PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 43, Number 1, March 1974

THE CODIMENSION OF THE BOUNDARY
OF A LATTICE IDEAL!

J. W. LEA, JR.

ABSTRACT. In a compact connected topological lattice of finite
codimension n, the boundary of a proper principal ideal has codi-
mension less than n. It follows that the boundaries of proper
intervals also have codimension less than n.

In a topological lattice L the boundary of a principal (dual) ideal is a
join (meet) subsemilattice of L [1, Lemma 5]. The purpose of this paper
is to show that this semilattice has codimension less than n whenever L
is a compact, connected topological lattice of codimension n. Note that
such a lattice has breadth n [5, Corollary 2.4].

If S is a semilattice and x €S, then M(x)={ye S:x=y}; the set
L(x) is defined dually; if x<y, then [x, y]J=M(x)NL(y). The interior
and the closure of 4 are denoted by 4° and 4* respectively. The boundary
of A is F(A)=A*\A4°. If a € S a topological semilattice and x € F(M(a)),
then [a, x]< F(M(a)).

LeEMMA. Let L be a compact, connected topological lattice of finite
codimension. If a € L, then F(M(a)) is locally connected.

Proor. Let x € F(M(a)) and let U be an open subset of F(M(a))
which contains x. It is known that L has a basis of open convex sublattices
[6, Theorem 5]. Hence we may choose an open convex sublattice V'
containing x such that VNF(M(a))<U. Let p,q € VNF(M(a)); then
the connected set [pAg, p]U[pAg,q] is contained in VNF(M(a)). Thus
VNF(M(a)) is a connected open subset of F(M(a)) which contains x
and which is contained in U. Therefore F(M(a)) is locally connected.

We shall state and prove the main result in terms of principal dual
ideals.

THEOREM. Let L be a compact, connected topological lattice of finite
codimension n and let a € L\{0, 1}. Then the codimension of F(M(a)) is
less than n.
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Proor. Since the result clearly holds for n=<1, we shall assume
n>1.

We shall first show that x € F(M(a)) implies [a, x] has codimension
less than n. Let x € F(M(a)) and let U(a)=L\[L(a) UM (a)]. If U(a)=o,
then a is a cut point of L [2, Theorem 1]. Thus a=x and [a, x]={a}
has codimension 0.

Suppose U(a)# @ and x#a. We shall construct an increasing net in
L(x)NU(a) which converges to x. Since x ¢ L(a) we may choose an open
set V containing x such that ¥NL(a)=@. Now x € F(M(a)) implies
VNL\M(a)# &. Note that L\M(a)=[L(a) Y U(a)]\{a} so that VNU(a)#
. Thus we may choose a net {x;},.o< U(a) which converges to x. Let
Ye=xAx, for all a €A. Then {y,},en=L(x) and converges to x. If
{Va}aer < L(a) for any cofinal subset ' A, then {(y,, a@)}..r converges to
(x,a) e Lx L. Since the graph of =< is a closed subset of Lx L, then
x=a. But x € M(a) so that x=a contrary to the choice of xs2a. Hence
we may assume y, ¢ L(a) for all « € A. If y, € M(a), then a=<y,=xAx,=x,
contrary to a£ x,. Thus {y,}sea < L(x) NU(a).

Let x,=Ap=.yp for each a € A. Clearly {x,},ca is an increasing net
contained in L(x). Let U be an open set containing x. There exists a
closed sublattice < U such that x € ¥° [6, Theorem 5]. Since {y,}sea
converges to x, there exists 8 € A such that «=f implies y, € V'°. Hence
Xy=/azy Va € V for all y=p. Thus {x,},ca converges to x. That {x,},cn <
U(a) follows just as did the fact that {y,},.a < U(a). Therefore {x,}scs is
the required net.

Foreach « € A, the interval [a, aVx,] has breadth less than n [7, Lemma
1.1]. Since {x,}sea is increasing, {[a, avx,]},en is a chain. Therefore
Ueen [a, avx,] has breadth less than n; consequently the breadth of
(Uqea [a, avx,])* is less than n. Since the interval [a, avx,]=(aVx,)AM(a),
it follows that [a, x]=(U.ea [a, aVx,])* [3, Theorem 3]. Thus [a, x]
has breadth less than n, and since [a, x] is a compact, connected topo-
logical lattice, its breadth and its codimension are equal.

The semilattice F(M(a)) is a Lawson semilattice, i.e. has a neighborhood
basis of subsemilattices [5, Theorem 1.1]. A. Y. W. Lau has shown that
any compact, connected, locally connected Lawson semilattice S contains
a point x for which the codimension of S and the codimension of L(x)
are equal [4, Lemma 5.2]. Thus for some x € F(M(a)) the codimension
of [a, x] and the codimension of F(M(a)) are equal.

COROLLARY. Let L be a compact connected topological lattice of
finite codimension n. If a,be L and a<b, then the codimension of
F([a, b)) is less than n. Thus L has a basis of open sets whose boundaries
have codimension less than n.
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Proor. If a=0 or b=1, then [a, b]=L(b) or [a, b]=M(a). Thus we
may assume a0 and bz£1. It is easy to see that F([a, b]) is a closed
subset of F(M(a))UF(L(b)). By the theorem each of these sets has co-
dimension less than #. Thus the codimension of F([a, b)) is less than ».

Since L has a basis of neighborhoods at each point consisting of intervals
[a, b] [6, Theorem 5], the collection of interiors of these intervals is the
desired basis.
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