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ON RESTRICTED WEAK TYPE (1, 1)
K. H. MOON

ABSTRACT. Let {Si}x>1 be a sequence of linear operators defined
on L'(R") such that for every f€ L'(R"), S,f=f»g: for some
g€ LY(RY), k=1,2,---, and Tf(x)= supr>1lS:f(x)|. Then the
inequality m{x € R*; Tf(x)>y} SCy-! f » | f(¢)| dt holds for charac-
teristic functions f (T is of restricted weak type (1, 1)) if and only
if it holds for all functions f'€ L'(R") (T is of weak type (1, 1)). In
particular, if S,f is the kth partial sum of Fourier series of f, this
theorem implies that the maximal operator T related to S, is not
of restricted weak type (1, 1).

1. Introduction. We will show that maximal operators of a certain
type are of weak type (1, 1) if and only if they are of restricted weak type
(1, 1). Many important operators are of the type considered.

Throughout, R" will denote n-dimensional Euclidean space, m will
denote Lebesgue measure on R", and f will denote a measurable function
on R™. Recall that L?(R") is the set of all real (or complex) valued measur-
able functions on R™ with the property

1/p
wp W= ([rersa) <o 1sr<ox
Il = inf{y; m{x € R*:|f(x)| > y} = 0} < co.

C.(R™) will denote the set of all continuous functions on R" with compact
supports and S(R") will denote the set of all simple functions each of which
is a finite linear combination of characteristic functions of compact
connected sets.

The convolution of measurable functions fand g on R" is defined by

12 (F+ 900 =[_s0gtx = D
whenever the integral exists. Note that
(1.3) If*glly=1/11- gl

Let T be an operator defined on L?(R").
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T is of weak type (p, q) if there exists a positive constant 4 such that
for each function fin L?(R") and y>0

14 mix € R*; | Tf(x)| > y} = (A]y) [/ 11,)*

T is of restricted weak type (p, q) if inequality (1.4) holds whenever f
is restricted to the collection of characteristic functions of measurable
set in R™ with finite measure.

It is obvious that T is of restricted weak type (p, q) if it is of weak type
(p, g). But the converse is not true for p>1 (see [5]). We will, however,
prove that for some special operators the converse is true for p=1.

2. Restricted weak type (p,q). Stein and Weiss [S] considered the
operator T defined by

Tf(x) = xe f "y () dy

and showed that T is of restricted weak type (p, g) but not of weak type
(p, 9), in the case p>1, where 1/p+1/p'=1.
However, we are able to prove the following theorem:

THEOREM. Let S, (n=1,2, ") be linear operators on L'(R™), each
of the form S, f=f » g, for someg, € L*(R™),and let Tf(x)=sup, 5,|S, f(x)].

Then, T is of restricted weak type (1, q), q=1, if and only if T is of weak
type (1,9).

PrOOF. It is enough to show that T is of weak type (1, ¢) if it is of
restricted weak type (1, q) since the converse is trivial.

Let 20 be a function in S(R™) such that | f|,#0. Since C,(R™) is
dense in L'(R™), for any given £>0, there exist 4, € C,(R™) (n=1,2,--")
such that
@0 lgn = hally < &/2 max(1, || flle)-

Then we have

@2+ 8l =S xS [ 1701 gx = 0 — hux = O] dr

= 1l gn — halls < e/2.
For any fixed A>0 and all positive integers n, 1<n=<N, there exists
6=06(N)>0 such that, for any connected set I with
dia(f) = sup{lx — yl; x, y €I} < 6,
x, y € I implies '
(23) hu(x) = Ba(P) < A2 [ f1s
We now divide R™ into disjoint connected sets I, such that dia(l,)<

and f(x)=«, on I, where «;’s are positive real numbers. Note that such
of «,’s are finitely many since f € S(R™). Put x=max{«,}. Clearly a=| f|.
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Let F, be asubinterval of I, such that m(F,)=(e,/oe)m(I,) and set Exy=J, F;.
Thus, we have

(24) am(Ey) = > am(F) = > aym(ly) = | f].

Combining with (2.3) and applying the mean values theorem, we obtain,
for each n, 1=n=<N,

|f * B ()—agg * ha()| = i fR SOh(x — ) dt —a fE ho(x — f) dt’

< g % L kh,,(x —fdt —« Lﬁh,,(x -1 dtl

= Z Iakm(Ik)hn(x - tl:) - am(F k)hn(x - tllc)l
* (for some t, € I, and t, € F})
= D am(Fy) |h,(x — ;) — h(x — 1))
k
A i
= F, ==,
=2 2

A combination of (2.2), (2.5), and (2.1) with a=| f||,, gives, for each
n, 1=n=N,

Isnf(x) - “SnZEN(x)I § |f* gn(x) _f* hn(x)l
+ lf‘ hn(x) - “lEN * hn(x)l
+ Iz, * ho(X) — 75, * 809
=12+

(2.5)

Hence, we obtain
Tyf(x) = sup [S.f(x)| = aTyyg,(x) + 42+ ¢
1SN
SaTyg,(x) + 42 + &
From (2.4) and the fact that T is of restricted weak type (1,q), (2.6)
implies
m{x € R™; Tyf(x) > 1 + ¢} < m{x € R™; Tyg,(x) > }/2a}
= {(4/Dam(E)}* = ((4/2) 1 £ 1)
Since Tyf(x) =Ty, f(x) for all x € R™ and >0 is arbitrary, we finally get
m{x € R™; Tf(x) > 4} =13im m{x € R™; Tyf(x) > }

(2.6)

2.7
= (/M 1fly)° for all f € S(R™).

We now consider a general function f in L(R™). Let N be a fixed

positive integer. For any given £>0, there exists a function hy € S(R™)
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such that
(2.8) If — hyly < }/max(1, M)
where M=max, <,<nlg.ll;- Then, for each n, 1=n=N, we have

1Snf = Sahnlly = ligalls If — Axll, < &
and

2.9) m{x € R™; |S,f(x) — S,hn(x)| > ¢} < e.
Denote B,(N)={x € R™; |S,f(x)—S,hy(x)|>¢} and By=U:, B,(N).
Then, for all x ¢ By and n=1,2,---, N,
Tnf(x) = sup ISaf ()] = Tyhy(x) + & = Thy(x) + &.
1=naSN

From (2.7), (2.8), and (2.9), we get
m{x € R™; Tyf(x) > A + ¢} = m{x €R™; Thy(x) > A} + mBy,
A W

= (2 iyt + 3 mB, ¥

A n=1

= {A@/DU Sl + )} + Ne.
Since ¢ is arbitrary, we obtain

m{x € R™; Tyf(x) > 2} = ((A/D 1 f 1)
and finally
m{x € R™; Tf(x) > 1} =:’im m{xeR™; T,f(x) > A} < (% llf"x)q-
This completes the theorem.

3. Applications. Let S,f(x) be the nth partial sum of the Fourier
series of f(x) with respect to a complete orthonormal system {¢,; n=0, 1,
2, - - -} defined on a measurable set G in R, that is,

n—1

(3.1) S =S 8,0 f F($:(0) dt
=0 G

and let

(2) MI(x) = sup 1S,/ (3l

We will denote by ®(L) the set of all measurable functions f on G
such that

(3.3) fG(b(lf(x)l) dx <

and log+ x=max(0, log x).
On the trigonometric system and the Walsh-Paley system, Sj6lin [4]
has shown that for each function f in the class L(log* L)(log* log+ L),
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S,.f(x) converges almost everywhere (a.e.) to f(x) by using the fact that
M is of restricted weak type (p, p), 1 <p< oo (so called “the basic result”)
([2] and [4]). We also know that there exists a function f in the class
L(log+ log* L)*=* for £¢>0 such that S, f(x) diverges a.e. ([1] and [3]
for the trigonometric system and [3] for the Walsh-Paley system).

The convergences or divergences of the functions in the classes between
L(log™ L)(log+ log* L) and L(log*log* L) for both systems are open
questions.

Suppose that M were of restricted weak type (1, 1). Then, by following
the same proof of the a.e. convergence of functions in

L(log* L)(log* log* L)
[4], we would be able to prove that for each function f in the class
L(log* log+ L), S, f(x) converges a.e. to f(x). But unfortunately we know
that for both systems, M is not of weak type (1, 1) and so is not of
restricted weak type (1, 1) by our theorem. This shows that the modifi-
cation of the method in [2] and [4] to prove the almost everywhere
convergence of functions in the class L(log* log* L) is not available.
Let us note that the maximal Hilbert transform M defined by

34 Mf(x) = sg? [H,f(x)I,

where H, f(X)=f1ncjz—t)<af(t)/(x—1t)dt, is of the type that we have
considered.
The Hardy-Littlewood maximal operator A defined by

1
- (35) Af(x) = i‘;‘i(| e f, ol dt),

where I,(x) is any interval with center at x and length 2-" is essentially
of this type.
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