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SOME IMPLICATIONS OF THE EULER-POINCARE
CHARACTERISTIC FOR COMPLETE
INTERSECTION MANIFOLDS

BANG-YEN CHEN! AND KOICHI OGIUE2

ABSTRACT. Studies on relations between Euler-Poincaré
characteristic and codimension of a complete intersection manifold
in a complex projective space.

1. Introduction. Let P, (C) be an (n+4p)-dimensional complex
projective space. An n-dimensional algebraic manifold M imbedded in
P, (C) is called a complete intersection manifold if M is given as an
intersection of p nonsingular hypersurfaces M;,---, M, in general
position in

P, (O)y:M=MnN---NM,

It is known that the Chern classes of a complete intersection manifold
M are completely determined by the degrees of M, - - - , M. In particular,
the Euler-Poincaré characteristic of a complete intersection manifold is
completely determined by the degrees of M;," -, M.

In §2 we prove a formula for the Euler-Poincaré characteristic of a
complete intersection manifold in terms of the degrees.

It is sometimes very important to know the smallest codimension for a
complete intersection manifold: the smallest p for which M can be im-
bedded as a complete intersection manifold in P,,,(C). In §3 we prove
several results in this direction.

2. The Euler-Poincaré characteristic of complete intersection manifolds.
Let P, ,(C) be an (n+p)-dimensional complex projective space and let
M be an n-dimensional complete intersection manifold imbedded in
P, (C):M=M,N---NM,, where the M,’s are nonsingular hyper-
surfaces in P, ,(C). The following theorem gives a concrete formula for
the Euler-Poincaré characteristic of a complete intersection manifold.
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THEOREM 2.1.3 Let M=M,N---NM, be an n-dimensional complete
intersection manifold imbedded in P, ,(C). If deg M,=a,, then the Euler-
Poincaré characteristic y(M) of M is given by

0= S 72 ) (1)

where 0,=72, _ . g2, 2 """ G, (the sum of all homogeneous monomials
of degree k in ay, ay, - - - , a,) and ("}*%") is the binomial coefficient.

PROOF. Let / be the generator of H%(P,,,(C), Z) corresponding to the
divisor class of a hyperplane P,,, ;(C). Then the total Chern class
¢(P,,(C)) of P, ,(C) is given by

e(Pp(C)) = (1 + By
Let j:M—P,, (C) be the imbedding and » be the normal bundle of
J(M)in P, (C). Then the total Chern class c(») of » is given by
c(»)=1 4+ ah) -1 + a,h),
where 4 is the image of 4 under the homomorphism j*: H2(P,,,(C), Z)—
H*M, Z). Since j*T(P,,,(C))=T(M)®v (Whitney sum), we have
j*c(Pn-HJ(C)) = (M) - c(»),

where ¢(M) is the total Chern class of M. Let c¢;(M) be the ith Chern class
of M. Then we have

A+ =1+ (M) + -+ + ¢,(M)]- (1 + a;h) - (1 + a,h)
which implies that

) = [ 3 =or("F 2 o, e
k=0 n—k
Taking the values of both sides on the fundamental cycle of M, we have
n b
o= S0 (" TP e (ITa)
k=0 n—k a=1

REMARK. Let b;(M) be the ith Betti number of M. It is known that if
M is an n-dimensional complete intersection manifold, then

by(M) =1 (2k # n),
baa(M) =0 (2k + 1 # n).

# Although Theorem 2.1 can be obtained from Theorem 22.1.1 of [1], we give here
a direct proof for the sake of completeness.
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Therefore y(M)=3:", (—1)b;(M)=n+1 (resp. =n+1) provided that
n is even (resp. odd).

3. Some implications of the Euler-Poincaré characteristic. First we
prove the following:

THEOREM 3.1. Let M be an n-dimensional complete intersection mani-
fold. If y(M)=v, - - - v, for some prime numbers v, - -+ , v, (#£1), then
M can be imbedded as a complete intersection manifold in P, ,(C).

ProoF. We can assume without loss of generality that M is a complete
intersection manifold imbedded in P,,,(C) for some g=p. In fact, if
M is a complete intersection manifold imbedded in P, (C) for some
r<p, then, by imbedding P, (C)into P, (C)as a linear subspace for some
gZp, M can be considered as a complete intersection manifold imbedded
in P, (C).

Theorem 2.1 implies that (M) is given as a product of g+1 integers:
x(M)=["-+]a, -+ a, On the other hand, since y(M)=w---v,, at
least g—p a,’s must be equal to 1. This implies that M can be imbedded
as a complete intersection manifold in some (n+p)-dimensional linear
subspace P, ,(C)in P, (C). Q.E.D.

It is sometimes very important to know the smallest codimension for
which M can be imbedded as a complete intersection manifold. From this
point of view, Theorem 3.1 may not be the best possible in general. We
shall prove several partial improvements of Theorem 3.1 in the following:

First we prove the following:

LEMMA 3.2. Let M be an n-dimensional complete intersection manifold
imbedded in P, (C). Assume that y(M)=wv, -+ -, for some prime num-
bers vy, - - - , v, (# £ 1). If the Diophantine equation >7_o (—1)* ("1 )o;,=
+1 has no solution satisfying a;=2, - -, a,22, then M can be imbedded
as a complete intersection manifold in P, , ,(C).

Proor. Theorem 2.1 implies that y(M) is given as a product of p+1
integers: y(M)=[la;---a, On the other hand, since y(M)=
v, ** - v, at least one among [ -], a;, -+, a, must be equal to +1.
If the Diophantine equation [---]=41 has no solution satisfying
a,>1,--+,a,>1, then at least one a, must be equal to 1. Q.E.D.

THEOREM 3.3. Let M be a complete intersection manifold. If (M)
is a prime number, then M is one of the following:

(1) a linear subspace

(2) a quadric in P,(C),

(3) a curve of degree 4 in Py(C).
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ProoF. In consideration of Theorem 3.1, we may assume that M is
a nonsingular hypersurface of P,,,(C). Putting a=a,, from Theorem
2.1 we have

(M) = Lé(_l)k(: t i)ak:la _(—a— : +(n+2a .

a

Since y(M) is a prime number, either a=1 or

1l—a"2—1+4 (n+ 2)a
a? =

+1.

If a=1, then M is a linear subspace. Therefore we consider the latter case.
It suffices to prove the following:

LEMMA. The only positive integral solutions for the Diophantine equation
(I—a)y"t**—14(n+2)a= +a? are (n, a)=(1, 2) and (n, a)=(1, 4).

PrROOF OF LEMMA. Since a=1 cannot be a solution for the equation
(1—a)"*t?*—1+4(n+2)a= + a2, we consider this equation for a=2. Let

— n+2
RO Ul it el U L PP
a

(i) If n is even: It is easy to show that f,(a) is monotonically increasing
and f,(2)=(n+2)/2>1. Therefore the equation (1—a)"**—1+4(n+2)a=
=+ a2 has no solution of the form (n, a)=(even, *).

(i) If n is odd: f,(a) is monotonically decreasing and f,(2)=(rn+1)/2.
It is also easy to show that f,(5§)< —2. Therefore the only candidates for
the solutions for the equation (1—a)"*2—1+4(n+2)a=+a? are of the
form (n, a)=(x, 2), (n, a)=(*, 3) or (n, a)=(x,4). We can easily prove
that the only solutions are (n, @)=(1, 2) and (n, @)=(1,4). Q.E.D.

COROLLARY 3.4. Let M be a complete intersection manifold. If
dim M>1 and if x(M) is a prime number, then M is a linear subspace.

THEOREM 3.5. Let M be a complete intersection manifold. If dim M>1
and if y(M)=wv,v, for some prime numbers v,, v, (% %1), then M can be
imbedded as a hypersurface.

Proor. In consideration of Theorem 3.1, we may assume that M is
imbedded as a complete intersection in P, ,(C), where n=dim M.
From Theorem 2.1, we have '

00 =[S (;* oo

k=0
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We consider the Diophantine equation

G.1) i(—nk(: + z)ak _—

k=0 -
Multiplying both sides of (3.1) by a,—a,, we obtain
S (M et - = e — o,
k=0 n—k

which can be written as

2T

S22 Jet] = 2w e

Hence we have

_ (1 - al)n+3 — 14 (n+ 3)a,

aj
1 —a)"®— 14 (n+ 3)a
+( 2) = ( )2=:|:(a1—a2)
or )
—_ n+3 __
(1 —ay) i + (n + 3)a, +a
a
@2 (L= a)™ — 1+ (n + Ia,
= 2 :': a,.
as
Let
— n+3 __
f,,(a)=(1 a) 1-2!-(n+3)aia

a
Then it is not difficult to prove that
fn@>0 foraz=3 ifnisodd,

(3.3)
fn@ <0 foraz=2 ifniseven.

This implies that f,(a) is monotonically increasing (resp. decreasing)
for a=3 (resp. a=2) if n is odd (resp. even). Therefore from (3.2) we
deduce that either a,=a, or f,(2)=f,(*), the latter case arising only when
n is odd. It is easy to show that the only solution for the latter case is
f1(2)=f£1(3). But this is excluded by the assumption that n>1. Hence we
have a,=a,.
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Putting a=a,=a,, from (3.1) we have

(3.4) S =DMk + 1)(: + i)a "
k=0 -
Let

gu(a) = > (—1)F(k + 1)(” + i)a F 1

k=0 n—

Then we have f,(a)=—g,(a), which, together with (3.3), implies that

g.(a) <0 fora=3 ifnisodd,
g.(a) >0 fora=2 ifniseven.

Therefore the only candidate for the solution for (3.4) is (n, a)=(odd, 2).
But, since g,(2)=—f,(2)==F1 if n is odd, (3.4) has no solution of this
form.

Thus we have proved that the Diophantine equation (3.1) has no
solution satisfying n>1, a,=2 and a,=2. This, combined with Lemma
3.2, implies that M can be imbedded as a hypersurface. Q.E.D.

We have excluded the 1-dimensional case in Theorem 3.4. The following
result gives a solution for this case.

THEOREM 3.6. Let M be a complex curve which is a complete inter-
section manifold. If y(M)=v, v, for some prime numbers vy, -, v,
(#41), then M can be imbedded as a complete intersection manifold in
P,(C) except when

P(C)> M =M, "M, (deg M, =2, deg M, = 3),
P(C)> M =M, "My, "M, (deg M, = 2).

ProoF. In consideration of Theorem 3.1, we may assume that M
is imbedded as a complete intersection manifold in P, ,(C). From
Theorem 2.1 we have

M =[p+2-3aa--a,

so that y(M) is a product of p+1 integers. Therefore at least one of them
must be equal to +1. It is easy to prove that the equation p+2—3 a,=
+1 has solutions satisfying a,=2, -+, a,Z2 only when p=2 or p=3,
and the solutions are, respectively, {a;, a,}={2,3} or {a;, a,, a;}=
{2,2,2}. QE.D.

For complex surfaces we have the following:

THEOREM 3.7. Let M be a complex surface which is a complete inter-
section manifold. If y(M)=w, - - v, for some prime numbers v,," -, v,
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(#1), then M can be imbedded as a complete intersection manifold in
P, (C).

PrOOF. In consideration of Theorem 3.1, we may assume that M is
imbedded as a complete intersection manifold in P,, ,(C). From Theorem
2.1 we have

0= (7)) S S

2 &=y

f(a‘,'-',a,,)=(p+3) —(pT3)Za,+ Zaalaaz.

2 o =a,

Let

Then it is easy to prove that f(a,, - - -, a,)=(p+3)/(p+1)>1. Therefore
at least one of a, must be equal to 1. Q.E.D.

THEOREM 3.8. Let M be a 4-dimensional complete intersection manifold.
If y(M)=v,---v, for some prime numbers v,,---,v, (#1), then M
can be imbedded as a complete intersection manifold in Py, (C).

Proor. In consideration of Theorem 3.1, we may assume that M
is imbedded as a complete intersection manifold in P, ,(C). From
Theorem 2.1, we have

0= [ S oo

We consider the Diophantine equation

(3.5) kﬁ(—l)k(i’fi)ak ~1.
Let =
far - va) = 3 (7 F a1,

k=0 4 - k
Then we have

L) e

- (p T 5)(“: + a,0, + 05) + ai + ale, + a,0, + 0.

It is easy to show that f has no critical point in {(a,,-- -, a,) € R”]a,g
2,-++,a,22}. We can also prove, by an induction, that f>0 on the
boundary of {(a,,'*-,a,)ER?
that f>0 on {(a;,-*-,a,)ER?
3.8 follows from Lemma 3.2.

a22, -+ ,a,22}. These facts imply
a;22,- -, a,22}. Therefore Theorem




8 BANG-YEN CHEN AND KOICHI OGIUE

BIBLIOGRAPHY

1. F. Hirzebruch, Neue topologische Methoden in der algebraischen Geometrie,
Ergebnisse der Math. und ihrer Grenzgebiete, Heft 9, Springer-Verlag, Berlin, 1956;
English transl., Die Grundlehren der math. Wissenschaften, Band 131, Springer-
Verlag, New York, 1966. MR 18, 509; 34 #2573.

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, EAST LANSING,
MICHIGAN 48823




