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A TYCHONOFF ALMOST REALCOMPACTIFICATION
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ABSTRACT. Let X be a Tychonoff topological space. A Tychonoff
almost realcompact space aX is constructed that contains X as a
dense subspace and has the property that if f: X—Y is continuous
and Y'is Tychonoff and almost realcompact, then fcan be extended
continuously to aX. Several characterizations of aX are given, and
the relationships between aX, the Hewitt realcompactification vX,
and the minimal c-realcompactification uX are investigated. Prop-
erties of the projective covers of these spaces, and their relation to
vE(X) (E(X) denotes the projective cover of X), are discussed.

1. Introduction. In [3], Frolik calls a Hausdorff topological space X
almost realcompact if, given any ultrafilter % of open subsets of X such
that () ,cn clx U,7# @ for each countable subfamily (U,),.y of %, then
N {clx U:U e %} . Frolik proved that the topological product of an
arbitrary family of almost realcompact spaces is almost realcompact,
and that a closed subspace of a regular almost realcompact space is almost
realcompact. It follows from these results (and a theorem of Herrlich and
van der Slot [7]) that corresponding to each Tychonoff space X there
exists an almost realcompact space aX with the following properties:
X< aX< BX (the Stone-Cech compactification of X), and if fis a continuous
function from X into any Tychonoff almost realcompact space Y, then f
can be continuously extended to a function f*:aX— Y. In §2 we obtain a
characterization of aX and discuss some of its properties. In §3 we discuss
the relationship between aX and the c-realcompactification uX of X
(see [2]), and consider the properties of the projective covers of these
spaces. Finally, a comparison is made between aX and the Liu-Strecker
almost realcompactification pX that lies between X and its Katétov
H-closed extension (see [8]). The notation and terminology of [4] are used
throughout.

Received by the editors March 19, 1973.

AMS (MOS) subject classifications (1970). Primary 54D99; Secondary 54D60,
54GO0S.

Key words and phrases. Almost realcompactification, Tychonoff space, projective
cover, c-realcompactification.

! This research was partially supported by a grant from the National Research

Council of Canada.
(© American Mathematical Society 1974

200



A TYCHONOFF ALMOST REALCOMPACTIFICATION 201

A subset 4 of a topological space X is regular closed if A=cly(intx A4).
The family Z(X) of all regular closed subsets of X is a complete Boolean
algebra under the following operations:

(1) ASBiff A= B,

(2) Va Aa=CIX[Ua Aa]’

(3) /\a A¢=CIX intX [na Aa]:

(4) A'=cly(X—A).

It is immediate that Tychonoff almost realcompact spaces can be charac-
terized as follows:

1.1 THEOREM. A Tychonoff space X is almost realcompact if and only if
each ultrafilter on #(X) with the countable intersection property (C.I.P.)
has nonempty intersection.

To conclude our introductory remarks, we briefly describe the projective
cover, or absolute, of a Tychonoff space. A more detailed discussion
may be found in [11]. Recall that a Hausdorff space is extremally dis-
connected if each of its open subsets has an open closure. If X is a Tycho-
noff space, then the Stone space E(6X) of the Boolean algebra Z(fX)is a
compact extremally disconnected Hausdorff space whose points are
ultrafilters on Z(8X). If A € Z(BX), let A(A)={« € E(BX):A4 € «}; then
the map 4—A(4) is a Boolean algebra isomorphism from Z(8X) onto the
Boolean algebra of open-and-closed subsets of E(fX). Define k: E(8X)—£X
as follows: if « € E(BX), put k(«)={") {4:4 € «}. Then (see [5]) k is a well-
defined continuous function from E(8X) onto BX, k is irreducible (i.e.
proper closed subsets of E(fX) are mapped onto proper closed subsets
of BX by k), and k[A(A4)]=A for each 4 € Z(BX). Now k—[X] is a dense,
extremally disconnected, C*-embedded subspace of E(SX), and the
restriction k x of k to k~[X] is a perfect irreducible map from k~[X] onto
X. The space k~[X] can thus be identified with the projective cover E(X)
of X (in the category of Tychonoff spaces and perfect maps) discussed
by Strauss in [10]. Evidently E(SX)=pE(X), and if X< T< X, then
k[T]=E(T).

2. The construction of aX. The following result of Herrlich and
van der Slot appears as a corollary of Theorem 1 of [7].

2.1 THEOREM. Let & be a topological property (of Tychonoff spaces)
with the following properties:

(@) If each member of a family & of topological spaces has P, then the
product space [ | {F:F € %} has 2.

(b) If X has & and S is a closed subspace of X, then S has 2.

(c) Compact spaces have 2.
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Then for each Tychonoff space X there exists a “‘maximal P-extension™ of
X, denoted by yX, with the following properties:

(1) yX is a Tychonoff space containing a dense copy of X.

(2) yX has 2.

(3) If Y is a Tychonoff space with & and if f:X—Y is continuous, then
f can be continuously extended to a function f:yX—Y.

(4) If 7X is another space satisfying (1)-(3), there is a homeomorphism
from yX onto X that fixes X pointwise.

(5) vX can be identified with the intersection of all subspaces of BX that
contain X and have 2.

As an immediate consequence of the above theorem, we derive the
following result.

2.2 THEOREM. Corresponding to each Tychonoff space X there exists a
Tychonoff almost realcompact space aX with the following properties:

(1) X<aX<pX.

(2) If f is a continuous function from X to a Tychonoff almost realcom-
pact space Y, then f has a continuous extension f° that maps aX into Y.

In fact aX is the intersection of all the almost realcompact subspaces of BX
that contain X, and [ is the restriction to aX of the Stone extension f* of
f that maps BX into Y.

Proor Let &£ be the topological property “almost realcompact and
Tychonoff”. Theorem 7 of [3] says that condition (a) of 2.1 is fulfilled
for this &, while Theorem 5 of [3] says that condition (b) of 2.1 is ful-
filled. As each compact space obviously is almost realcompact, claims
(1) and (2) above immediately follow from 2.1. Since /*|aX and f* both
map aX into 8Y and agree on X, they are equal. []

Theorem 2.2 tells us that aX exists and that X<aX< fX; it does not
tell us which points of fX—X will be found in aX. As an analogy, the
Hewitt realcompactification vX of X consists of those points p of fX such
that the z-ultrafilter on X that converges to p has C.I.P. We wish to
derive a similar characterization of aX. We begin with some technical
lemmas. The first is a well-known result that fcllows easily from 8.7 of

[4].

2.3 THEOREM. Let X be a Tychonoff space. Then vX={p € fX: each
G;-set of BX that contains p meets X }.

Let X be a Tychonoff space. An ultrafilter .2/ on Z(X) is said to converge
to a point p € BX if {p}= {clyx A:4 € &/}. Evidently &7 converges to
p if and only if k(«)=p, where k: E(8X)—fX is the map defined in §1 and
a={clyx A:A4 € &}. Let a,X denote the set {p € BX: there exists an ultra-
filter & on Z(X) with C.I.P. that converges to p}. If n is a positive



1974] A TYCHONOFF ALMOST REALCOMPACTIFICATION 203

integer greater than 1, we define a,X inductively as follows: a,X=
1 (an—lX )
We shall need the following result, which appears as 2.18 of [12].

2.4 LeMMA. Let X be a Tychonoff space. Then
VE(X)={a € E(fX):{d N X:A4 € o} has C.LP.}.

2.5 LeMMA. Let X be a Tychonoff space. Let k:E(BX)—>fX be the
canonical map defined in §1. Then k[vE(X)]=a,X.

Proor. Let a €vE(X). Then {ANX:4 €a} has CILP. by 2.4, and
converges to k(x). Hence k()€ a,X. Conversely, if p€a,X, find an
ultrafilter & on #(X) such that & has C.I.P. and &/ converges to p. Put
a={clyx A:A €} Then A={ANX:Aca}, so aevE(X) by 2.4.
Evidently k(x)=p, so p € k[vE(X)]. The lemma follows. [

We shall need the following result which appears, among other places,
as Theorem 1.7 of [1].

2.6 THEOREM. The Tychonoff space X is almost realcompact if and only
if E(X) is realcompact.

We need one more technical lemma, which perhaps is of independent
interest.

2.7 LEMMA. Let X be a Tychonoff space, and let (T,),.y be a countable
family of realcompact spaces such that X< T, < X for each n € N. Then
Unen T, is realcompact.

ProOF. Put Y=J,v T, As X< Y<=pBX, it follows that fY=pFX
(see 6.7 of [4]). Hence to show that Y is realcompact, it suffices to show
that if p € BX— Y, then there is a G,-set of fX containing p and disjoint
from Y. But if p € BX— Y, then p € fX—T, for each n € N, so as T,=
BX (since X< T,< BX), there exists a G5-set G,, of fX suchthat p € G, and
G,NT,=@. Put G=(,y G,. Then G is a Gsset of fX containing p
and disjoint from Y. Hence Y is realcompact. []

2.8 THEOREM. Let X be a Tychonoff space. Then aX=\ .y a,X.

Proor. Repeated use of Lemma 2.5 shows that k[vE(a,X)]=a,,X
and vE(e,X)< E(a,,X)=vE(a,,,X) for each n € N. Thus

E( U anX) = k"[ U anX:l =nng(a,,X) =”gva(anX).

neN neN

By Lemma 2.7, U,y vE(a,X) is realcompact. Hence by 2.6, U ey @,X
is almost realcompact. Hence aX< | en a,X.
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Each realcompact space is almost realcompact (see Theorem 10 of [3]),
and each almost realcompact extremally disconnected space is real-
compact (see Theorem 1.2 of [1]). Hence aE(X)=vE(X). But the ektension
of the mapping kx:E(X)—X to aE(X) maps aE(X) into aX (see 2.2);
hence by 2.5 g, X<aX. It then follows from 2.2 that a(a,X)=aX. A
repetition of this argument shows that a,X< aX for each n € N. Hence
Uney @, X< aX, and so J .y a,X=aX. O

It is natural to conjecture that aX=a,X for any Tychonoff space X. I
have been unable either to prove this conjecture or find a counterexample
to it. More generally, it is possible that for each Tychonoff space X,
aX=a,X for some positive integer n (perhaps depending on X). It is
evident that if @, X is almost realcompact for some n € N, then g,X=a,X
for each k=n.

We now consider some of the properties of aX. Note that since each
realcompact space is almost realcompact, aX< vX for each Tychonoff
space X.

2.9 THEOREM. Let X be a Tychonoff space. Then:

(i) vX is not locally compact at any part of vX—a,X.
(ii) fX—vX is dense in fX—aX.
(iii) If vX is locally compact then a,X=aX=vX.

ProOF. (1) In Theorem 2.8 of [12] it is shown that E(BX)— E(vX) is
dense in E(X)—vE(X). Applying the map k, and noting that X —a, X<
k[E(BX)—vE(X)], we conclude that fX—vX is dense in fX—a,X. Thus
clpx (BX—vX)=clpx(BX—a,X). But BX—clyx(BX—vX)={pevX:ivX is
locally compact at p} (see 1.10 of [11]). Hence (i) follows. Statement (ii)
now follows from the fact that fX—vX< fX—aX< fX—a, X, and state-
ment (iii) follows immediately from statement (i). [

Some attention has been devoted to finding conditions on a pair of
Tychonoff spaces X and Y that are equivalent to the truth of the equation
v(XX Y)=vXxvY. A general solution of this problem has not been
obtained. The following result relates this question to the corresponding
question about almost realcompactifications.

2.10 THEOREM. Let X and Y be Tychonoff spaces. If v(XxY)=
vX XY, then a(XX Y)=aX xaY.

Proor. In general X X Y<a(X x Y)<Sv(X x Y). Since vX x vY=
v(XX Y)S B(XxY),it follows that aXxaY is an almost realcompact
subspace of B(Xx Y) that contains X'x Y. Hence a(Xx Y)SaXxaY,
so both XxaY and a(X x Y)are contained inaXxaY.If (p,q) € Xxa¥—
a(XxY), then since {p}xaY and a(Xx Y) are almost realcompact sub-
spaces of the regular almost realcompact space aXxa?, it follows that
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their intersection is almost realcompact (see Theorem 7 of [3]; note that
regularity is needed). Thus [{p} xaY]N[a(X x Y)] is almost realcompact
and is properly contained in {p}x aY while containing {p}x Y. This isa
contradiction, so it follows that XxaY< a(X'x Y); evidently a(Xx aY)=
a(Xx Y). A repetition of this argument (with aX'xaY inplace of X x aY’)
yields that aXxaY< a(Xx Y). Hence aXxaY=a(Xx Y). []

3. Almost realcompactifications and c-realcompactifications. A Tycho-
noff space X is said to be c-realcompact if for each point p € fX—X there
exists a normal lower semicontinuous function f on SX (see [9]) such
that f(p)=0 and f'is positive on X. Dykes defined c-realcompact spaces in
[2]; they are discussed in some detail in [6]. The following result may be
found in 1.1 and 2.5 of [6].

3.1 THEOREM. Let X be a Tychonoff space. Let uX={p € fX: each
ultrafilter on Z(X) that converges to p has C.I.P.}. Then:

(1) uX is the smallest c-realcompact space between X and fX.

(2) X is c-realcompact if and only if given p € PX—X, there exists a
decreasing  sequence (A,),.xS Z(BX) such that pe(\nev A, and
mneA\' An(\",=g .

The space uX is called the c-realcompactification of X.

It is proved in 3.3 of [2] that each almost realcompact space is c-real-
compact. Hence if X is a Tychonoff space, then XcuX<aX<vX. The
relationship between uX and aX is clarified in the following.

3.2 LEMMA. Let X be a Tychonoff space. Then:

(a) aX is the smallest space T between X and BX such that E(T) is real-
compact. In particular, vE(X) < E(aX).

(b) uX is the largest space T between X and X such that E(T)S vE(X).

Proor. Recall that X< T< X iff E(X)< E(T)< E(BX)=pE(X). Part
(a) now follows from 2.2 and 2.6.

Let o € E(uX). Then o is an ultrafilter on #(8X) such that {4NX:
A € «} converges to k(«) € uX. Thus {ANX:A4 € o} has C.I.P., and so
a € vE(X) by 2.4. Hence E(uX)<vE(X). Conversely, if p € fX—uX, there
is an ultrafilter « on Z(8X) such that {4 NX: A € o} converges to p but does
not have C.I.P. Hence « ¢ vE(X)so k=~ (p)—vE(X)# @ . Hence (b) holds.

3.3 THEOREM. The following conditions on a Tychonoff space X are
equivalent :

(a) vE(X)=E(T) for some T such that X< T< fX.

(b) vE(X)=E(aX).

(c) uX=aX.

(d) uX=aX.
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PrOOF. (a)=-(b): If vE(X)=E(T) for some T such that X< T< X,
then E(T) is realcompact so T is almost realcompact. Hence aX< T.
But by 3.2(a), vE(X)< E(aX), so T< aX. Hence T=aX.

(b)=>(c): Evidently E(aX)< vE(X)so, by 3.2(b),aX< uX. Hence aX=uX.

(c)=>(d): In general uX< g, X< aX, so if uX=aX then uX=a,X.

(d)=-(a): By 2.5, k[vE(X)]=a,X so vE(X)< E(a;X). Thus E(uX)<
vE(X)S E(a,X)=E@uX)so vE(X)=EuX). O

An example of a Tychonoff space X such that uXaX can be found in
the example on pp. 240-241 of [9]. It is constructed as follows: let T
be the Tychonoff plank (see 8.20 of [4]), let A=W*x{w} and B=
{w,}x N* denote, respectively, the top and right edge of T*. Let X*
denote the space obtained from T*x N by identifying 4 x {2n—1} with
A x {2n}and identifying B x {2n} with B x {2n+1}. Let ¢ denote the corner
point (w;, w, n) of X*, and put X=X*—{r}. Mack and Johnson show in
[9] that X*=vX and that X is not weak cb (see §3 of [9]) while X* is
weak cb. In Theorem 1.11 of [6] it is shown that X is weak cb iff uX is
weak cb. Hence X=ulX, i.e. X is c-realcompact.

Let f: T* x N—X* denote the identification map described above. Then
f takes TxN onto X. Obviously T*x N=v(T'xN), so by 2.9(iii),
a(TXN)=T*x N. Hence the extension of f|TxN to T*XN maps
T*x N into aX. But f[T*X N]=X*=vX, so aX=vX7#uX.

We conclude this paper by comparing the Strecker-Liu almost real-
compactification pX of X (see [8]) to aX and uX. Recall that the Katétov
H-closed extension kX of the Hausdorff space X is formed as follows:
Let Y be the family of all open ultrafilters % on X such that

N{lx U: Ve = o,

and let kX=XUY, topologized as follows: open subsets of X remain
open in xX, and if p € Y then {{p}UG:G € p} is a neighbourhood base
at p in «X. Then «X is a Hausdorff space that is a closed subspace of
each Hausdorff space in which it can be embedded (i.e. «X is H-closed),
and if AX is any other H-closed Hausdorff space that contains X as a
dense subspace, then there is a continuous map from «X onto AX that
fixes X pointwise. Let pX=XU{p e Y: N en clx G,# 2 for each count-
able subfamily (G,),.n of p}. Liu and Strecker prove that pX (endowed
with the subspace topology inherited from «X)is an almost realcompact
Hausdorff space with the property that if S is an an almost realcompact
Hausdorff space that contains X as a dense subspace, then pX can be
mapped into S by a continuous function that fixes X pointwise. Thus pX
plays the same role in the class of Hausdorff spaces as aX plays in the
class of Tychonoff spaces.
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The relation between pX, a,X, and aX is described in the following
theorem.

3.4 THEOREM. Let X be a Tychonoff space and let f: kX—fX be the
unique continuous function that is the identity on X. Then:

(1) flpX1=a,X.

(2) pX=f~flpX]if and only if uX=a,X.

Proor. (1) It is easily seen that, if p € kX—X, then

f(p)=NA{cpx U:Uep}

If p e pX—X, then {clx U:U e %} is an ultrafilter on #(X) with C.I.P.
that converges to f(p) € fX. Thus f(p) € a,X. Conversely, if g € a, X, then
find an ultrafilter & on Z(X) with C.I.P. such that &/ converges to g.
Let p={V:Vis open in X and intx A< ¥ for some A € &/}. Then p € pX
and f(p)=gq. Hence f[pX]=a,X.

(2) Assume that pX=f[f[pX]]=f"[a,X]. Let g € a,X and let & be
any ultrafilter on £(X) that converges to ¢. Let p={V: V'is open in X and
inty AV for some A€} Then pexX and f(p)=q. Thus pe
f~la,X]=pX. Hence &/ has C.I.P., and so each ultrafilter on Z£(X) that
converges to g has C.I.P. Hence g € uX and so g, X< uX. But uX<a,X in
general, so uX=a,X. Conversely, if uX=a,X, let p € f~[a,X]=f[uX].
Then the ultrafilter {clx V:V € p} on Z£(X)converges to f(p) € uX. Thus
this ultrafilter has C.I.P., and so p € pX. Thus f~f[pX]=pX. [
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