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ABSTRACT. It is shown that for all nonzero n-component column
vectors o and f over a field F there exists a set I' of n-square matrices
over F of cardinality n*—2n+-2 such that, for each n-square matrix
A over F, Au=a or A"f=fif and only if 1 is a characteristic value
of PA for every PET.

Let F be a field with unit 1, and 4 an n-square matrix over F. If all row
sums of 4 or all row sums of A7 (the transpose of A) are 1, then A4 is a
stochastic matrix. It is obvious that if 4 is stochastic then 1 is a charac-
teristic value of PA for every n-square permutation matrix P. R. A. Brualdi
and H. W. Wielandt [1] proved the converse. In this paper, it is shown as
a corollary to a more general result that the n! permutation matrices can
be replaced by a set of n-square matrices of cardinality n?—2n+-2.

Let F be the set of all nx 1 column vectors over F, and let «, § € F*—
{0}. A set I' of n-square matrices over F is called an («, 8)-set provided
that, for each n-square matrix A over F, Ae=a or AT =4 if and only if 1
is a characteristic value of P4 for every P € I'. An («, §)-set I' is minimal
if no proper subset of I' is an («, B)-set. If =0, then « and § are
orthogonal. Let ¢, be the vector in F* with all components zero, except
component k, which is equal to 1. Denote the vector in F* with all com-
ponents equal to 1 by &. The characterization of stochastic matrices by
Brualdi and Wielandt implies that the set of all n-square permutation
matrices is an (g, &)-set of cardinality n!. We shall show that minimal
(«, p)-sets of cardinality n*—2n+2 can be easily constructed for all
o, f € Fr—{0}.

We first exhibit minimal («, §)-sets for two particular choices of «
and . One of these is a=f=¢,, and the other is a=¢, and f=¢,,.

LemMMA 1. For each positive integer n, the set
q)’n = {8181?} % {818]?' + 8@'8?‘ I iaj = 2, 3, T, n}
of n-square matrices over F is a minimal (¢,, &,)-set.
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PrOOF. Let A=(a;,) be an n-square matrix over F. Since eTe;=1 and
ejTel=0 for j=2,3,---,n,
Ae, = &, = PAe; = ¢ VvPed,,
ATe, = ¢, = (PA)Te, =¢, VPe®,.

Hence, if Ae,=¢, or AT¢;=¢,, then 1 is a characteristic value of PA for
every P e ®,. Now suppose that 1 is a characteristic value of P4 for
every P € @, Since 1 is a characteristic value of &,¢] 4, a,;=1. Since 1 is a
characteristic value of (&,67 +¢,¢7 )4,

det((e,67 + ¢,67)A — 1) = 0, i,j=2,3"",n.
This implies that
(1) det[a“ -1 et ] =0, ih,j= 2,3,---,n.
axn a;; — 1

Therefore, since a,,=1, a,a,,=0, i, j=2,3,---,n. Since a;;=1, this
implies that Ae;=¢, or A" ¢, =¢,. Hence, @, is an (g, &)-set. We now
show that ®,, is minimal. If

A = eel + &6 — 2¢,¢7,

then Ae,=ATe,¢,, and equation (1) holds. This implies that @,—
{sle'f} is not an (g, &)-set. If k, me {2,3,---,n} and

T T T
A=¢gs + &5 + 80,

then Ae, ¢, %A% ¢;, a;; =1, and equation (1) holds except for i=m and
Jj=k. This implies that

®, — {e1ef +&eL), k,m=23,---,n,
is not an (g,, &,)-set. Therefore, @, is a minimal (¢, &,)-set.
LeMMA 2. Let E1”=sls'f+ans';','. For each integer n>1, the set
¥, ={E,,E;, + 8185}
U{Es, + €167, E1, + €6, Eq + 6167 + 867 |i,j=2,3,---,n—1}
of n-square matrices over F is a minimal (e,, €,)-set.

ProOF. Let A=(a;;) be an n-square matrix over F. Then

Ael =¢& :ElnAsl =&, 858?_'_11481 = 0’ la] = 1: 29 L, — la
AT, =&, = (E, A) e, = ¢, (67,1 4)Te, =0, i,j=1,2,--,n—1.
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Hence, if Ae,=¢, or 4T¢,=¢,, then 1 is a characteristic value of PA for
every PeW¥,. Suppose that 1 is a characteristic value of P4 for every
PeV¥,. Since 1 is a characteristic value of E;,4 and (E,,+&,62)A4,

@ det [““ -1 o ] =0,
an Apn — 1

0 ffnt o e Ly
an Apn — 1)

Equations (2) and (3) imply that a,,=0. Then equation (2) implies that
a,=1 or a,,=1. Hence, if n=2, then Ae;=¢, or 4T¢,=¢,. Suppose
that n>2. We complete the proof that ®,, is an (e, ¢,)-set by considering

three cases.
Casel. a,=1,a,,71.Since 1 is a characteristic value of (E,,+&,67)A,

0) det[a11+a‘l_1 “1"‘”""] =0, i=23---,n—1
an1 Apn — 1
Since a,,=0, a;;=1, and a,,7#1, equation (4) implies that a;, =0 for

i=2,3,--+,n—1. Therefore, Ae,=g¢,.
CAsE2. a,,#1,a,,=1.Since 1is a characteristic value of (£, + s,ef)A ,

ay —1 a4 A1n
(5) det| a, a,; — 1 A =0, j=2,3-",n—1.
an Ay App — 1

Since a,,=0, a;;#1, and a,,=1, equation (5) implies that a,,=0 for
j=2,3,+,n—1. Hence, AT¢,=¢,.
Case 3. a;,=1=a,,. Since 1 is a characteristic value of

(Eun + €187 + &560)4,
ay+a,—1 ay;+a; a,+a,
(6) det a, a,; — 1 a,, =0
am Anj App — 1
for i, j=2, 3, - - - , n—1. Therefore, since a,,=0 and a;,=1=a,,,
aya,; =0, i,j=2,3,"",n—1,

and we see that de,=¢, or A%¢,=¢,.
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We now show that ¥, is minimal. If

n n—1 n—1
A= z gl + O eyel — z &€l
k=2 m=2 k,m=2

then it is not difficult to show that Ae; ¢, and 4%¢,5¢,, while equations
(3) through (6) hold. This implies that ¥, —{E,,} is not an (g,, ¢,)-set. If
A=eef +¢,67, then Ae ¢, and ATe,5#¢,, while equations (2), (4),
(5), and (6) hold. This implies that W', —{E,,,+&,¢2 } is not an (g,, &,)-set.
Ifme{2,3,---,n—1}and A=¢,ef +¢,,¢7, then Ae;5%¢, and AT¢, #e,,
while equations (2) through (6) hold except when i=m in equation (4).
This implies that

¥, — {E;, + &L}, m=23--,n—1,

is not an (g, &,)-set. If k€{2,3,-+-,n—1} and A=¢,er +¢,¢%, then
Ae,#¢, and A%¢,#¢,,, while equations (2) through (6) hold except when
Jj=k in equation (5). This implies that

‘F,,—{Eln+eke';';}, k=23-,n—1,

isnotan (g, &,)-set. Ifk,me{2,3,---,n—1} and A=E,,,+¢&,51 +&,61,
then Ae,7¢, and 4%¢,#¢,, while equations (2) through (6) hold except
when i=m and j=k in equation (6). This implies that

W, — {Ein + €165 + el ), kkm=23,---,n—1,
is not an (g, ¢,)-set. Hence, ¥, is a minimal (g, £,)-set.

LemMA 3. Let a, B, y, 6 € F*—{0}, and let P and Q be nonsingular
matrices over F such that

@) Py =a, PTB=1cd, Qu=1y, QTcd=4,
where ¢ € F—{0}. If " and I are sets of n-square matrices over F such that
®) ‘ I = {PBQ|BeTl},

then T is an (x, B)-set if and only if T" is a (y, 6)-set.

Proor. Suppose that I'is a (y, d)-set, and let 4 be an n-square matrix
over F. Assume that
Auv=a or AT =.

Since (7) holds, this inmplies that APy=0Q~15 or 4T 0% 6=(PT)16. There-
fore,
(QAP)y =y or (QAP)Té = 4.
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Hence, since I' is a (y, d)-set, 1 is a characteristic value of B(QAP) for
every BeT'. If G=PBQ, then B(QAP) and GA are similar matrices.
Therefore, from (8) we see that 1 is a characteristic value of G4 for every
G e I Reversing this sequence of steps, we see that Ada=a or 47f=p
if 1 is a characteristic value of GA for every G € I'". Therefore, I'" is an
(x, B)-set. A similar argument shows that I' is a (y, d)-set if IV is an

(o, B)-set.
It is convenient to express our principal results on minimal («, §)-sets
in two theorems. One of these applies when a” 870, and the other when
T
o f=0.

THEOREM 1. Let a, B € F* with «TB50. If {y,, 0,li=1,2,---,n—1}
is a subset of F* such that {«, Yy, Vs, * s Yn_1} and {f, 05, 02, =, 0,1}
are independent while «. and  are orthogonal to 6; and y;, respectively, for
i=1,2,---,n—1, then

I ={@"8)"ap"} U {("Aup” + v:67 | i,j=1,2,---,n—1}
is a minimal («, B)-set.

ProOF. Let P be the n-square matrix with columns o, yy, pp,
¥n_1, and let O be the n-square matrix with columns 8, 6,, 05, * =+, 0,4,
where f'=(x¥8)"1. Then P and Q are nonsingular with

Pg, = a, PTﬁ = (“Tﬁ)el, QT = &, Q(O‘Tﬂ)sl = f.
Since F={PBQT|B € ®,}, it follows from Lemmas 1 and 3 that I' is a
minimal («, B)-set.

THEOREM 2. Let o, f € Fn—{0} with «T =0. Suppose that

{‘yi’aili= 1,2a'.' ’n_l}
is a subset of F" such that {&, y, ya,* " ", Vn_1} and {B, 61, 05, * *, 0,1}
are independent, «*d,=1=p"y,_,, and « and B are orthogonal to 6, ., and
¥, respectively, fori=1,2, - -+, n—2.If H=ad] +7,_,f", then

I'={H,H + «f7}

U{H 4 a0% , H+ 78", H+adly + v, |i,j=1,2,---,n — 2}
is a minimal (o, f)-set.

Proor. Let P be the n-square matrix with columns «, y;, ¥, ",
Yn_1, and let Q be the n-square matrix with columns d,, 0,, * * -, d,, B
Then P and Q are nonsingular with

Pal =, PTB = 8", QTO( = 6'1, Qen = ﬂ.
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Since F={PBQT]B eV¥,}, it follows from Lemmas 2 and 3 that ' is a
minimal («, f)-set.

Let «, B € F*—{0}. Clearly a subset {y,, é,i=1,2,---,n—1} of Fr
exists satisfying the conditions of Theorems 1 or 2 according to whether
ocTﬂ #0 or aTﬂ =0. Hence we have the following.

CoRrOLLARY 1. If a, f € F*—{0}, there exists a minimal (o, B)-set of
cardinality n*—2n+2.

If we let «=f=2¢ in this corollary we obtain the following.

COROLLARY 2. There exists a set I' of n-square matrices over F of
cardinality n*—2n+2 such that, for each n-square matrix A over F, A is
stochastic if and only if 1 is a characteristic value of PA for every P T.

Consideration of («, f)-sets was motivated by Brualdi and Wielandt’s
remark [1] on the difficulty of finding sets of fewer than n! permutation
matrices which could be used in their characterization of the n-square
stochastic matrices. We have no general results on this problem, but we
can show that every set of five 3-square permutation matrices is a minimal
(&, €)-set.

Let I' be the set of all 3-square permutation matrices over F, excluding
the identity matrix. Let 4=(a;;) be a 3-square matrix over F. Suppose
that 1 is a characteristic value of P4 for every P € I'. Then

detd — PA)=0 VPel.
If we multiply each matrix /—PA on the left by P¥, we obtain
) det(P—A4)=0 VPel.

RS R T

If we add the second and third row of P— A4 to the first row of P— A4, and
then add the second and third column to the first column we see from (9)
that

s s cs
(10 det|ry pas — A3y Pa3 — G| =0
rs P32 — Q32 P33z — Q33

for every matrix [32 72]in A, where

s=3—§a”, ck=1—§3:aik, rk=1—§:a,,,, k=2,3.
=1 j=1

i,7=1
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Suppose that s£0. Then (10) must hold for c,=c;=0, since any multiple
of the first column can be added to any other column without changing
the determinant. If s#0 and c,=c,=0 in (10), we see that

Q59033 — (ags — 1)(ag; — 1) =0,
A99a33 — (Az3 — 1)ag, = 0,
an Q55033 — Ag3(as; — 1) = 0,
(a2 — 1)ags — axas, =0,
asy(ass — 1) — aysas = 0.
It is not difficult to show that this system of equations has no solution.
Hence, s=0.

Since s=0, from (10) we obtain a homogeneous system of five linear
equations in the four unknowns c,r,, Cors, Csrs, Css. Since the coefficient
matrix for this system has rank four, we see that

ro=r;=0 or ¢;=1c¢3=0.

Therefore, since s=0, Ae=¢ or ATe=e¢. Therefore, I' is an (e, ¢)-set. If

any equation is removed from system (11), then the remaining system has

a solution. Hence T' is a minimal (e, ¢)-set. It now follows from Lemma 3

that every set of five 3-square permutation matrices is a minimal (e, €)-set.
We have determined by machine calculation that the 12 matrices

1 00 0] 10001'01001'0100'
0100|0010l ([0010f]|0O00O01
001 o0f’looo 1{°fo oo 1°f1 00 0f
000 1] |01 00 [1 OOO (001 0]
0 1 0 0] [0 0 0 170 01 0] [0 0 1 0
0001/, |/0 010010000071
001 o0f|t oo o/t 0000100/
1 000 |01 00 (000 1] [1 00 0]
0 0 0 17 [0 0 1 0] [0 10 0] [0 0 1 0]
1000l |01 00 (1 0001|1000
o100'lo oo 1[’loo1 0f[00O0°1
0 01 0f] |1 00O 0O0OOTI1 (01 0 0]

over GF(2) form a minimal (e, ¢)-set. There also exist minimal (e, &)-
sets of 4-square permutation matrices over GF(2) of cardinality 13, but
there exist none of cardinality less than 12.
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