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THE ANTIAUTOMORPHISM OF THE
STEENROD ALGEBRA

DONALD M. DAVIS
ABSTRACT. Combinatorial techniques are used to obtain some

formulas for the canonical antiautomorphism of the Steenrod
algebra.

In this note we shall prove some nice formulas involving the canonical
antiautomorphism y of the mod p Steenrod algebra [1].

THEOREM 1. (PP '+ 7= (—1)np?" . . . PP,

THEOREM 2. For n=k, 3(Sq®"*)=S¢"" - -Sg%" " (x(Sq "*)).

x( qu"-l_k) — qu""x( qu"'z—k) + Sq2"—3—1 qu"'3—1 <+ - SqPSql.

I wish to thank Mark Mahowald, Sholom Rosen, and Greg Burnham
for helpful suggestions.

Let S(i) denote the sum of all Milnor basis elements [1] of the form PR
indimension . In [1, Corollary 6} is it shown that y(#?) = (—1):SQ2i(p—1)).
Thus Theorem 1 will follow by induction once we have shown that
P77 SQ2(pm1—1))=S(2(p"—1)). Indeed we shall prove

PROPOSITION.
Pm-S() = z (z p "i) PE
R \ pm
where the sum is taken over all sequences R=(ry, * - *) having > 2(p*—1)r,=
I42m(p—1).

Then we need merely to note thatif > 2(p*—1)r,=2(p"—1), then 3 p'r,;=
pr—14+>r; and 1=3 r,=2(p"—1)/2(p—1), and hence p"=> p'r,=

p+- - -+p", so that
(Z o "f) = 1 (mod p).
p

PROOF OF PROPOSITION.  The product contains a term

n ( "i) Py

a;
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for each Milnor matrix

n—a r,—a;

a a as

such that 3 p*~la,=m. In summing these, it is useful to note that if s,, - - -
is a finite sequence of positive integers and B ranges over all sequences
by, -+ - such that 0=b,<s, and > b,=k, then

3110)- ()
B bi k
This is proved by comparing coefficients of x* in IT(1+4x)%=(1+x)*".
Also we shall make use of the well-known facts
(;) = (1[; i:) mod p, and (P b’) = O0mod p
if b is not divisible by p’. These are proved by comparing coefficients of
xv'a (respectively x%) in (1 +x)Pr=(14+x7").
Thus we have

0= 33133 (1)

é 4 i
Z33T1(P)on =3 (297) on
EE « \b R \ pm

Here R ranges over sequences (ry, - - *) having > 2(p'—1)r;=14+2m(p—1),

A ranges over sequences (a, - - ) having > p*~'a,=m, and B ranges over
sequences (by, - - -) having > b;=pm.

Theorem 2 follows by similar techniques using the following lemmas,
which are easily proved by induction.

LemMma 1. If 5 (2°=1)r;=2"—k with n=k, then 35 r,Zk. If n=k—1,
the above is true except for the case when all r;=1.

LEMMA 2. Sg¥-1Sq¥7-1--- Sq°Sq* equals the Milnor basis element
having 1 in the first k components.
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