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FOURIER TRANSFORMS AND MEASURE-PRESERVING
TRANSFORMATIONS!

O. CARRUTH McGEHEE

ABSTRACT. There exists a continuous function f on the real
line, vanishing at infinity, such that, for every measure-preserving
transformation h, the composition foh fails to be a Fourier
transform. This fact is a consequence of a theorem about measur-
able functions which is obtained from the theory of idempotents.

When G is a locally compact abelian group, and I' is its dual group,
let A(G) denote the algebra of Fourier transforms of elements of LY(T"),
as described in Rudin’s book [9, Chapter 1]. Let Z, R and T denote
respectively the integer group, the real number system, and the circle
group.

Jean-Pierre Kahane [4] adapted the work of P. J. Cohen and H.
Davenport [3] to show that there is a function f in Co(Z) such that for
every permutation p of the integers, f o p fails to be in A(Z). In this paper,
the following result is obtained in a similar way.

THEOREM 1. There is a function f in Cy(R) such that for every measure-
preserving transformation h: R—R, f o h fails to be in A(R).

Theorem 1 is a consequence of the stronger Theorem 2 below, which
concerns measurable functions, not just continuous ones. If Sisa Lebesgue-
measurable set, let |.S| denote the measure of S. Let Ly(R) denote the
class of Lebesgue-measurable functions f such that [{x:|f(x)|>¢€}| is
finite for every £>0.

THEOREM 2. For every positive number s, there exist small positive
numbers a=a(s) and e=¢&(s) such that if f € Ly(R) and if

{x:e < 1/ < Bl <« l{x: /0] Z 1,

then there is a discrete measure u € M(R) such that | ji| , <1 and | fdu|>s.
Theorem 2 implies that if f € Ly(R) and

6] [{x:e(s) < s"2IF(OI < 1] < ols) {252 | f(x)] = 1)1,
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then there is a discrete measure g such that ||i],=1 and |j'fd,u|>\/s.
It is easy to construct a function f'€ Cy(R) such that (1) is satisfied for a
sequence of values of s tending to co. If /4 is a measure-preserving trans-
formation, then fo /i also satisfies (1) for the same values of s. If M,(R)
denotes the space of discrete finite measures on R, then

[ren dul:uewk), Il 5 1) =

sup{

Therefore f o h cannot belong to A(R), since

fgd/t

Thus Theorem 1 follows from Theorem 2.

This work was done while trying to answer a question attributed to
N. N. Lusin ([1, Volume 1, p. 330] or [2, p. 168]), which concerns homeo-
morphisms instead of measure-preserving transformations:

= liglam Il for g€ ARR),  pe M(R).

Is it true that for every continuous function f on the circle group

T there is a homeomorphism ¢ from T onto T such that

fo QE A(T)?
Kahane’s result, cited above, is that with Z in the role of T, the answer
is no. The answer for T or R is not known. For related work see [5]
or [6, VIIL. 9], and [7] and [8].

We do not know how to prove a satisfactory analogue of Theorem 2
for the case of the circle group. We offer the following conjecture: For
every s>0, there exist small positive numbers a=a(s) and e=¢(s) such
that if fis a measurable function on T and if

l{x:e < 1O < 1} < e min{|{x:|f()] 2 1}, [/7HO)},

then there is a discrete measure y € M(T) such that. |/4|,=<! and
|f fdu|>s. It would follow from this result, of course, that there is a
continuous function on T of which no measure-preserving rearrangement
is in A(T). ‘

It remains to prove Theorem 2. The next two results are from [3], and
we omit the proof of the first one.

LEMMA 1. Let my, - - -, m, be integers, and let z,, - - - , z, be numbers
of modulus 1, wherer=3. If g is a trigonometric polynomial, |g(x)| =1 for all
real x, and

G(x) = g(x){l —2r2— 3 z Z,z,e(mx — m,-x)} + 1 z Z,e(m;x)

i<j

(where e(t) means €*™"), then |G(x)| =1 for all real x.
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LEMMA 2. Let P, Q and q be sets of integers, QNg=g , Q={n}}\,,
n>ny>: - >ny. For p € P, let N(p) be the number of integers in QUq
that are greater than or equal to p. Let r be an integer such that

=DS Ny < N

pelP

2) r+

Then there is a subset {m;};_, of Q such that my>m,>- - ->m,,

3) p+m—m;¢QUgq ifpePandi<j,
o
) my = ny, where t(j)§j+’(’T)ZPN(p>.
pEe.

ProorF. The m;’s may be chosen inductively. Let m;=n;. Having
chosen m;_,, let m; be the largest integer in Q that is less than m;_, and
satisfies (3). Condition (3) rules out at most (j—1)> .p N(p) integers, and
therefore

) =t = D=1+ G =D ND).
peP
Statement (4) follows. Condition (2) assures that the process may be
repeated r times.

LEMMA 3. For every positive number s, there exist small positive numbers
a=a(s) and e=e(s) such that, for all sufficiently large integers N, the
Sollowing conditions hold. Let Q and q be disjoint sets of integers, Q con-
taining N elements, q containing no more than aN elements. Let c be a
function on Z such that |c(n)|Z1 for n€ Q and |c(n)|<e for n¢ QUgq.
Then there exists a trigonometric polynomial g such that ||g|| Lo =1 and

| ZneZ c(n)é(n)| >S~

PROOF. Let r be an integer, \/r>5s. Choose a and ¢ so that
(5) 0<a<r¥  0<e< Jr[20-3)

It suffices to find a polynomial g with these properties:
(i) lghz=m=1,
(ii) é(n)=0fornegq,
(i) 2 {lg(n)l:n ¢ QU <37,
(V) Sneq c(mEm)>/r[4.

It follows from the last three conditions that

> (Jr/4) — &3 > Jr[5 > s.

> e(mg(n)

nezZ
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Require N>a1. Let Q be enumerated: n;>n,>-->ny. We shall
construct a sequence of polynomials g, all satisfying conditions (i) and
(ii), beginning with go(x)=|c(ny)le(n,x)/c(ny). Finally, we shall let g
be g, for a suitable value of k (namely, k=r?). Suppose that g;_, has been
defined. Let P,_, be the set of its frequencies:

gr1(x) = Z &r1(p)e(px).

If 7
r(r—1
(6) r+ =D S Ny <o,
peP;_,

then Lemma 2, with P,_, in the role of P, may be applied to obtain a set
{my;}ie1 < Q. Let z;,=c(my,)/|c(m,;)] and let
: g(x) = gk—l(x){l —2r?— "-32 Z;z je(my;x — mka‘x)}
()
+ % 22 Z e(my,;x).
J

By Lemma 1, g, is bounded by one since g,_, is. The frequencies of g,
are the integers in the set

Py = Py U Py + {my, — my;1 i < j}) U {my},

and hence
SN S N+ S N@ + 3 (0) + aN)
el »eP,_, i<jpeP,_, i=1
rr—1)
= (1475 ),,e,%_lN@)
+3[1+852 3 oy + an]
pePk_
r(r+ 1) rr—1  r(r+1DQ2r+1) _ r(r+ 1)
=" t [1 Tt 12 4 :'
> N(p) + raN
pePy_,
< (r*2) > N(p) + raN.
PEP;_,

Since Py={n,} and N(n,)=<aN, by induction we obtain that 3 ,.p N(p)<
r¥*aN. By the restriction (5) on the choice of a, and for all N>a™1, (6) is
satisfied for k<r2. Let

I, = D c(n)gy(n).

neQ
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Then I,=1 and I, =(1—-2r%)I,_,+r~%2 By induction,

Lz (Jr/2) = (1 = 2r((Jr[2) = D).

Therefore when k=r2, [,=(/r[2)(1—e"2)>./r[4, so that (iv) is estab-
lished for g=g,. For every &,

D&M = D g — 2r7 + 1(r — D[2r%) + r2

neZ .
S 2 gl + 1))
<1+ 1/r)F

When k=r?, this quantity is still less than 37, and (iii) follows for g=g,.
Lemma 3 is proved.

PrROOF OF THEOREM 2. Given s, let @ and ¢ be obtained as in Lemma
3, and let a=a/4. Let F={x:e<|f(x)|<1}, E={x:|f(x)|=1}, and suppose
that |F| <(a/4)|E|. We must show the existence of a suitable u.

Consider first the case when |{x € EUF:|x|>b}|=0 for some finite b.
Both the hypothesis, that |F|<(a/4)|E|, and the desired conclusion are
invariant under the change from f(x) to f(2bx—b), and therefore we may
suppose without loss of generality that EUF< (0, 1]. Let #>0. There is
a set U< (0, 1] which is the union of a finite number of open intervals,
and such that the measure of the symmetric difference EVU is less than #.
If J is sufficiently large, then

J-1

: Z%U(X +JjlJ) — |U|‘ <n forall x [0, 1/J].
i=6

For arbitrary J,

1 1/J J—1
ﬁ Jvo(x) dx = f S ymvolx +j19) dx = |[EV U] <7
i=0

d
o 1 1/J J-1
ﬁ o) dx = f > st + J19) dx = |FI < (af4) EL.

Therefore there exists an x such that both

J-1 J-1

S tevolx + 1) <207 and > xp(x + ji) < J(af2) |E].
i=0 i=0

Therefore for every sufficiently large J, there is an x such that

J=1
® 5 2 xslx + 510 = 1B < 3
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and

J—-1
©) 5 S 2s(x +J10)| < (a/2) |EL.
2

Let Q={j:0=j<J and x+//J € E}. Then Q has N elements, where
N>J(|E|—3n), so that by taking J sufficiently large, we can make N
sufficiently large in the sense of Lemma 3. By choosing # sufficiently
small and using (8) and (9), we may ensure that the set g={j:0=;<J
and x+j/J € F} has fewer than aN elements. By Lemma 3, there is a
polynomial g(t)= 2, &(j)e(jt)such that |3, £(j)f(x+j/J)|>sand [g(t)| =1
for all 7. Let u be the measure that places mass £(j) at x+j/J. Then
If f dul>s and |4(D] =12 §(j)e(—t(x+j/I)|=Ig(—1/J)|=1. Theorem 2 is
proved in the case when |(EUF)\[—b, b]| =0 for some b, and in particular
for all f with compact support.

Now to prove the theorem in the case of arbitrary f, let E and F be
defined as before. Given s, let « and & be such that, whenever
{x:e<|g(x)|<1}|<al{x:|g(x)|=1}| and g is measurable and has compact
support, then there is a measure » with finite support such that ||#]| , <1
and |f g dv|>3s. Suppose now that |F|<«|E|. For ¢>0, let V=V, be the
function in A(R) defined so that V(x)=1 for |x|=Zc, V(x)=0 for |x|=2c,
and V(x) is linear on [—2¢, —c] and on [c, 2¢]. Then || V| 4 <3. For ¢
sufficiently large,

{x:e < V)f)] < T < al{x:[V(x)f(x)] = 1},

and therefore there is a measure » with finite support Y such that ||#] , =1
and |f Vfdv|>3s. Let A(Y) denote the algebra of restrictions to Y of
elements of 4(R), with norm

f g du

Thus [ Vf || 4v)>3s. But [ Vf [y =31 flLix)- Hence || fllsx)>s, so that
there is a measure u € M(Y) such that ||ul, =1 and |f f du|>s.
Theorem 2 is proved.

lglacry = sup{ u e M(Y), ], < 1}.
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