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EXTENSIONS OF THE INDEX IN FACTORS
OF TYPE II,

MICHAEL GARTENBERG

ABSTRACT. In this paper we show that the analytic index has no
continuous extension to those operators in a factor of type Il
on a separable Hilbert space which are not semi-Fredholm in the
Breuer sense. A similar result has already been proved by Coburn
and Lebow [3] for factors of type I,. Here we use Breuer’s genera-
lized Fredholm theory to extend their result to the more general
setting.

1. Definitions and preliminaries. As usual, () denotes the algebra
of all bounded operators on the separable Hilbert space 5#°. A %-subalgebra
of #(H) that is closed in the weak operator topology is called a von
Neumann algebra. If the center of 7 consists precisely of scalar multiples
of the identity, then &/ is called a factor. For E, F in (&), the set of all
projection operations in o/, we writt ESF<>EF=E. The equivalence
relation ~on (&) isdefined by E~F if and only if there is a partially
isometric operator U in &/ such that E=U*U and F=UU*. Finally,
an order relation < on 2(&/) is given by ESF if and only if there is an
F’ in #(&) such that E~F'<F.

A projection operator E is said to be finite if it is not equivalent to
any F e #() where FSE and F#E. Otherwise, E is said to be infinite.
If the identity of a von Neumann algebra &/ is a finite (infinite) projection,
then & is called finite (infinite).

We follow Breuer’s generalization of the concepts of compact and Fred-
holm operators to a von Neumann algebra /. For B € &/

Ny = sup{E € #(): BE = 0}
and
Ry = inf{Ee€ P(¥):EB = B}

are called the null projection and range projection of B, respectively.
We call B finite if Ry is a finite projection. If ¢ is the norm closure of the

Received by the editors January 29, 1973 and, in revised form, May 9, 1973.
AMS (MOS) subject classifications (1970). Primary 46L10; Secondary 47BO0S,
47B30.
Key words and phrases. Index of a semi-Fredholm operator, von Neumann algebra,
factor of type .
(© American Mathematical Society 1974

163



164 MICHAEL GARTENBERG [March

set of finite elements of &7, then £ is a closed two-sided ideal in 7. The
elements of ¢~ are said to be compact relative to 7.

DerINITION. Let &/ be a factor. An operator Be & is said to be
Fredholm relative to &7 if

(i) Ngis a finite projection, and

(ii) there is a finite projection E in &/ such that the range of /—E is
contained in the range of B.

Let # (&) be the set of Fredholm elements relative to a factor .7, and
let Dim denote some fixed relative dimension function on &7 [6]. It
follows from the definitions that if B is Fredholm relative to &/ then
Dim Ny and Dim Ng. are both finite. We can thus define the index, i,
of a Fredholm element B relative to &7 by

The classical Fredholm theory is generalized by Breuer to compact and
Fredholm operators relative to a factor. Specifically, if </ is an infinite
factor, then B € & is Fredholm relative to & if and only if «(B) is inver-
tible in &7/ ; for A, Be % (), i(4)=i(B) if and only if 4 and B lie
in the same connected component of & (/) [2].

Let (LX), L (L [H) and #(|X") denote the open semigroups of
invertible, left (but not right), and right (but not left) invertible elements
of &/ |A, respectively. The elements of

S =1 NG(A|A) 7 (R(A[A)) Y 7 H(L(L]|X))

are called semi-Fredholm relative to 7, and the notation H(%) and
H(n(¥)) is used to denote the set of connected components of % and
w(&), respectively.

We shall use the following in the proof of our main result.

PRrOPOSITION 1. The map w:H(S)—>H(n(¥)) defined by =n:€—
w(€) for € in H(S) is an isomorphism.

Proor. [3].
Essential in what follows is the notion of a cross section. Suppose f'is
a continuous mapping of X onto Y, where X and Y are Banach spaces.
A continuous map s:Y—X is a continuous cross section of f if
S(s(»))=yforally € Y. A consequence of the theorem of Bartle and Graves
[1] is that if 7 is the projection of ./ onto 27/, then = has a continuous
cross section. An immediate result of this is the following.

THEOREM 1. Let € be a component of H(9 (4 |X")). Then Cl(n~1(%))=
7(F).
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PROOF. Since #1(%) is a closed set _containing 7X(%), Cl(==(¥))<

7~1(%). On the other hand, if x € (%), then n(x) € %. Suppose {y,}
in € is such that y,—m(x). If s is a continuous cross section of s, then
5(yn)—>s(7(x))=x+k for some k € . But then, s(y,)—k—x, and s(y,)=
k € n~Y(%). Hence, x € Cl(n—1(%)), and 71(€)=Cl(z~X(%)).

DEFINITION. A factor .7 is said to be of type Il if the range of Dim
on #(&) is the interval [0, co].

2. Main results. In the following, we denote by r(4) the closure of
the range of the operator 4. We use the same notation to indicate a
closed subspace of 5 and the orthogonal projection on this subspace.

We need the following result of Feldman and Kadison:

PROPOSITION 2. If &/ is a factor on a separable Hilbert space, then
CU% (L)) consists of those A €  such that for every ¢>0 there is a
projection E € &/ containing the null projection of A with |AE| <e and
E~# or(A(I-E)).

Proor. [5].

Feldman and Kadison proceed to prove that if o/ =%(#") then 4 ¢
Cl(%()) if and only if 4 is the product of a regular operator and a par-
tially isometric operator between subspaces of unequal codimension.
For factors of type II,, we get the following modified result.

THEOREM 2. If &/ is a factor of type 11, on a separable Hilbert space,
andif A €  is such that A ¢ CI(9 (), then A is the product of a Fredholm
operator relative to S of index zero and a partial isometry between sub-
spaces of unequal relative codimension.

PrOOF. Suppose that 4 ¢ CI(% (%)), and let N be the null projection of
A. We have that Dim N#Dim s#0r(A4), for otherwise, N~ or(A4),
and choosing N as the E of Proposition 2, 4 € CI(9(%/)). We can assume
that Dim N<Dim s# or(4), for, if not, we can deal with 4* since
N=s#or(4*), and N ,.=#0r(A). Hence, Dim N<oo, and N is a
finite projection. '

If A=U(A*A4)"2 is the polar factorization of 4 [4], then U is a partial
isometry mapping r[(4*A4)/?]=r(A*A)=#ON onto r(4). Thus, the
relative codimensions of the initial and final spaces of U are unequal. It
remains to be shown that T=(A4*A4)"2 is a Fredholm operator relative
to & of index zero.

Since N=Nj has finite relative dimension, it suffices to show that there
exists a finite projection E such that the range of /—E is contained in the
range of 7. Since 4 ¢ CI(%(7)), there exists, by Proposition 2, a constant
k>0 such that if E is a projection in &/ with |[AE||=k, then E is not



166 MICHAEL GARTENBERG [March

equivalent to #°Or[A(I—E)]. If E is the spectral projection for T cor-
responding to the interval [0, k], then E € &/ [4], and |[AE||=|UTE|=
|U|l | TE|| =k. Since the subspace E contains Ny [2], E is not equivalent
to S er[A(I—E)]. We claim that E is a finite projection. Assume that E
is infinite. Since T(/—E)=k(I—E), the operator T maps the space /I—E
onto itself. Furthermore, we have that

rlU(I — E)] = r[UT{I — E)] = r[A( — E)].

But if E is infinite and N finite, the space r[U(E— N)] is infinite. Since N
is contained in E, I—F is orthogonal to E— N, and because U is an isom-
etry on £ ON, r[U(E—N)] is also orthogonal to r[U(/—E)]. Hence,
Hor[UI—E)]=x#0cr[A(I—E)] is infinite. Since S is separable, it
follows that E is equivalent to J#Or[4(I—E)], which is impossible.
Hence, E is finite. We also have that r(I—E)<r(T) [2]. Therefore, T is
Fredholm relative to &7, and since T is positive, its index is zero.

COROLLARY 1. If A€ satisfies the hypothesis of the theorem,
then A is semi-Fredholm relative to < with i(A)#0.

PrOOF. By the theorem, A is the product of a partial isometry U
between subspaces of unequal relative codimension and a Fredholm
operator relative to .27 of index zero. Since J# is separable, one of these
subspaces has finite relative codimension. Therefore, U is semi-Fredholm
relative to &/ with i(U)#0, and the same must be true for A4.

Let & be the set of semi-Fredholm operators in a factor &/ of type II,
on a separable Hilbert space. Noting for A4 € n71(L(/|X")) (resp.
7 YR (LX) that Dim Ny<oo (resp. Dim N <oo) [2], we write
F =YL (LK) and F _ =7 A(L[X)). Thus, the components
of & are the sets of semi-Fredholm operators &%, for each fixed «
(—oo=a=00). We use the notation

Fe= U{FpBto,—o=<p= o)
The following is our main result.

THEOREM 3. The uniform closure of &, in a factor s/ of type 11, on
a separable Hilbert space is the complement of & * in /.

Proor. It must be shown that
F,=A —F°, —w=aZ oo

But # <, —%*, and &/ —F“ is closed. Thus, &,< o/ —%°. We prove
the reverse inclusion.
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We treat first the case a=0. If 4 € (), then A4 is Fredholm relative
to & of index zero. Hence, ¥(&)=%,, and Cl(¥9())<F,. By Corol-
lary 1, the complement of CI(%(%/)) in /-consists of those operators
of &/ that are semi-Fredholm relative to & of index other than zero.
Thus, &/ —Cl(%(K)<F°, so that & —F°cCl(¥(H¥)<F, and
oA —F°=F,, proving the theorem for a=0.

Let ¢, denote the component of the identity in ¥(&//X"), and let ¥
be an element of H(9(Z/X)). Since ¥=g¥%, for some ge 4 (L|X),
and since multiplication by g is a homeomorphism, ¥=g%,. By Theorem
1, Cl(z~1(¥))=n"X%) for each ¥ in H(Y(/|X’)). Therefore, by Propo-
sition 1,

570 < 7"'_1(?1) = "_l(gl) co —F° = jo,

and since 71(%,) is closed, 7~1(%,)=%F,. It follows that

G =9, V(LA —(GUVEL UR),
and
29, =€ =89,V (AIH —(F VL UR)
=FV(AIHA —(GVEL U R).

Thus by Theorem 1,
Fo=mE) = m'@) = A — F,

=
which is the desired result.

CorOLLARY 2. If &/ is a factor of type 11, on a separable Hilbert
space, then the Breuer index has no continuous extension to s — .

Proor. If 4 € &/ —& then each neighborhood of 4 contains Fredholm
operators relative to &/ of every index.

Consider the C*-algebra &7/ . If s is a continuous cross section of
[ into &, and if i is the Breuer index on.#, then i'=i o 5 is an index
on LA . If x¢ G(|X), then s(x) € &/ —F. Hence, every neigh-
borhood of s(x) contains Fredholm operators relative to 2/ of every finite
index. By the continuity of =, x=m(s(x)) contains invertibles of /¢  of
every finite index. We have proved the following.

THEOREM 4. If i’ is the index on 4 (s |X") induced by the Breuer index
on &, then i’ has no continuous extension to A | X —G (AL [X).
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