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DERIVATIONS OF AW*-ALGEBRAS!
JAMES C. DEEL

ABSTRACT. It is proved that every derivation on an AW*-
algebra of type II, with central trace is inner. The proof employs
a result on the algebraic decomposition of such algebras which is
of interest even in the W* case.

1. Introduction and definitions. In recent years the study of derivations
on various kinds of C*-algebras has received considerable attention. The
most important result of this work is due to Sakai and Kadison: Every
derivation on a W*-algebra is inner. Much earlier, Kaplansky [11]
showed that every derivation on an AW#*-algebra of type I is inner,
so it is natural to conjecture that arbitrary A4 W*-algebras also have this
property. In Corollary 4.2 we will verify this for an A W*-algebra of type II,
with central trace.

Our proof employs a result on the algebraic decomposition of such
algebras (Corollary 3.4) which shows that the algebraic decomposition
is actually topological; the algebra is described as the set of bounded,
weakly continuous fields of operators over the maximal ideal space.
This result was discovered independently by Takemoto and Tomiyama
[14] in the W* case. The continuous theory is both simpler and more
general than the usual measure-theoretic reduction for separably rep-
resented von Neumann algebras, and it appears likely that future refine-
ments will provide a nonspatial reduction theory enjoying most of the
features of the direct integral decomposition.

Let A be a finite A W*-algebra, 3 its center. F. B. Wright [19] showed
that 9 is strongly semisimple; i.e., U can be imbedded as a subdirect
product A< [T 4., x € X, where each A4, is a simple C*-algebra with
identity 1., such that

(1) for each x € X, A,={a(x):a € U}.

Here X is the maximal ideal space of %, and 4.>~%/x, x € X. Furthermore,
AW*-algebras are weakly central [19], and hence
(2) 3 consists precisely of the functions x»—a(x)1,, « € C(X).
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This allows us to identify 3 with C(X). Finally, if % is of type II, with a
central trace Tr:A—3, then

(3) each 4, is a W*-factor of type II,, and

(4) for each a€ U, the map x—tr,(a(x)) is continuous on X, where
tr,: A,—C is the canonical trace of 4,.

Wright [19] proved that each A, is an AW*-factor of type II, having
trace tr, given by tr,(a(x))=Tr(a)(x), a € A, and Feldman [4], [5] showed
that any 4 W*-factor with trace is a W*-factor. In the type I case the
quotients A, are finite factors, but they may be of type II on a nowhere
dense set in X. If one drops the assumption of a trace on U, then the 4,
are finite 4 W*-factors possibly without trace [21]; a proof of this is
sketched in [1], along with an improved proof of strong semisimplicity.
More recently, Takesaki [16] and Vesterstrom [17] have considered the
quotient modulo an ideal which is not maximal.

It is not known whether all finite AW *-algebras have central trace.
There are rather weak conditions which imply the existence of a trace
(see [2], [7], [20]), and Yen [21] showed that it would suffice to settle
this question in the factor case. A finite 4W*-algebra U has a central
trace if and only if % can be imbedded as an A W*-subalgebra of a type I
AW*-algebra having the same center, and in this case U is equal to its
bicommutant in the type I algebra (see [7], [18]). J. Dixmier showed in
[2] that finite W*-algebras have central trace, and that if a C*-algebra
with identity has a central trace, then the trace is given by the approxi-
mation theorem, hence is unique.

If A<TT 4,, x € X, is the algebraic decomposition of a finite AW*-
algebra, then X is a Stonian space, since 3 is an 4 W*-algebra. However,
there are C*-algebras which satisfy properties (1)-(4) above and have
AW* center, but which are not 4 W*-algebras. For example, if X is a
compact space and M is a W*-factor of type II;, then the C* tensor
product C(X)®M [15] is identified with the algebra of norm continuous
functions from X into M, and hence this algebra satisfies (1)-(4); the same
is true for the algebra of bounded, strong* continuous functions, or for
any intermediate C*-algebra. If X is a hyperstonian space [3] and M is
a factor on a separable Hilbert space, then it follows from [5] that none
of these examples is an A W*-algebra.

DEerFINITION. Let X be a compact T, space, and for each x € X let
A, be a W*-factor of type II,. A C*-subalgebra A<[T] 4,, x € X, which
satisfies conditions (1)-(4) above will be called a type II, C*-algebra with
continuous trace. In other words, U is a strongly semisimple, weakly
central C*-algebra with identity which has a central trace, and whose
simple components are factors of type II,.

If one takes the finite factors 4, in this definition to be of type I instead
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of type II, then % is an “ordinary”” C*-algebra with continuous trace;
we will not pursue this analogy here, but it is responsible for our terminol-
ogy. In the theory which follows there is really no need to exclude the
possibility that some of the A4, are finite of type I. However, our results are
of interest mainly in the type II case, since the structure of type I AW*-
algebras is known [11].

By examining the relationship between the algebraic decomposition
of a type II;, A W*-algebra with trace and its representation as an algebra
of module operators on an A W*-module over the center, and then applying
a theorem of H. Widom [18, Theorem 4.3], we will prove (Corollary 3.4)
that if A<[] 4,, x€ X, is a type 1I, C*-algebra with continuous trace
over a Stonian space X, then U is an A W*-algebra if and only if U is
“closed” in [ ] A, in the following sense:

(5) If be]] A4,, and if the map x—tr (a(x)b(x)) is continuous on X
for each a € U, then b € A.

The result on derivations is proved by showing that any derivation on
an arbitrary type II, C*-algebra with continuous trace is induced by an
element 4 which satisfies the condition in (5).

Notation. If {V:ie I} is a collection of normed spaces, we denote by
T1V. i€, the set of functions i»v(i) € ¥, such that

sup{llo()|:iel} < oo,

and we use the norm |[v|| =sup|lv(i)|, i € I. If each V; is a Banach space
(resp. C*-algebra, W*-algebra), thensois[] V,, i€l

2. Construction of the trace completion. We begin with a simple
lemma which will play a key role in this section and §3.

2.1 LeMMA. Let X be a completely regular space, 3=C(X), and for
each x € X let V, and W, be Banach spaces. Let ¥~ be a linear subspace
of T1V., x € X, satisfying:

() IfveY and o€ 3, thenaw e, where (av)(x)=a(x)v(x), x € X.

(2) For each x € X, {v(x):v € ¥} is dense in V.

(3) For each v € ¥ the function x—|\v(x)| is upper semicontinuous.

If T:¥" [ W,, x€ X, is a bounded 3-linear map, then for each x € X
there is a unique bounded operator T,:V,—~W,_ such that T,(v(x))=(Tv)(x)
for all v € ¥". Furthermore, sup{||T,|:x € X}=|T].

Proor. Fix x € X. For any v € ¥ and £>0 there is a neighborhood
U of x such that |[o(y)| = [lv(x)||+¢ for all ye U. Let «a: X—[0, 1] be a
continuous function with a(x)=1, «(X\U)={0}. Then

lowll =sup{lo()ll:y € U =llo(x)ll +e,
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so by 3-linearity of T,

ITv))I = ()T = I(T(@w))x)]
= IT()| = 17T - ol
= ITHNeG)N + ¢)

for all £>0. Thus ||(To)(x)I =Tl - | (v(x)| for all v € ¥". Hence we can
define T, on the dense subspace {v(x):v € 7"} by the desired formula,
T,(v(x))=(Tv)(x), and obtain a well-defined bounded linear map of
norm at most || T ; let T, also denote the unique extension of this map to
all of V. Then || T,|| Z|T|. Finally, if v € ¥, then

I7o|| = supll(To)(x)| = sup| T, (v(x))
SsuplZ.ll lo@)Il = (supll TI)lloll;

hence sup||T,||=(T|. O

2.2 Notation and discussion. Let A<[] A, x€ X, be a type II, C*-
algebra with continuous trace, 3=C(X) its center. For each ae€ ¥,
define Tr(a) € 3 by Tr(a)(x)=tr,(a(x)), x € X; then Tr is a 3-valued
trace on U, and hence defining (a, b)=Tr(b*a), a, b €N, provides a
J-valued inner product making U into an inner product space over 3,
as in [18]. Widom [18, p. 314] showed that any inner product space .#
over a commutative 4 W*-algebra 3 can be completed to an 4 W*-module
A over 3, and it follows from [18, Lemma 2.4] that 5 is isomorphic
to the 3-dual of A, i.e., the set 4" of all 3-linear maps w:.#—3 which
are bounded relative to the norm defined by the inner product of .#. The
goal of this section is to give an explicit description of UA' and, if X is a
Stonian space, to show how the 3-valued inner product is defined on the
completion of U.

For each x € X, let H, be the Hilbert space completion of 4, in the norm
la.ll,=tr.(a%a.)*/?, a, € A,. Since tr,:4,—~C has norm one, we have
lasll:=lla.ll, a,€A,, and hence (4, | INSIT,, | - lISI]H,.
The norm supjla(x)|l;, x € X, on [] A4, will be denoted by | a||, when there
is danger of confusion with the C* norm, but we will omit the subscript
on the norm of arbitrary elements of H,or [] H,, x € X.

Finally, define 5’ ={fe [] H,:x—(a(x), f(x)) is continuous on X
for each a € U}. Clearly A< .

2.3 PROPOSITION.  The 3-dual of (U, | - ||,) is A ={w,:f€ H#}, where
wy(a) € 3 is defined by w,(a)(x)=(a(x), f(x)), a € U, x € X. The correspond-
ence fw, is an isometric conjugate 3-linear isomorphism of # onto U'.

Proor. Let we¥'. By Lemma 2.1 with V,=H,, W,=C, ¥ =Y,
we obtain, for each x, a bounded linear functional w, on H, such that
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w(a)(x)=w,(a(x)), a€ U, and we have |w|=sup|lw,|. Let f(x) € H, be
the vector such that w,(-)=(-, f(x)). Then ||f(x)|=|lw,l, so fe]] H,
with || f|l=|lw|. For any a e ¥, (a(x), f(x))=w_(a(x))=w(a)(x), which
is a continuous function of x, since w(a) € 3; hence fe€ 5, and w=w,.
Conversely, if fes#’, then w, ;A>3 is J-linear, and |w,(a)]3=
sup|(a(x), f(x))|Zllall.lfll; hence w,eUA". The last statement of the
proposition follows by evaluating at each point. O

2.4 PROPOSITION. If fe # and x| f(x)|l is continuous at x,, then
x> (f(x), g(x)) is continuous at x, for any g € H# .

Proor. Given £>0, pick a € A with ||a(x,)—f(x)l| <&/(3ligll). Then

[(f(x), g(x)) — (f(x0), g(x0))!
= [(f(x) — a(x), g())
+ [(@(x), g(x)) — (a(xq), g(xo))l + |(a(x0) — f(xo), g(x0))l
= 1) — a)l - ligh + [(a(x), g(x)) — (a(xo), g(xo))| + &/3.
Since || f(x)—ax)[|=[lIf(x)[|2—2 Re(f(x), a(x))+[|la(x)||>]/* is continuous
at x,, and since (a(x), g(x)) is continuous, the first two terms will be less
than ¢/3 for all x close enough to x,. O

For future reference we note the following fact, which follows from the
proof of 2.4.

2.5 COROLLARY. Let & be a subset of U such that for each x € X,
{s(x):s € &} is dense in (A, || * o). If g € [] H, and (s(x), g(x)) is con-
tinuous on X for each s€ &, then g € .

Proor. To show that (a(x), g(x)) is continuous at x, if a € A, approxi-
mate a(x,) by s(x,), where s € ¥, and proceed as in the proof of 2.4;
[la(x)—s(x)|l. is continuous since a—s € A. O

2.6 PrROPOSITION. If fe 3, then the function x| f(x)| is lower semi-
continuous.

Proor. We must show that the set {x € X:| f(x)|=c} is closed for
each ¢20. So let {x;} be a net in X with || f(x,)[| =c for all i, and let x,—~x
in X. For any a € % we have

& Z | fII? — 1 f(x) — a(x)l?
= (a(x), fx) + (fx), a(x))) — lla(x)l?,
and the last expression is continuous, since f'€ 5, so taking the limit as

x;—x gives 2| f(x)|I2— | f(x)—a(x)|? for all ae . But A4, is dense in
H,,so | fx)l=c. O
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2.7 PROPOSITION. Let U and 5 be as in 2.2, and assume now that X
is a Stonian space. Then 3 is the completion of W in Widom’s sense. If
[, g €3, then the function x—(f(x), g(x)) is continuous except on a set
of the first category in X, and (f, g) € 3 is the unique continuous function
which coincides with (f(x), g(x)) at the points where the latter function is
continuous. In particular, (f, g)(x)=(f(x), g(x)) if either | f( - )| or llg(-)I
is continuous at x, by 2.4.

ProOOF. The first statement follows from 2.3, as noted in 2.2. If
f, g € 3, then by 2.6 the functions

X)) = [fx) + g@I?  x(x) = |f(x) — g3
%(x) = [ f(x) + g()?,  a(x) = [ f(x) — ig)I*

are lower semicontinuous. By [3,p. 154] there exist f;, -, f,€3
with B,(x) = «;(x) except on a set of the first category. By the polarization
identity, the continuous function (f, g)=(8,—pB.+ifs—if,)/4 coincides
with (f(x), g(x)) except on a set of the first category. By computing on a
dense subset of X one easily verifies that this definition of (f, g) provides
an inner product on 5 which extends that of A. The 4W*-module
axioms [11, p. 842] can also be verified directly using 2.3, making this
construction of 5# independent of Widom’s construction. O

3. The standard module representation. Throughout this section let
A<TT 4., x € X, be a type II, C*-algebra with continuous trace, and let
H <] H, be as in 2.2. Unless otherwise stated we will assume that X is
a Stonian space, so that 5 is an AW*-module over 3=C(X), by 2.7.
Let B denote the set of all bounded 3-linear maps T:5#—3#; B is an
AW*-algebra of type I with center 3 [11]. For each x € X, let B, be the
algebra of all bounded operators on H,. We will study the representation
of A on S defined by left multiplication on the submodule A< 5,
and identify the bicommutant of the image of % in B.

3.1 LeMMA. If T € B, then for each x € X there is a unique operator
T,€ B, such that (Ta)(x)=T,a(x) for all acN, and |T|=sup|T,],
x € X. For each x, the map T—T, is linear and (T*),=(T,)*. Finally, any
3-linear map T:U—3 which is bounded relative to the norm | - | on
U extends uniquely to an element of B.

Proor. The first statement follows by taking ¥ =% in Lemma 2.1.
Linearity follows from uniqueness. For any a, b € %,
(a(x), T26(x)) = (Ta(x), b(x)) = ((Ta)(x), b(x))
= (Ta, b)(x) = (a, T*b)(x) = (a(x), (T*),b(x)),
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by 2.7. Thus (T, )*=(T*),, since A4, is dense in H,. The last statement is
[18, Lemma 2.4]. O

Define A= NT] A, ={be]] 4,:tr,(a(x)b(x)) is continuous on X
for each a € U}, and note that A is a two-sided module over ¥, even if X
is not Stonian. For if a € W and b € U, then for any ¢ € U, tr,(c(x)a(x)b(x))
is continuous since ca €A, and tr,(c(x)b(x)a(x))=tr(a(x)c(x)b(x)) is
continuous since ac € UA; hence ab €A and ba e A.

If b €, then |ba|,=|b] - |a], for all a € A, so by 3.1 the map a—ba
extends uniquely to an operator L, € B. Let R, € B be the operator defined
similarly using right multiplication. In the notation of 3.1, (L,),=Ly, €
B,, and hence (L,)*=L,. and ||L,||=sup||L,,||=[6]l; likewise for R,.

32 Lemma. () If be¥ and fe #, then (L,f)(x)=Lyq f(x) and

(Ryf)(x)=Ry f(x) for all x € X.
(i) L:A—B is an W-linear, *.preserving isometry.

Proor. (i) Letbeq,fe #. ForanyacWand any x€ X,

(L f)X), a(x)) = (Lo f, a)(x) = (f, b*a)(x)
= (f(X), Lb*(z)a(x)) = (Lb(z)f (X), a(x))9

by the last part of 2.7. Since 4, is dense in H,, this proves the first formula;
the formula for R, is proved in the same way.

(ii) If a € A, b €, then for any ¢ € A we have L,L,(c)=L,(bc)=abc=
L,,(c) by part (i), and L,L,(c)=bac=L,,(c) is trivial. Hence L,L,=L,,
and L,L,=L,,. O

3.3 THEOREM. Let AS[] A,, x€ X, be a type 1I, C*-algebra with
continuous trace, X Stonian. Let Ly< B denote the image of U under L.
Then the bicommutant of Ly in B is Lg.

Proor. First we claim that Ly=Ry. If ae® and b€, then
L,R,(c)=acb=R,L(c) for any c € ¥, by 3.2(i). Hence L, R,=R,L,, and
s0 Rg< Ly. Conversely, if T€ Ly and T, € B, is as in 3.1, then for any
a,ceWand any x€ X,

0= (TL, - LaT)(c)(-x) = (TzLa(z) - La(z)Tz)(c(x))

by 3.2(i). Hence T, belongs to the commutant of L, in B,, and this
commutant is R, . Thus 7,=R,, for some b(x) € 4,, and sup|b(x)|=
sup| T, [l=|T| by 3.1, so b€ [] 4,. For any ae ¥, (Ta)(x)=a(x)b(x),
so taking a=1 gives T(1)=b € . Thus b € A and T=R, on %, hence on
all of . So Ly=Ry,.

Similar reasoning shows that Ry=Lg, and so Ly=(Rg)'S Ry=Lg.
Thus it remains to show that L-< (Rg)'. So let a, b € U; it suffices to show
that (L,R,c, d)=(R,L,c,d),allc,de U, i.e., (cb, a*d)=(ac, db*). Except
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on a set of the first category in X we have (cb, a*d)(x)=/(c(x)b(x),
a*(x)d(x)) and (ac, db*)(x)=(a(x)c(x), d(x)b*(x)), by 2.7. Hence the
continuous functions (cb, a*d) and (ac, db*) coincide on a dense set, so
are equal. [J

3.4 COROLLARY. Let U be as in the theorem. Then W is an AW*-
algebra if and only if A=U.

Proor. In general, Ly is an A W*-algebra, in fact an 4 W*-subalgebra
of the type I algebra B, since it is a commutant in B by 3.3. If A=, then
L:A—WB is an isomorphism of A onto Ly, so A is an 4 W *-algebra.
Conversely, if U is an 4W*-algebra, then it must be finite, since it has
a trace. Hence, by the proof of [18, Theorem 4.3], Ly is equal to its bi-
commutant in B, and so A= by Theorem 3.3. O

3.5 ReMARrks. (1) If X'is a hyperstonian space, i.e., 3 is a W*-algebra
[3], then the type I algebra B is a W*-algebra [10], and Ly is weakly
closed in any representation of B as a von Neumann algebra, since it is
a commutant. So in this case 3.4 determines when % is a W*-algebra.

(2) Even if s, the AW*-algebra Ly has center L;, and Ly is finite
since it has the obvious central trace. Given a Stonian space X and a type
II, factor M, we obtain a type II, 4 W*-algebra with trace by letting A=
C(X)®M and forming Lg; this generalizes a construction of Yen [20]. In
this case, U is the set of bounded, weakly continuous functions from X
into M. Feldman’s results [5] show that the simple components A4, of
Lg need not be isomorphic to M if M is a factor on a separable space.
One can show that in the general case, A, is imbedded in 4,, and that if
b e, then (L,)(x) “belongs to”” A, except on the set of the first category
where the function [|b( - )|, is discontinuous. If a, b €, then L, L,=L,,
where ¢ is the unique element of U such that c(x)=a(x)b(x) except on a
set of the first category.

(3) After Feldman’s discovery [5] that the factors which occur in the
algebraic decomposition of a W*-algebra are in some ways more compli-
cated than the algebra itself, there was little reason to prefer the algebraic
approach. The direct integral gives a measure theoretic decomposition.
of a separably represented von Neumann algebra into separably repre-
sented factors, and it is not restricted to the finite case. However, in
Corollary 3.4 we have a description of the elements of [] A4, which
belong to A in terms of a topological condition which is easier to deal with
than the corresponding measure theoretic description. And as remark (2)
indicates, it should be possible to avoid the pathologies discovered by
Feldman by working modulo sets of the first category; the idea would be
to find a “well-behaved” subalgebra U, <A such that Ax~Ly . We will
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pursue these refinements, along with an examination of the semifinite
case (see [13]), in a later paper.

(4) Takemoto and Tomiyama [14] have proved independently that
A=W if Ais a finite, o-finite W*-algebra. They introduce a “generalized pre-
dual space” for U, and by using a normal measure on X, they obtain this
result from Sakai’s characterization of W*-algebras. It appears that a
similar proof of our result might be based on Halpern’s generalization
[9] of Sakai’s theorem.

In their theory, Takemoto and Tomiyama include decompositions over
the maximal ideal space of a W*-subalgebra 3, of 3. The case 3,=3
provides the finest decomposition of %, and insures that the component
W*-algebras will be factors. However, the greater generality is useful
in comparing the decomposition of U with that of a subalgebra, and it
allows them to incorporate the results of Takesaki [16] and Vesterstrom
[17] into their theory. They also give an interesting characterization of the
W*-subalgebras of % which contain 3, in terms of the existence of suffi-
ciently many extreme points. In our approach, we would need to assume
the existence of a suitable 3,-valued state, where 3, is an 4 W*-subalgebra
of 3, and use [18, Theorem 4.4] to conclude that U is equal to its bicom-
mutant in the resulting imbedding in a type I algebra with center 3,.

4. Derivations. In this section we return to the case of a type II,
C*-algebra with continuous trace A<][] 4,, x € X, over an arbitrary
compact T, space X. As in §3, let A=]] 4,N#’, which forms a two
sided module over U.

4.1 THEOREM. If 0 is a derivation on U, then there exists d €W such
that 6(a)=da—ad, ae .

ProoF. Since [] A4, is a W*-algebra, there exists de [] 4, with
é(a)=da—ad, a € A, by Sakai’s derivation theorem. Since d’ defined by
d' (x)=d(x)—tr,(d(x))1, also induces §, we may assume to begin with
that tr,(d(x))=0 for all x € X. Using only the fact that da—ad e for
all a € A, we have, for any a, b € ¥, that

tr, (b [d(x)a(x) — a(x)d(®)]) = tr,([a(x)b(x) — b(x)a(x)]d(x))

is continuous, i.e., (c(x), d(x)) is continuous for each commutator ¢ of
9. Let & be the linear span of {1} U{commutators of UA}; then (s(x), d(x))
is continuous for each s € . To show that d € U it suffices, by 2.5, to
show'that {s(x):s € ¥} isdensein (4,, | - ||;) for each x € X. The following
argument shows that this set is even dense relative to the C* norm of 4,.

Let A be a finite factor, tr its canonical trace. Let a € 4, and let £>0.
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By the approximation theorem [2] there exist unitary elements u,, - - -,
u, € A and real numbers ¢;, - - - , 1, 1;,>0, >t,=1, such that

Itr(@) — 3 tufaul < e.
Thus
la — 2 t;[u(ufa) — (ufa)u,] — tr(a@)] < e,

i.e., a can be approximated by a linear combination of commutators and
scalars. [J

4.2 CoroLLARY. If U is a type I, AW*-algebra with trace, then every
derivation on U is inner.

ProoF. In this case A=A by Corollary 3.4.

4.3 REMARKS. (1) Theorem 4.1 remains valid if one assumes only that ¢
is a derivation from % into 2. This form of 4.1 can be expressed concisely in
the language of cohomology theory by the statement H*(%,)=0.
If 6:A— is a derivation, then d(3)< 3, hence 6|3=0, and so 0 is 3-
linear. A recent result of J. Ringrose [12, Theorem 2] shows that 4 is
norm continuous, and hence Lemma 2.1 provides a decomposition of ¢
into linear maps d,:4,—A4, such that d(a)(x)=0.(a(x)), ae ¥, xe X,
and supl|d,|=[|d]. (The function [la(-)| is upper semicontinuous on X
for each a € A by [6, Lemma 9].) Each ¢, is a derivation, so by Sakai’s
theorem there is an element d(x) € 4, which induces 4, with [|d(x)|| =
[0,ll. Then d € [T A4,, and 6(a@)=da—ad, a € U. The proof of 4.1 applies
to show that d can be chosen in .

(2) An example of A. A. Hall [8] shows that a type II, C*-algebra with
continuous trace can have outer derivations. His example shows that this
occurs if U=C(X)®M, where X={1,2, - - -, o} and M is the hyperfinite
factor of type II,.
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