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MONOTONE AND COMONOTONE APPROXIMATION

E. PASSOW AND L. RAYMON

ABSTRACT. Jackson type theorems are obtained for monotone
and comonotone approximation. Namely

(i) If f(x) is a function such that the kth difference of f is =0
on [a, b] then the degree of approximation of f by nth degree poly-
nomials with kth derivative 20 is O[w(f; 1/n'-%)] for any >0,
where o(f; d) is the modulus of continuity of f on [a, 5.

(i) If f(x) is piecewise monotone on [a, b] then the degree of
approximation of f by nth degree polynomials corionotone with f
is O[w(f; 1/n*-%)] for any £>0.

The degree of approximation of a real function f € C[a, b] by a space
of functions £ is

E(f; ) =inf | f — P|,
Pe?

where the norm is the ordinary sup norm. Jackson’s classic theorem states
that the degree of approximation of a function f e Cla, b] by the space
2, of algebraic polynomials of degree <n satisfies

(1) E(f; gn) = En(f) é Cw(f; 1/”)’

where C>0 is a constant not depending on » or f, and w(f; d) is the
modulus of continuity of f. It is natural to ask to what extent the degree
of approximation to f'is affected by replacing the space of approximating
functions £, by another (restricted) space Z#,<Z,. In this article we
address ourselves to two related questions of this type, (A) monotone
approximation and (B) comonotone approximation.

(A) Monotone approximation. How closely can one approximate a
monotone function f on [a, b] by a polynomial that is monotone on [a, b]?
Le., what is the degree of approximation of f by the space of polynomials
of degree =<n that are monotone on [a, b]? More generally, if £,
denotes the space of polynomials P of degree <n satisfying P**’(x)=0
on [a, b], then what is the degree of approximation E(f; P, )=E, (f)
where f(x) is a function whose kth difference A*f is always =0 on [a, b]?
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These questions were first raised by Shisha in [S], where he proved that
if f*(x)=0 and ‘" (x) € Lip 1, where 1<k=p, then

2 -1
Eual) = Caldy™6 = ay®i [ [T+ 1= )]

® c =k

< .k

= (n— p)p—k+1 '
Roulier [4] has obtained results that represent some improvement over
Shisha’s in certain cases where k=p=2. If f is not assumed to be in
Cr for any p21, the question of an estimate on the order of magnitude of
E, . remains. For the case k=1, Lorentz and Zeller [1] have obtained a
very satisfying result. They have shown that for a monotone function f

E,(f) = Olw(f; 1/n)].

This is the same order of magnitude as that given by Jackson’s theorem
for “‘unrestricted” approximation (1). In Theorem 3 we are able to show
that if the kth difference A*f of fis =0, then for every ¢>0

E, «(f) = o[w(f; 1/n*=%)].

(B) Comonotone approximation. f will be called piecewise monotone
if it has only a finite number of local maxima and minima in [a, b].
The local maxima and minima of fin [a, b] together with the endpoints
a, b will be referred to as the peaks of f. If g is nondecreasing on the sub-
intervals of [a, b] on which f is nondecreasing, and nonincreasing on
those subintervals on which f'is nonincreasing, then g is said to be comono-
tone with f. Given a piecewise monotone function f(x) let Z,(f) denote
the space of all polynomials of degree =r that are comonotone with f
on [a, b]; let Ex(f) denote the comonotone degree of approximation
of f; ie.,

EX(f) = ElLf: 5L

By Jackson’s theorem E,(f)=O0[w(f; 1/n)]. What is the order of magni-
tude of Ex(f)? Newman, Passow and Raymon [2] have obtained results
of a modified nature. They have shown that for n sufficiently large there
is P e £, such that || f—P||<Cw(f; 1/n) where f and P are comonotone
except in certain neighborhoods (whose diameters tend to zero with n)
of the peaks. Also, Passow and Raymon have obtained an estimate for
““perfectly” comonotone approximation for functions in C? [3]: If f(x)
has k peaks and f € C?[a, b] with p>k and with f® € Lip 1[a, b], then

3) ENf) = (b — a)**(C[ny>™
whenever n>2p, where C is independent of n, p, f and k.
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Let S be a set of functions. We shall use the following notation:

E%(S) = sup E7(f).
1eS
Theorem 1 relates the comonotone degree of approximation Ex(f) of an
arbitrary function f to E;(S) where S is a class of functions satisfying
certain smoothness conditions. Theorem 2 is proved easily from (3) and
Theorem 1.

THEOREM 1. Let S? denote the set of functions g in C®[a, b] such
that g'* is a contraction on [a, b] (i.e., o(g'®; 8)<0 for all 6>0). Let
a=xy<x,<* " <x,=b be the peaks of a piecewise monotone function
f(x) on [a,b]; let 6=} min;<;ci|x;—x;4|. Let A=A,=[Ex(S?]VHV.
Then

EN(f) £ P27 o(f; 4,)
whenever pA,<é.

| ProoF. Let f*(x) be defined on [a, b+pA] as follows:

Frx) =fx), xSxSx +phi=1,2-k
= f(x), for all other x.

[*(x)is comonotone with f(x) on [a, b]. In addition, the monotonicity
of f*(x) on [x,_,, x;] extends to [x,_,, x;+pA], i=1,2, -+, k. From the
definition of f*(x) and by the sublinear property of the modulus of con-
tinuity we deduce

“ o(f*; 1) = o(f; pA) = po(f; 1),

and

(5) If=f*I = o(f; pA) = po(f; 4).
Le

t
1 Z+A [lo+i [lp-1+4 t1+4
g(x) = pros L J; ] L-l s ft fX@) dedry dt, - - - dt,.

1

We shall show that f and g are comonotone. If f(x) is nondecreasing
on [x,,,x;], then f*(x) is nondecreasing on [x, ;,x;+pi] and
g1(x)=[%* f*(t)dt is nondecreasing on [x,_;, x;+(p—1)A]; go(x)=
Jat* f@+ f* (1) dr dt, is nondecreasing on [x,_y, x,+(p—2)A]; Iterating the
procedure p times, we conclude that g(x) is nondecreasing on [x,_;, x,].
Similarly, if f(x) is nonincreasing on [x,_,, x,], then g(x) is nonincreasing
on the same interval, and g(x) is comonotone with f(x).

Applying the Fundamental Theorem of Calculus p times to g(x) we
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conclude that
1 D (p z+(p—ji+1)A
Px) = — —1’( )f *(f) dt.
g 1”*1,20( ) Jj/ Jet(p=-i1a 7o

Then, since /* is continuous except at a finite number of points,

(p+1) < _Z_ * nN< pzp )
g7 = TR e(" D = Sr el D, by (4)

Hence A?+g(x)/p2?w(f; 1) € S*. Then there is some polynomial Q(x) e
Zx(f) such that

127+ 1g(x)/p2°0(f; ) — Q(x)|| < EX(S®) = A**.
Then, if P(x)=p2?w(f; A)Q(x)/A**, P € Zx(f) and

(6) lg(x) — P(x)|| = p27w(f; 4).
Also

1 z+A [lo+A t1+4
ie=r=| o [ [T - rrenaan -,

*. z+4 [Pto+A t1+2
(7) <9(f—’p)')f f ...f dtdtl"‘dt,
x tp t1

= praz
= o(f; p°2) = pPPo(f; 3).
Now, from (5), (6) and (7), we have
EXf)SIf—PI=If=f* I+ 1f*—¢gl+1lg— Pl
S (p+ ' + p2)o(f; 1) = p27Po(f; A),

and the proof is complete.

THEOREM 2. If f(x) is a piecewise monotone function on [a, b], then
Jor any €>0 there is some constant b, ,>0 such that for n sufficiently
large EX(f) by .o(f; 1/n*7); i.e.,

E5(f) = o[w(f; 1/n'79)].

PrOOF.  Suppose f(x) has k peaks. By (3), Ex(S?)=(b—a)*1(C/n)»—*2
whenever n>2p. If p is chosen so large that (p—k—1)/(p+1)>1—¢,

then A,=[E}(S?)]Y**V=0(1/n-*), and Theorem 2 then follows from
Theorem 1.

THEOREM 3. If f(x) is a function such that for all x the kth difference
Akf(x)20 on [a, b, then for any ¢>0 there is some constant d, >0 such
that for n sufficiently large

Eni(f) S dpso(f: Un=); i, Ena(f) = olo(f; 1n=9)].
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PrROOF. Let
et z+A (Cto+k+A tp+k-1+). 1+
g(x)—l/l’*"'f f, .(, | fardn -y,
p+k p+k—1

where p and 1>0 will be specified later. Then

®) lg =fl Swlfsi(p+k+ DA = (p+k + Do(f; ).
Applying the Fundamental Theorem of Calculus to g(x) & times,

) e = - J w J o+h f“*‘A"f(t) dtdt, - - dt,,

Aﬁl

Since the integrand in (9) is assumed nonnegative, g'*'(x)=0. Moreover,
|g @+ (x)| S 27+ (f; A)/AP+++, Hence if h(x)=Ar+Hg(x)[22o(f; A),
then h(x) € S***; then by Shisha’s theorem (2) there is a polynomial
0(x) € 2, ; such that

E,x(h) = |h — Q| = Cpu/(n — p)r*L.
Therefore, letting P(x)=27"*w(f; A)Q(x)/A?**+, P e £, , and

(10) lg = Pll = C,.2" (f; D[22+ (n — py*.
Hence, by (8) and (10),

If=Pl=If—gl +lg— Pl
< o(fs Dlp + k + 1 + C, 27 /(n — p)r+iap+e],

Choose p so large that (p+1)/(p+k+1)>1—e¢, and then choose
l=(n_P)-(D+1)/(P+Hl). Then

If = Pl = dp..o(f;1/n*™%) and  E,ix(f) = olw(f; 1/n*~9)]. Q.E.D.
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