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A SPECTRAL SEQUENCE FOR THE INTERSECTION
OF SUBSPACE PAIRS

RICHARD N. CAIN

ABSTRACT. A general-homology spectral sequence that gener-
alizes the Mayer-Vietoris exact sequence is established between the
intersection of a family of subspace pairs and the system of partial
unions of the family. The basis of the construction is a topological
analogue of the “bar construction’’ of homological algebra.

We shall show here that a finite family Z={(X;, A,~)|i € I} of subspace
pairs! in a space X have, for each general homology theory A, , a spectral
sequence

@  E=®h(UX UA) k(0 Xen 4)
Ns=n s s I I

(s<I), Ns being (number of members in s)—1. This is just the spectral

sequence of a cover with the roles of union and intersection interchanged.

Its connection with the Mayer-Vietoris sequence will be examined below,

and we shall derive from it the spectral sequence of the homology sheaf

of X.

Construction of (a). Start with any finite set U (= the universe) that
contains I as a subset, and define (using T to denote the based unit
interval, while A, Y=Y"/{ne Y’|xenJ} for based spaces Y and
finite sets J)

Vs=AOTAAT (s<= D),

U—s
K =UV{a} =0Vg,
acU
C={(}U U V{a)=ATAIAT,
(b) aeU—-1 I U-1
M=XxCulJ U4, xVs,
sCI s

r'=Mvu U UX,xVs (neZ)
8sCI;Ns2n s
L=P=xxcul UX, x Vs

s<I s
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We require /# & but permit U=1. Caution. Here 0 is used in the context
of based spaces, so 00T={*}, not . The formulas for the spectral
sequence are as follows (as in [1, p. 108 ff.] for any filtered space):

o Im[hy (I, I — hy(IP7H, 040
739 I m[h,,( Ln-i»l’ Ln+r) — hp( Ln—r+1’ L'n+r)]

where p = j — n 4+ NU and maps are induced by inclusion,

(n,jeZ;r=1,2,-)

(¢) dr; = homomorphism E}*; — E;:Y%,_; induced by 9, for the triple
( L", L"'H, L"+2'), ’
ul; = isomorphism E} ,;; — H#E}, induced by h,(<) for the

inclusion (I, 't < (I*, I*™).
Thus, Eg.;=Ey,; for large r, =F"G,_,/F""'G,_,, where

Ga = ha+NU(La M) (q EZ)’

(c, Cont’d.)
FnGa = Im[ha+NU(Lna M) - hq+NU(L> M)]
(Note that G, =F°G, © F1G, > - -2 FN*1G, ={0}.)
Define also, for each @ € U and s< U containing a,

v(a):hy(Vs, avs)ﬁ h,(3Vs', 0Vs' — VEs)(s' = s — {a}),
(d) (@) kg1 (Vs', 9Vs) 25 (3Vs', Vs — V),
a(a) = u(a)™»(a),

where V#(-)=V(-)—9V(-) and h, =any general homology theory, g any
integer. For distinct a;, * - -, g, € s< U (k=1), denote s—{a,, * - *, a;} as
s” and define

(d,Contd)  o(ay):h,(Vs, 3Vs) —> hy,(Vs", 8Vs")

as o(ay) * - - o(ay)o(a,), where a, means (a,, - * -, a,). 6(a,) is alternating,
because, for any permutation of a,, the corresponding coordinate trans-
formation of Vs” permutes the factors of o(ay) in the same way.

Now let a,=(ay, * * * , ayy) be a choice of numbering of U, and for
each nonempty subset s< I let iz =(ig, - - * , i¥,) be a choice of numbering
of s. They, together with ¢ and Lemmas 1, 2 below, determine two
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isomorphisms:

gl(—l)ﬂwa(a.)

chososa () X () 4) X (V2,392)

= | 9, of the homology theorv
(Lemma 1) l"”"’*‘ (0, X 0, A)X())

I

[

: a+NU((ﬂ X;, ﬂ A) x (K, C))
: (Lemma 1) —z—l 0+ xo(S)

: hq+NU(La A[)

) L___ -ZT77--7°36,

__________ oy hj(U X,, UA)

Ns=n;sc 1
gl(—l)”’”-(@d(l,') 1(a,))

- h ((U XU A,.) X (Vs, aVs))

Ns—n sl
| (Lemma2) =|Eh(S
24, hy(L”, L")

(g, n, j € Z) which combine with formulas (c) to give the formula (a).
LEMMA 1. A, is an isomorphism.

Proor. (Referring to (€).) d,.np41 is bijective by contractibility of
(Vz,C0=A; TA(Ay_1 T, 0 Ay_; T). For bijectivity of h, nyy(<) it
suffices by the Five Lemma to consider the case 4;,= & (all i € I). Define

"=XxCu U [ﬂXxUV{}] (ne2).

sCI:Ns2n

By (L, L) 2= D by ((n X, UXx.nn X,.) x (c U U Vi, c))

Ns=n
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by additivity of homology, ~2{0} by contractibility of
(CuUV{i},C)=/\TA(a A T,/\TAa/\T),
s I-s U-I

su(U-I) 8
assuming 0=n< NI hy(N; X; X (K, C)) =¢h, (LND, Xx C) by excision,
oeh (LYY XX C) - - »2hy (L, XX C)=h, (L, Xx C) by exactness
using above {0}. [

LEMMA 2. 3 A, is an isomorphism.
ProoF. Additivity of homology. [

Comparison with the Mayer-Vietoris sequence. Since (a) relates the
various unions of the pairs & to their intersection it brings to mind the
Mayer-Vietoris sequence. (a) is in fact a generalization of the latter, as we
shall now show. (The Mayer-Vietoris sequence is the N/=1 case of ¢, 6°, §
below.)

For any ne Z let S,(I)={ix =, " ** » in)|io» * * * » i, € I}, Which is to
entail that S,,(/)= @ for negative n. Using X;, to mean X, U- - -UX, , de-
fine C*(Z; h;(U -)) (j € Z)=subgroup of [ [; s,y h;(X,,, 4;,) consisting
of alternating members &={&"|i, € S,(I)} for which &% =0 whenever two
or more of i, * - -, i, are equal, and note that

C@inUN= & h(UX.U4)

Ns=n;sc

under the correspondence &—{£'+’|Ns=n, s=I}. Denote by @} the com-
posite of ¢; with this isomorphism.

LemMA 3. The following diagram commutes:

hf(@ Xi ) A,-) L (P (U ) 2> CUP (U ) -

gl‘!‘, glq)jo :__\_,ld)il

K

Gjl ~ FOGj/FlGj = E‘g;" e Eg;" Rt > Ei;i z > oo
where
ofemipietn(£en (o) 4). )
and
SO = S (DK,
0sk<n+l

(neZ, (e CH(Z; k(U ")), ix € Spn(D))

iy (k) being (iy, * * * 5 1y bgy1s " ° *» iny1)-
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Proor. For the square involving 6" for some n, 0=n=< NI, we consider
an arbitrary element of C*(Z; h;(J -)) of the form x(i,; 6) defined as
follows: i, is a numbering of a subset s=I with Ns=n, 0 belongs to
h; (Uqu U, 4,), and x(iy; 0)*'=20 or 0, depending upon whether
iy is an even or odd permutation of i, or not a permutation of i,, respec-
tively. 0"y (ix; 0)=Dier—s x(iix; 0] ity» 411y, In the commutative diagram

{u(2)} @v(z)

h,(Vs, 0Vs) —> @ h,_1(dVs, 9Vs — V¥(s U i)) «<—
@k, (V(s U i), V(s U D))

4, | thy_1(c)} =
2y Xh, (<)
1

h,(L", L™Y) ,,_l(aVs oVs — U V¥(s U i) @R *

Y
hy (L7, L9 <Z2Y B h (X, Agr) % (Vs U B), 3V(s U ),

assume h,=h,((X;,, 4;)X (), that each R“' is induced by the appro-
priate inclusion, and each sum or union is taken over {1]1 € I—s}. We have
that dy';A,=h, 1(<)0,, etc., =3, Ay Ri*a(i)~'. Therefore,

(=1YNVd} 07 y(iy; 6) = d7;2,0(ix)0(ax)b
= > AuiRiio(iiy)o(ay)
= > Auio(iix)1o(ay) (0] Fiie 4ite)
= (=17 - D78y iy ; 6).

We have thus proved the square commutative, since the x(iy; 0)’s generate
C*(Z; hy(U +)). For the square involving ¢, the same argument works
with h, redefined as A, ((N; X;, N 4:)% ("), s replaced by &, and
d y; replaced by «,. O

Lemma 4. If A;=@ (all i € I), the following diagram commutes:

B

NP5 (U ) g "f-N’(r) X")

gloim gl‘l’,_m

NI NI = pNI NI+1
Eyj » Eq—>FGy_y[F Ginr>>Gjnr
[ 4
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where f3 has the formula
s (U N2 h(UX) ~ (U Xe U Xo)
1 I J<NI
—h (/"(M), jgvz Xy N f"(zvz))
ottt by (NX) = X,
1

each B, (1=k=NI) being the composite
v 0 Yoo U, Xor 0] Xoo)
i=k i<k izk

lai—NIH:

hJ'—NI-i»k-l(‘U Xn O N X, U X0 N X(i))
i<k i<k—1 ik

j

A

k
glexcision
h:i—NI+k—l( U Xun U Xpnn N ’Y(f))'
j=k—-1 i<k—1 izk—1

ProoF. Omitted. Consists of comparing each f, with the appropriate
form of o(if) in one large commutative diagram. [

Independence from U. Let Ut=U®{a} for some point ¢ apart from U,
and indicate by a superscript * the U*t-version of each of the notions
(b)-(e). To prove that the choice of U is immaterial it suffices to prove
(c)==(ct), (e)=2(e*). We therefore define an isomorphism

Imm Ry (L", L) — hyu(L+", L+™)

as follows, for n, j as in (c) and m=n:

hy(L", L") = K™ (a({s T, {*})

a—l

—— ki ({/a\} T, aé\} T)m by (L™, L+™).
Here A*™ is the general homology theory of based compact pairs
(Y, B) with formula A{™ (Y, B)=h,(L*(Y), L™(Y)UL"(B)), L™(Y)
being XX CAYVU Uscr [U; 4; X VSAYIU Uscivszn [Us X;X VsA Y]
Then, (—1)i—n=1/mntr induces an isomorphism E;,—E/} (n,j€ Z; r=1,
2, - - ) that carries 4}, into d;;}, @7 (for r=1) into ®", etc., as required.
We assume that af =a,a.
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Functoriality. Constructing (a) is more difficult than constructing the
spectral sequence of a cover in that the underlying spaces (b) do not
depend functorially on (X, I, Z). U has been introduced as a remedy.

We assume that a morphism from (X, I, &) to another such triple
(Y,J, 2), 2 being a finite family {(Y;, B;)|j €J} of subspace pairs in a
space Y, is a map f: X—Y of spaces together with a map =:J—T of sets
such that (fX,;,fA4,)<(Y;, B;) (je€J). Evidently C*(Z;h,(U -))
(n,q € Z) depends functorially on (X, I, 2) if (f; m) is regarded as in-
ducing the map C"(f;w):C*(Z;h (U - )—>C*(2; h(U +)) with the
formula  (C*(f; W&V =hy(f; mP+ &7 (& € CH(P; hy(U ). jx € S,()),
hy(f; m)'» being the homomorphism h,(X;;,, 4., )>h,(Y;,, B;,) induced
by f|X”.‘. Similarly, A.(N; X;, N1 4) is functorial, the induced map
to be denoted A.(f; ).

Let primes signify the (Y,J, 2)-version of the notions (b)-(e). To
show that (c), ¥y, @} depend functorially on (X, I, &), we need only
produce a homomorphism of (c) to (c’) which, when considered along
with C*(f; 7) and hy(f; ), maps ¥y, ®F to ¥, ®.* respectively. It is
easy to see that this map of (c) to (c’) is a fortiori unique and functorially
dependent on the morphism (f; 7).

We start by assuming U’=U> I®J. Define w:/\y; T—Ay T to be the
involution Ay _sor) 1pAA L7 o;, where, for each i € 7/,

wi(t,. A A t,.) =mA N (t;t;/m)
Ly 7}

(t;, t; €T for jen{i}), m being Max,1; ¢;. It is easily shown that
oV{i}=U, V{j} for ienJ, while wV{i}cC’ for ielI—mJ. The
consequence is (fXw)L"<=L'™ (n € Z), with an induced homomorphism
l"'mih,,(L", Lm)_,}lp(L'n’ L'm) (mgn) The map (_l)number of members in 7J,
[+ induces the required E;,—~E,; (n,j€ Z;r=1,2, ). (The power
of (—1) is the degree of w.)

The homology sheaf. Let 2={(X, AU(X—U?)|i € I}=2, for some
finite open cover Z={U|i € I} of X, A being some subspace. Evidently

h*(ﬂ XN A,.) = h (X, A),
I I
C*(Pas ha(U ) = CHs KX,

where hX 4 is the graded presheaf {h, (X, AU(X —(9))|open 0O< X}. Thus,
we obtain a spectral sequence

() E}; >~ HY; hi*) => h;_/(X, A).
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For X compact, the direct limit of (f), as % is refined, is a spectral sequence
(8 By HY(X; 4754 = h;_(X, A),

where %74 is the induced sheaf of #;*“. As A approximates an open set
V from within, the direct limit of (g) is

(h) Eg,a o= Hn(X, V’ 4;‘;{) 4,? hj—n(X’ V)

Ay is called the homology sheaf of X. If 47={0} except for j=j,
(= some integer), e.g., if X is a j,-manifold and A, is standard, then (h)
collapses to a family of isomorphisms

HYX,V; A h;_(X,V) (ne2).
(Compare to [2].)
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