.1 that J € X% and from 2.2 that J<\<G. Since 0¢(J) € X and J/0£(J) € ©®,
JeX(PAG). O

4. sy-closed classes.

4.1. LeMMA. Let X=s.X and D={sn, q}Y = © be two classes of groups.
If H=(H,, H,,-- -, H,), where H; is a subnormal X-subgroup of G,
and K is a subnormal X9-subgroup of G, then (H, K) is an X9)-subgroup of
G.

ProOF. Since K € X9, there exists N< K such that N € X and K/N € 9.
If t=5(G, K), an application of 2.1 shows that (HE, Ny=(L, [H, K1, N),
where L is the join of a finite number of conjugates of H. Since [H, ,K]<K,
[H, KINI[NeD=sn)<® and there exist finitely many elements
Xy, Xy, * "+, X, € [H, K] such that

<[Ha tKL N> = (xl’ Xgy * " 5 Xps N)‘

Since [H, ,K]< HX, there exist finitely many elements k,, k;, - - - , k, € K
such that

(xla Xgs " " ", xz> = <Hkl, sz, DY Hk“)-
Consequently,

(HE,N) = (L, H®, H** - - - | H*» N) e X = 5,X.

But then (H, K)/(HX, N)eqD=9 and (H,K)eX9. O

Proor OF THEOREM C. Let G=(H,, H,,---, H,), where H; is a
subnormal X9-subgroup of G, 1=<i=<n. Let F;=04(H;). By 2.8, F;e X
and H,[F;€ Y <= 6. Let T; be a finite subset of H; such that H;=(F;, T,)
and let T=J;; T..

Since X and 9) satisfy the hypothesis of 2.9, the class X9 is locally
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coalescent. There exists by 2.7 a subnormal X%-subgroup K of G such
that (T) = K. An application of 4.1 shows that (F,, F,, -, F,,K)=G €
X9. O

4.2.LeMMA. Suppose H<G, |G:H|=n< o, and K< H. If A={1=a(l),
a(2), - - -, a(n)} is a right transversal for H in G such that G=(K, A), then
there exists a finite subset L of H such that H=(K¢, Lla‘l € 4).

PrOOF. Leta,b e Aand k € K. Since K< HAG, we see that akb~' € H
if and only if a=b. For all a(i), a(j) € 4, 1=i, j=n, we define a(i, j) € 4
uniquely by the equation a(i)a(j)a(i, j)™ € H.

Let H be defined by

H = (K% a(a(j)ai, )" |a € 4,1 Zi,j S n).

Since HJG, Hc H. If g€ H, then g=gigs - - - gir for some elements
g8:i€KUA and g;=+1,1=iSm. Set a(ip)=1. There exists a unique
element a(i;) € 4 such that a(iy)gi'a(i,)™ € H. It is easily verified that
(a(ip)gia(i,) ™) is a displayed generator of H. Suppose that for all j,
1 = j<I=m, we have chosen a(i;) such that (a(i;_,)g;'a(i;)~*)* is a generator
of H. We then choose a(i;) € A as the unique element satisfying the equation
a(i,_))gia(i) € H. Again, (a(i,_,)gia(i))™)" is a generator of H. But
then
g = a(ip)g'a(i) a(i)ga(ix) ™ * * - alim-)gma(im) "alin),

where a(i,_,)gia(i) € H, 1<I<m. Since H<H, a(i,)=1. Hence,
g€ H and H=H. The lemma follows if we set L={a(i)a(j)a(i,j) 1=
i,j<n}. O

PrROOF OF THEOREM D. Let G=(H,, H,,---, H,) where H; is a
subnormal Xg-subgroup of G, 1<i=n. Let F;=0¢(H,). By 2.8, F;€X
and H;[F; € §. Since F; =04(G), it follows that H.;04(G)/0x(G) is a finite
subnormal subgroup of G/6%(G). It is a consequence of 2.4 that § is a
subnormal coalition class. Consequently, G/0x(G) € §..

Let 4 and A4;, 1=<i=Zn, be right transversals for 6(G) in G and F;
in H, respectively such that 1 € 4. Since G=(H,, H,,- -, H,),

G=(F,Fy:--,F, Ay, Ag,- - -, A,).

There exists a finite subset U of 0x(G) such that G=(F,, F,,-- -, F,,
U, A4). By 2.6(ii), there exist a finite number of subnormal X-subgroups
L,Ly,---,L, of G such that (U)<s(L,,L,,---,L;). If we let
K=(F;, L,Il Sisn, 15j=0), an application of 4.2 shows the existence of
a finite subset ¥ of 6x(G) such that

6(G) = (K°, V| a € 4).
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By 2.6, there exist a finite number of subnormal X-subgroups M;, M,, - -,
M, of G such that (V)= (M;, M,,- -+, M,). Hence, 0x(G) is the join
of a finite number of subnormal X-subgroups and 04(G) € X=5,X. O
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