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AN EXTREMAL PROBLEM FOR POLYNOMIALS
WITH A PRESCRIBED  ZERO

Q.   I.   RAHMAN   AND   FRANK  STENGER1

Abstract. Let !?„,t denote the class of all polynomials p„(z) of

degree at most « in z which satisfy ïanx\,\_ùpn(z)\ = 1, and |/>„(1)| =b,

Q^b<l. Let c£(0, «], and set

Mc> ») =   sup   I    min   \pn(z)\I.

Upper estimates for nb(c, «) are obtained.

Let Udenote the open unit disc in the complex z plane, Fits boundary,

and let ^n-0 denote the class of all polynomials pn(z) of degree at most «

in z, satisfying max2er|/?„(z)| = l and pn(l)=0. The extremal problem in

question is to estimate

fi(c,n) =  sup       min   \pn(z)\ ,
Pneä'n 0\\z\=l-c/n I

where 0<c^«. This problem was mentioned by Professor Paul Erdös

during a lecture at the University of Montreal in July, 1971. He attributed

the problem to G. Halász, of the Mathematical Institute of the Hungarian

Academy of Sciences; Erdös asked if there exists a constant c such that

fi(c, «)= 1 — sn where £„—>-0 as «—>-co.

It is easily seen that no such constant c exists. In fact, if pn e £?n¡a, then

also qneSPn<s, where qn(z)=znpn(\/z), and by S. Bernstein's theorem

[3, p. 45] on the derivative of a polynomial, \q'n(z)\^n for zeT. Hence it

follows that \zn~xq'n(\\z)\-^n for z £ Fand by the maximum principle, also

for all zeU. Replacing z by 1/z we find that

\q'n(z)\ ̂  «Izl""1    forall|z|^l.
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Consequently, /

\qn((l - e/«)"1)! =
/,

(l-c/n)

q'nit) dt

that is,

(1)

= (1 - c\n)-n - 1 = (1 - c/«)-"{l - (1 - c/«)n},

\Vn(\ - c\n)\ = |(1 - c\nYqn((\ - c/n)"1»

^ 1 - (1 - c/n)n -► 1 - e~c   as « — oo.

The inequality (1) provides a negative answer to the question raised by

Erdös and also gives an upper estimate for fi(c, «). However, this estimate

is quite crude. The following theorem, which we shall prove, gives

"essentially" best possible upper estimates for ¡u(c, «).

Theorem 1.    In the above notation,

(2) f¿(c, n)< {1 - (1 - c/n)"}/{l + (1 - c/n)"}    i/0 < c < 1,

and

m        u*^> {(2» - l)c - (2« - c)(l - 1/«)"} -
(3) "(c, zi) < ;-;-    z/ 1 < c < «.

{(2zz - l)c + (2zz - c)(l - 1/«)"}

The right-hand side of (2) is equal to c/2+o(c) as c->-0; moreover, the

polynomial pn(z) = (\ — z")/2 satisfies

min   |Pn(z)| = |pB(l - c/b)| = {1 - (1 - c/„)«}/2 = c/2 + o(c)
|2|=1—c/n

as c->-0. Consequently, the inequality (2) is the best possible in the limit

as c—»-0.

We find from (3) that /i(c, «)^1 —l/ec+o(l/c) as c->oo. We shall show

that the function l/(ec) cannot be replaced by one which approaches

zero more slowly with regards to order, as c->oo. We prove

Theorem 2.   Given

If00,     /        sin2u\
¿>- logl-—r

7T J-oo \ M        /

du

there exists a positive number A (X), depending only on X, such that whenever

c>A(X), then

fi(c, n) > exp(—X/c) > 1 — X/c.

For the proof of Theorem 1 we use two subsidiary results.

Lemma 1 [1, Theorem 4].    Let D be a circular domain in the z-plane,

and S an arbitrary set of points in the w-plane. If the polynomial pn of degree
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« satisfies pn(z) = w e S for all ze D, then for all z e D and all t,e D,

ÍP'nJz)    , ,   s ZPn(z)       „

« «

Lemma 2.   Iff(z) is analytic in U, where it satisfies \f(z)\^l, then for

0^x<2tt and0^rx<r2<l,

(4) f(rxen g (A ~ B)/(A + B)

w/zere

¿ = (1 + r2)(l - rx){\ + |/(V)|},

ß = (1 - r2)(l + rx){\ - \f(r2e**)\}.

Proof of Lemma 2.   It is well known that if f(z) is analytic in U,

where it satisfies |/(z)|_T, then

l/'(*)Í/(l - l/(z)|2) ̂  1/(1 - \z\2)    for all z £ U.
Hence

p (ri/rfr) |/(re")| ^ ^ f"    |/W)1     ^      p   fl>

Jn   1 - |/(reia)|2    r =Jn 1 - |/(re")|2   * =Jrl 1 - r2 '

Now if \f(rxeix)\>\f(r2eu)\, we get

1 + Gx\ j {I + G2\ < (1 + rt\ Hl±J\

1 -Gx)l 11 -G2J - U -r2)l U -r,

where C7J.= |/(ri.eia)|, k=\, 2, which readily gives the desired estimate of

\f(rxeix)\. The inequality (4) is trivially true if \f(rxeicc)\<:\f(r2eia)\.

Proof of Theorem 1.    Let pn e ¿PnS), 0<c^ 1, and let

mm   \pAz)\ = a-
|2| = 1-C/U

We wish to show that

a < {1 - (1 - cfhfW + (1 - c/»)"}-

Without loss of generality we may suppose that pn(z)¿¿0 in {/, and there-

fore

min   \pn(z)\ =   min   |p„(z)| = a.
|z|Sl-c/n \z\=l-c/n

This implies that/z„ maps the circular domain D = {z:|z|^l—c/«} onto a

set 5 which lies in the ring {w:a^|w|<l}. Hence by Lemma 1,

(1 - cln)\p'n(z)\ln < (I -a)\2
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for all |z| = l— c\n, i.e.,

IK((1 - c\n)z)\ < 1(1 - a)n2l(n - c)   for all \z\ = 1.

The same inequality holds for the polynomial zn~1p'n((l—c/n)lz). Using

the maximum modulus principle, we therefore conclude that

|z*_1K((l - c/n)/z)| =~ |(1 - a)n2l(n - c)   for all z e (U U T).

Replacing z by (1 — c\n)\z we obtain

IK(z)l < I{(1 - fl)"7(n - c)}{z/(l - c/zz)}"-1   for all |z| = 1 - c/n.

This implies that

0 = li>„(DI=   P.(l-c/n) + r    KCOdi
*/l—c/n

> fl - i1    |(1 - fl){»2/(« - c)}{r/(l - c/zz)}""1 áí
Jl-c/f!

= a - ¿(I - fl){(l - e/»)"" - 1},

or a<{l-(l-c/«)"}/{l-|-(l-c/«)n}. This establishes the relation (2).

The above proof is valid for 0<c<«; however, for c>l, the estimate

just obtained is not as good as the estimate (3). In order to prove (3) we

apply (4) withf(z) =pn(z), rx=\—c\n where l<c^«, r2=\ — 1/n and a =

a* where \pn(z)\ attains its minimum on the circle {z:|z| = l —1/«} at the

point z=(l-l/«)eia*. We get

•     ,    i m < i    m        i ï 'Ai / (2» - l)c - (2» - c)(l - 1/»)"
min   |p„(z)| ^ |pB((l - c/n)e   )| <- -—-——

Ui-i-c/n (2n — l)c + (2« — c)(l — 1/n)"

which completes the proof of Theorem 1.

Proof of Theorem 2. We consider the nonnegative trigonometric

polynomial

i(0) = (n + l)~2[n(n + 1) - 2{zz cos 6 + (n - l)cos 20 + • • •

+ 2C0S(ZZ - 1)0 + COSM0}]

= j _       1      /sin(w + l)9/2\2

(n+l)2\     sin 0/2     /

of degree « vanishing at 0=0. There exist (see [2, p. 117]) polynomials

pn e 0>nS> such that

(5) \Pn(eie)\2 = t(d).

Amongst the various polynomials pn satisfying (5) there is one (except for

a constant factor of unit modulus) which does not vanish in U. If we
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denote it by/z*, then for r<l and — 7r_-<p<Tr

\p*n(re«>)\ = expJT- flog \P*n(eie)\2 :-— —- dd\.
■TT J-n

\-r2

\\tt J-w '  I — 2r cos(0 — <p) + r

Thus

\p*n((l - c/n)ei")| = exp(In(<p)),

where

In(<p) = ^(cn- ic2) ¡""log \p*n(e™)\2 d6 .
4tt J-w/2 \c2 + (n2 — c«)sm2(0 — \cp)

It can be shown that for O^0^tt/2,

i  */- 2¿»m2      . *      /sin(« + l)ö\2
|/>„(e   )|  = 1 - ;———2 -—-   = (1 + yn)D((n + 1)0)

(n + 1) \     sin a      1

where D(u)= 1-(sin2 u)\u2 and |y„|<5/(n + l)2. Hence

e-irlZ

1Á9) =-j~(cn- |c2) f 2|log 2)((zz + 1)0)|
,,. 47T J-jr/2
(6) dd L,S

ic2 + (n2 - cn)sin2(0 - \<p)

where |ó„|<10/c« if «_3. Since the right-hand side of (6) is decreased

when c2/4 + («2 — c«)sin2(0— <p¡2) is replaced by c2/4 we conclude that

Li?) >--(n-ic) folios D((n + 1)0)| d0 - |«5„|
77C J-jt/2

1   n _ ic r<n

>--M    [log D(u)\ du - \ôn\,
TTC   n   +   1 J-ao

from which the statement of Theorem 2 follows.

With reference to the problem of Halász, it is natural to define a more

general class ^„j of polynomials pn(z) which are of degree at most « in z,

satisfying max2£T|/?n(z)| = l, and \pn(\)\=b where 6 g [0,1), and to

estimate

fib(c, n) =  sup       min   \pn(z)\\
Vnß&n.t  l|z|=l-c/n I

Our proof of Theorem 1 applies with slight modification, to give the

following result.

Theorem 1'.   If pn e ¿Pni, then for 0<c<«,

. 1 - (1 - 2b)(\ - cjnY
mm   |í>b(z)| <-——-—-.

Ul-i-«/« 1 + (1 — c/n)"



1974] AN  EXTREMAL  PROBLEM  FOR   POLYNOMIALS 89

Furthermore, ifc0 e (0, n) is arbitrary, and if c0^c^n, then

s   ^A + {2«fe(c + c0 - ccq/b) - B}(1 - cjn)n
min   p(z) <-

U\=i-c/n A + {2nb(c - c0) + B}(1 - cjn)n

where A = (2n—c0)c, B=(2n—c)c0.

In analogy with the problem of Halász, or the more general case just

considered, let 3F nb denote the class of all polynomials p„(z) of degree

at most « in z which satisfy maxzgT Re/zn(z)=l, and Re pn(\)=b, where

be[0, 1).

Theorem 1".   If pne^nh, then

™ »       < ̂  »<^      1 - (1 - 2fr)(l - cjnT
(7) mm   Re Pn(z) < B(c) =-——-—- .

|*|-i-«/n 1 + (1 — c/n)

Furthermore, for any fixed cx e (0, zz) and for cx^c^n,

min   Rep„(z)

<8) '""7ÍVijfi - g^^ii=&iu+<*—»- $1
l\        (2n - c,)c e + e4// \        (2n - c^c e + e^/i

w/zere /4=5(ex).

Sketch of proof. The inequality (7) can be proved in the same way

as (2). If Re pn(z) attains its minimum on the circle {z:|z| = l— c,/«} at

z = (l—cxln)e"'1, then for cx<c^n, we may apply Lemma 2 with/(z) =

ex\o{pn(z)}—\, rx=\—c¡n, r2=l—cxjn and <x=a1, to get

exp Re{/>„((1 - c¡n)ein) - 1} = (B - C)¡(B + C)
where

B = (2n- C])c[l + exp{Re((l - Cl/«)e">) - 1}],

C = (2zz - c)Cl[l - exp{p„((l - cjny**) - 1}].

The inequality (8) now follows from this, in view of the definition of A,

and since

min   Repn(z) ^ Re/>„((1 - c/«)e"')-
|2| = l-C/7l
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