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CONVOLUTIONS OF CONTINUOUS MEASURES
AND SUMS OF AN INDEPENDENT SET

JAMES MICHAEL RAGO!

ABSTRACT. Let E be a compact independent subset of an l.c.a.
group G; uy, * * *, lta4 continuous regular bounded Borel measures
on G; and k,, - - -, k, integers. Let k; X E={k.x|x € E}. We prove
D) py*- e *py (kX E+- - -4k, X E)=0 (the proof is a combin-
atorial argument).

As a corollary of (1) we obtain (2) if H is any closed nondiscrete
subgroup of G, then the intersection of H with the group generated
by E has zero H-Haar measure.

I. In [2, Theorem 2], Hartman and Ryll-Nardzewski showed neatly
that if u; and u, are continuous bounded measures on T, the circle group,
and Ec T is a compact independent subset of T, then u; * u;(E)=0.In a
more complicated manner, Salinger and Varopoulos proved this result
for any metrizable group G in [4, Theorem 1]. We prove a generalization
of this theorem which holds for an arbitrary nondiscrete l.c.a. group G.

We denote by Z the set of all integers, Z*={k € Z|k>0}. A set ESG is
independent if the equation k,e;+---+k,e,=0, k;€Z, e, € E, yields
ke,=0 for all i=1,---,n or the e’s are not distinct. Note that an
independent set may contain 0. We set kX E= {ke|e e E}, and nE=
{es+- - '+e,,|e,- eFE}for keZ, neZt; E1+E2={e1+62|el € E|, e, € E,}.
M(G) is the set of bounded regular Borel measures on G.

Here is our main result.

THEOREM. If G is a locally compact abelian group, E<G a compact
independent subset, py,: -, u,., € M(G) positive continuous measures,
k;eZ,i=1,---,n,and xo€ G, then

g %k ke X E+ 4k, x E— xg) = 0.

At the end of the proof of the theorem, we will derive the following
corollary:

CoRrOLLARY. Jf G is an l.c.a. group, H=G is a closed nondiscrete sub-
group with Haar measure h, x, € G, and E< G is compact independent, then
h[(GpE—xo) "H]=0, where GpE=J5_, n(EU—E).
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2. Proof of Theorem. The proof is by induction. If n=1, we follow
the proof of [2, Theorem 2]. Suppose k,=1. By definition,

) i s8) = [ g E = %) )

For x;#Xx,, suppose there is a fixed element y, € E—x; NE—Xx,; then
Yo=e,—X;=fy— X5, Where e,, f; € E are fixed. Hence,

2.1 X1 + Yo = €g;
22 Xz + Yo = fo

If ye E—x;NE—x, is arbitrary, then y=e—x,=f—x, for certain
e,f€eE,so

2.3) X +y=e;
24) X +y=Ff.

The equation (symbolically written) (2.1)—(2.2)=(2.3)—(2.4) yields
e,—fo=e—f. Since either e, or f, is nonzero (otherwise x,=ux,), the
independence of E requires one of the following four possibilities: e,=
e, eo=f, fo=e, or fy=f. By (2.3) and (2.4), these imply

Yy=e,— X,y =fo— X,y =€y — Xy, O y = fo — X,
respectively. Since e, f;, x;, and x, are fixed, this shows
card[E—x; NE—x,] <4

and u,(E—x; NE—x;)=0, by continuity of x,. (Since eq—x;=fy—x,=Y,,
we actually have card <3.) The set of x with 4, (E—x)>0is then countable,
since it is easy to see that otherwise |u,||=co. Hence by (1) and the
continuity of u,, we have p; * uy(E)=0. If x,€ G, u; * puo( E—x9)=
[0y, * 1) * u2]=0, where &, is the point mass at x,. Finally, in the case
ky#1, ky X E is also compact independent, so the Theorem holds for n=1.

We now suppose the Theorem holds for n—1 and all k;, - -+ , k,_, €Z;
we show it holds for n. Let py, -+, 4y, k1, °* 5 k, and x, be given.
Suppose

(3) prxc x gk X E4+ -+ k, X E)=02>0.

LEMMA. E may be written as the finite disjoint union of Borel sets E;,
i=1,- -+, p, such that for some choice of integers iy, -+ ,i,, 050, <" + <
i,=p, we have

“ Ba*cc s * py gl X Ey 40+ k, X E; ) > 0.




1974] CONVOLUTIONS OF CONTINUOUS MEASURES 125

PrOOF OF LEMMA. We first set k=37 |k;|. By the inductive hypothesis
of the Theorem, for each choice of integers /;, -, /,_;, we have

n—1
pyxc o (uy, *:u'n+1)(z l; x E) =0.
1

Containing each set >77'/; X E there is, therefore, by the regularity of
My * "% Py, an open set Uy ..,  with 3 ,XE<U, .., ,and

&) My * 000 o* :un+1(Uh ..... z,,_l) < /4,
where A is the number of possible choices of /, * - -, /,_; with D17 |/| Zk.
(For example, A=(2k+1)"1)

Foreach U, .., |, there is a relatively compact neighborhood V" of 0
such that

1

n—1
(6) DULXE+KVSU, ..
1

by compactness. Taking (finite) intersections when necessary, we may
assume (6) holds with one V for all choices of (/,---,/, ;) with
St Sk

Since E is compact, it is covered by finitely many (say p) neighborhoods
(e;+V)NE, with e, € E, i=1,--+,p (p depending on V). Define E,=
(e;+V)NE,

E;=(e;+ V) NE\(E,U -V E_y, i=2,-,p,
so the E;’s are disjoint Borel sets with union E. Each set of the form
(7) F=kleil+”'+anEin’ léil"."in§p9

is Borel. We claim that at least one of the sets of form (7), with i, <- - -<i,
all distinct, has strictly positive u; * - - - % u, ,-measure. This will prove
the lemma.
Indeed, consider any set of form (7) with at least two subscripts equal,
say iy=I,. It may then be written
F=kyXE +keXE +ksxE + """ +k,XE
< ky X (e, + V) + k, x (e;, + V) + kg x (e;, + V)
+o kX (e, + D)
cky+ k)X E4:--+k,x E+kV

S Utgyiry, kg

by (6). Hence the union of such sets (with two subscripts equal) is con-
taimed in the union of the (4) sets U;, .., ,, and thus has p, * - *
U, +1-measure less than 0, by (5). This completes the proof of the Lemma.
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For convenience we will assume, relabelling if necessary, that i,=
1, ,i,=n. We write

n
By *l‘n+1(§1: k; x Ei)

®) B ol K x B = x) dita®,

We claim that
n n
x1¢x2=>,ul*~-~*,un(2kixEi—xlnzkiin—xz)=0.
1 1

Then as in the proof of the case n=1, we have p; * - - - * u, (> k; X E;—x)=
0 except for perhaps countably many x, and we obtain, by (8),

&) My ¥t */‘n+1(2 k; x Ei) =0,

contradicting (4) and hence (3). We will thus obtain

(10) PACEEE *ﬂnﬂ(z k; x E) =0.
1

To prove the claim, suppose there is a fixed y,€ (2 k; X E;—x;)N
(Z kiin_X2). Then

(11.1) X+ Yo = ke + - + kel

(11.2) Xg 4+ Vo =kifS + o+ koS

e}, /1€ E, fixed. Given an arbitrary y € (3 k; X E;—x,) (3 k; X E;—X3),
we have

(11.3) xx+y=ke + -+ ke,

(11.4) Xe+y=kifi+ + kifo

e;, f; € E,. For at least one value of i, say i=j, we must have k;e;#k,f;,
since otherwise x;=x,. Hence the equation denoted by (11.1)—(11.2)=
(11.3)—(11.4) and the disjointness of the E,’s with the independence of
E yields

(12) kel — kif — kie; + k;f; = 0.

Since one of the first two terms of (12) must be nonzero, we must have
(again by independence) that one of e; or f; must equal e} or f7, the latter
two being fixed. Then by (11.3) and (11.4), either y=k,ef+ > .., k.e;—x;,
y‘_‘kafg"'Zi;é:ikiei_xl,y=kjeg+ Zi#a‘kifi—xmory=kif?+Zi;&ikiﬁ_xz;
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hence we have

yeu(k;e?+2k1-x5,~—xs) uU(k,-f?+Zk,.xE,.—xs)_

s=1,2 i#J s=1,2 t#EJ

Since y is arbitrary, (3 k;X E;—x,)N (2 k;X E;—x,) is contained in a
finite union (over j=1, « - -, n) of sets of the above form; however, by the
inductive hypothesis,

pak */“n+1(kfe? + 2 ki X E = "s)

i#j

=(/‘1*/‘2)*"'*Hn+1(zki X Ei'—(xs—kje?) =0,

i#Fj

(there are n-convolutions and n—1-summands); s=1, 2, and similarly for

f3. Hence the claim, and (10), are proved. (We note it is not generally

possible to have card[} k, X E;—x; N2 k; X E;—x,]<o0; for example,

choose E infinite and fix x,, x, € E; then E€S E4+E—x,NE+E—Xx,.)
Finally,

ﬂl*"’*/‘nﬂ(zki X E —-xo)
i=1

=(5a:0*/11)*"'*/4n+1(21ki X E—XO) =0,

and the Theorem is proved. Q.E.D.

Note that the requirement that u; is positive may be lifted by passing to
the total variation measure.

If G is a compact nondiscrete group with Haar measure /1, E© G com-
pact independent, and Gp(E)=J;, n(EU—E), then our Theorem implies
at once that #(GpE)=0. Indeed, / is a bounded, continuous, idempotent
measure, and thus annihilates >;_, k; X E for all nand k,. Our Cordllary is
a generalization of this, due to Graham [1] (who strengthened Rudin
[3, 5.3.6]), giving a proof considerably simpler than Graham’s.

3. Proof of Corollary. Given a closed set S<G, define hls(A)=
h(ANSNH) for all A=G, A Borel. In particular, we may write | =h,
and thus consider /1 as a (possibly unbounded) measure on G. We claim
that if S© H and 4 =G are compact sets, then setting B=A—nS for any
n € Z*+, we obtain

(13) ;s % h|g * - - % h|g(4) = h(S)*h(A),
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where there are n-convolutions of /1| s- Indeed,
hlp* hlg - - % h|s(4)
= [l = xy = =+ = x,) dhlgCx) - (e,

Since A—x,—: - +—x,<A—nS=Bfor x;€ S, i=1, -+ ,n,
hpAd —x;— - —=x)=h(Ad—x, — " —x,) = h(A4)

because x; € SCH implies (A—x,——x,)NH=ANH—x,—*—x,.
Thus,

fhll}(A — Xy — = xn) dhlS(xl) e dhlS(xn)

- f h(AY dh|5(x,) - - - dh|o(x,)

= h(S)"h(A),
and the claim is proved.

Suppose now that E and k,, - -+ , k,, are given; we fix W< H to be any
relatively compact neighborhood in H, and set A=k, XE+---+k,X%
E—x,, S=W, B=A—nS as above. Since /|, and h|g are then bounded
continuous measures on G, our Theorem implies

hlb’ * IIIS * coc ok II|S(A) = 0,

where there are n-convolutions of lz|S. However, (13) implies that
h(S)"h(A)=0. Since W=, then /1(S)70 and it follows that #(A4)=0. Thus
h[(GpE—x)NH]=0. Q.E.D.

I would like to express my gratitude to the referee for his helpful
remarks and criticisms.
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