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FIXED POINTS BY A NEW ITERATION METHOD

SHIRO ISHIKAWA

ABSTRACT. The following result is shown. If T is a lipschitzian
pseudo-contractive map of a compact convex subset E of a Hilbert
space into itself and x, is any point in E, then a certain mean value
sequence defined by x,.4, =€, T8, Txn+ (1 — Bu)xn]+ (1 —,)x, con-
verges strongly to a fixed point of T, where {«,} and {B,} are se-
quences of positive numbers that satisfy some conditions.

It was recently shown in [1] that a mean value iteration method is
available to find a fixed point of a strictly pseudo-contractive map. In this
paper we shall prove that a certain sequence of points which is iteratively
defined converges always to a fixed point of a lipschitzian pseudo-con-
tractive map. For the definitions of a strictly pseudo-contractive map and
a pseudo-contractive map in a Hilbert space, see, for example, [3].

THEOREM. If E is a convex compact subset of a Hilbert space H, T is a
lipschitzian pseudo-contractive map from E into itself and x, is any point in
E, then the sequence {x,}._, converges strongly to a fixed point of T, where
X, is defined iteratively for each positive integer n by

(1) Xpt1 = o‘nT[ﬁnTxn + (1 - ﬁn)xn] + (l - an)xn,

where {o,}n-1 and {f,}n_, are sequences of positive numbers that satisfy the
following three conditions:

2 0=a,=p,=1 forall positive integers n,
3 lim g, =0,
O] > %y = 0.

n=1

As a particular case, we may choose for instance a,=g,=n"1/2
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PrOOF. We have, for any x, y, z in a Hilbert space H and a real
number 4,
1Ax + (1 = Ay =z = |Ax = y) + y — 2||?
=2lx=ylI*+ Iy —zI* + 24 Re(x — y,y — 2)
=2x —ylI* + lly — zI?
() + ARe[(Ix]* — 2(x, 2) + [Iz]?)
= (xl? = 2(x, ) + Iy1?) = (lz]* = 2(z, y) + 1yI9)]
=2lx—yI*+ 1y — zI® + 2(x = z|* = |x = yI* — |y — zII?)
=Alx—zI*+ A =D lly —zI* = 20 = Y lIx — y|*
Since T is pseudo-contractive, for any x, y in E,
(6) ITx = Ty|* = lIlx = yI* + I — T)x — (I — T)yl?,
where I is an identity map.
From the assumption that T is lipschitzian, we also have that there is a
positive number L such that
) ITx — Tyl = L |x — y| foranyx, yinE.

From Schauder’s fixed point theorem, F(T), the set of fixed points of T,
is nonempty since E is a convex compact set and 7T is continuous. Let p
denote any point of F(T).

We have, from (5) in which 4 stands for «, or f,, the following three
equalities, namely

%51 = pI* = 12 T[B,Tx,, + (1 — B)xa] + (1 — 2)x, — pl®
(8) = %, " T[ﬂnTxn + (l - ﬂn)xn] _Pnz + (1 - O(n) ”xn _P”2

— on(l — o) IT[B.Tx, + (1 — Bo)x,] — x4l
© 1B.Tx, + (1 = B)x0 — plI* = B | Tx, — I + (1 — B) lIx, — pII®
— Ba(1 = B) 1 Tx, — x4lI%,

and
1BnTxn + (1 — B)x, — T[B,Tx, + (1 — B)x,]II2
(10) = B, 1Tx, — T[B.Tx, + (1 — Bo)x,]II?
+ (1 = B,) Ix, = T[B.Tx, + (1 — B)x,]II
= B.(1 = B) I Tx, — x, ]2

Moreover from (6) we have the following two inequalities, namely

an = 18.Tx, + (1 — Bo)x, — plI?
+ "ﬁnTxn + (l - ﬂn)xn - T[ﬂnTxn + (1 - ﬂn)xn]llza
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and
(12) | Tx, — pl2 = I Tx, — Tpl* = lx, — plI* + lIx, — Tx,|%

Performing the calculation according to (8) +«,[(9)+(10)+(11)+
B, - (12)] side by side and eliminating common terms on both sides of the
resulting inequality, we have

[Xpt1 — PI% = lx, — plI? — o,B(1 — 28,) 1 Tx, — x,||?
- an(ﬂn - 0(n) “xn - T[ﬂnTxn + (1 - ﬂn)xnlllzs
and it follows from condition (2) that
1Xpt1 — PI? = X, — plIZ — @B, (1 — 28,) [ Tx, — x,12
+ amBn ” Txn - T[ﬂnTxn + (1 - ﬂn)xn]”z'

Now since T is lipschitzian, we have, from (7),

We have finally from (13) and (14),
(15) “xn+1 _P"2 é ”xn —P”2 - ocnﬁn(l - zﬂn - L2ﬂi) ” Txn - xnllz'

Therefore adding these inequalities with m, m+1,---,n for n, we
derive the following inequality

(13)

n

Ixnir = PI* = lxm — pI* = 2 il — 2B — LD 1 T — xell®,
k=m

from which we have

2 bl — 28, — EBY I Tx, — x,01° = 1% — PI* = I%psn — PI™

k=m

From condition (3), there is some positive integer N such that 28, +
L?B<} for all integers k= N. Then if m is larger than N, we can get the
following inequality

1 <

Ek_ B | Ty, — xil|? = I1Tx,, — pl2 — 1 Tx,0, — plIE

The last member is bounded since E is a bounded set. Therefore the
series on the left hand side is bounded. From condition (4) this should
imply that liminf,_ . ||Tx,—x,[=0, which in turn implies from the
compactness of E that there is a subsequence {x, };Z, that converges to a
certain point g of F(T).

Since q is a fixed point of T, from (15) we see that if n=N,

(16) [%ns1 — gl = llx, —qll.
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Let ¢ be any positive number. Then there is an n;y such that ||x, —gll=¢
and n,,=N. Hence from (16), ||x,—ql|<¢ for n=n,.

This completes the proof of the theorem.

The author wishes to express his sincere thanks to Professor H. Fujita
and Professor T. Kawata for their kind suggestions.
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