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ARENS MULTIPLICATION AND A CHARACTERIZATION
OF W*-ALGEBRAS!

T. W. PALMER

ABSTRACT. Let U be a Banach algebra which is the dual of a
normed linear space X. Suppose the multiplication in U is a
continuous function of each factor separately in the weak * topology.
We show that the natural projection of A**=X*** onto A=X*
is a homomorphism with respect to either Arens’ multiplication.
From this we derive a simple proof of a variant form of Sakai’s
characterization of W *-algebras.

Introduction. S. Sakai [6] has shown that a B*-algebra is a W*-
algebra if and only if it is isometrically linearly isomorphic to the dual
of some Banach space. The proof is long and complicated [6], [7]. J.
Tomiyama [8] provided an attractive proof which relies on the canonical
contractive projection of the triple dual of a Banach space onto the first
dual. Both Sakai’s proof and Tomiyama’s proof depend heavily on the
structure of B*-algebras and on the isometric or contractive nature of
the maps involved.

R. Arens [1], [2] defined two products on the double dual of a normed
algebra. In this note we show that any Banach algebra which is homeo-
morphically linearly isomorphic to the dual of a normed linear space
and in which multiplication is a weak* continuous function of each
factor separately has a continuous homomorphism of its double dual alge-
bra with either Arens’ multiplication onto the original algebra. This
easy result, which we actually state in a slightly different form, provides a
simple proof of the following characterization of W*-algebras among
B*-algebras:

A B*-algebra W is a W*-algebra if and only if there is a linear manifold
T' in A* such that: (a) Each norm continuous linear functional on T is
defined by evaluation at a unique element of W; and (b) the functions a—a*,
a—ab and a—ba are continuous in the weak topology on U defined by T' for
each b e U.

This elementary characterization of W*-algebras seems to be as easy
to apply as Sakai’s much deeper characterization. Sakai’s characterization
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can be derived from this one by proving that the continuity of the invo-
lution and of multiplication in each factor separately in the weak * topology
is automatic when a B*-algebra is isometrically linearly isomorphic
to the dual of some Banach space. The proof of the continuity of these
functions is a major portion of the usual proof of Sakai’s characterization.

Results. We give the definitions of Arens’ two products on the double
dual of a normed algebra in three stages. Let U be a normed algebra,
and let 7: A—A** be the natural injection.

Forae A and w € A* let

0)) () = wba) and w,(b) = w(ab) Vbe.

Then ,»w and w, are both elements of A* which depend linearly and

continuously on a and w, and satisfy [,wl|=|al| |ol, lwJ=lal |w],

o((W)=,.0, (w),=w,, and (w,)=(,w), for all w € A* and a, c € A.
For fe A** and w € A* let

2 (@) = flw,) and w.(a) = f(,w) Vae .

Then ;o and w, are both elements of A* which depend linearly and
continuously on w and f and satisfy ||,ol| =S| f]l lwl, o211 llell,
(fw)a=f((0a)’ a(wf)=(aw)f’ (@)W =W and Wy (q)=Wq for all fe‘]I**,
weA*and ae A.

For f, g € W** let

3 fg(w) =f(,w), [-g(w)=glw,) YoeA*

Then fg and f - g are both elements of A**, and A** is a Banach algebra
under either of these multiplications. The linearity in each variable and
the submultiplicativity of the norm follow directly from the definition, but
before checking the associativity of these multiplications it is conven-
ient to note that ;,w=(,w) and w,.,=(w,), for all w € A* and f, g € A**.

It is easy to check that fg=f- g if either f or g is in the image, = (),
of A in A**. However, in general the two multiplications need not agree.
It is also immediate that 7:A—A** is a homomorphism; and that if A
has a multiplicative identity 1 then (1) is a multiplicative identity for
A**. Finally we remark that f—fg and g—f-g are both continuous
functions in the A* (i.e. weak*) topology on UA**. These assertions are
all easily checked.

If A is a normed algebra with a continuous involution (i.e. a normed
*.algebra in which the involution is continuous) then we will define con-
jugate linear, involutive maps *:A*—>A* and *:A**—>A** such that

@ (fo)* =g*-f* and (f-g)*=g** VfgeU*™
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For w € A* let
(5) w*(a) = w(a*)~ VYae.

Then w* belongs to A*, and *:A*—->A* has the properties just asserted
and also satisfies (,w)*=(w*),. for all a € A and w € A*. For all f€ A**
let

6) [¥*(w) = flw*)~ VoeA*
Then f* belongs to A**, and *:WA**—->W** has the properties claimed
above including (4). Before checking (4) it is convenient to note that
(;w)*=(w¥*);. for all fe A** and w € A*. If fg=f- g for all f, g € U**
then * is an involution on A** and 7: A—-A** is a *-homomorphism.

If T' is a linear subspace of the dual of a normed linear space X, we will

call the weak topology on X defined by I' the I'-topology, and will use
such terms as I'-continuous, etc.

THEOREM 1. Let A be a Banach algebra and let T' be a linear subspace
of U* such that :

(a) Every norm continuous linear functional on T" has the form w(a)
for a unique a € A.

(b) The functions a—ab and a—ba are both T'-continuous functions of
a € U for each fixed b € A.

For each fe A** let o(f) be the unique element of W such that f(v)=
7(p(f)) for all € T'. Then

@ o(f8) = ¢(Ne(g) = o(f-g)  Vf,geUA**

If * is an involution on A which is both norm continuous and T'-continuous
then

® o(f*) = o(f)* VfeUA**

ProOF. Notice that I' is a total linear subspace of A*. For reT
and a€, ,7 and 7, are I'-continuous by the I'-continuity of multi-
plication. Hence by a standard, elementary result [4, V. 3.9], ,7 and 7,
belong to T'. Thus for any feA**, reT and ae ¥, ,7(a)=f(r,)=
T (p(f)=7(a@p(f)=pn7(@ so ,r=,y7. Similarly 7,=7,, for all
feU**and reT'. Now for any f, ge A** and 7 € T',

(@(f8)) = f&(1) = f(,7) = flo™) = o7 (9(f)) = 7(e()e(g)),

so ¢(fg)=o(f)e(g). Similarly (f- g)=¢(f)p(g) for all f, g € AU**.
When * is norm continuous, 7* is defined for each » € I" and when * is

T'-continuous, 7* is I'-continuous and hence belongs to I'. Thus for
feW** and 7T, w(p(f*)=*D)=f(r*)"=r*(p(/) " =7(p(/)*), so
P(fM)=9()*.
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REMARK 1. Notice that ¢ o 7 is the identity map on 2 and consequently
7 o g is a projection of A** onto ().

REMARK 2. If we assume only that a—ab is a I'-continuous function
of a € A for each b € A, then we can conclude that: (1) ,7 € I' for each
acWand 7 eT'; (2) 7,=7, for each fe A** and 7 € T'; (3) p(fr(a))=
o(fla=g@(f- m(a)) for each fe A** and a € A. Analogous results hold
for the I'-continuity of left multiplication.

ReMARk 3. The involution on U is I'-continuous if and only if I is
invariant under the map *:UA*—A* defined by equation (5) above.
It may be easier to check this alternate formulation in some cases.

From now on we will assume that all algebras and linear spaces have
complex scalars. The foregoing results and arguments are correct with
real or complex scalars provided only that *“‘conjugate linear” is inter-
preted to mean ‘“linear” in the real case. However the following con-
siderations must be reinterpreted in less trivial ways in order to apply
to the real case.

A B*-algebra is a *-algebra which has a faithful *-representation as a
C*-algebra (i.e. a norm closed *-subalgebra of the *-algebra B($) of
bounded operators on some Hilbert space ). A B*-algebra carries the
(*-algebraically defined) norm, |a|=p(a*a)!’/? where p is the spectral
radius. Relative to this norm a B*-algebra is a Banach *-algebra with an
isometric involution, all its *-representations are contractive and all its
faithful *-representations are isometric. A W*-algebra is a *-algebra
which has a faithful *-representation as a von Neumann algebra (i.e. a
*-subalgebra U of some B(9) such that A equals its own double commu-
tant A").

For any Hilbert space $ and any x, y € $ we define

) 0, o(T) = (Ix,y) VT € B(H).

Then w, , is a linear functional on B($H). The weak topology on B(H)
defined by the linear span of the set {w, ,:x, y € H} is the weak operator
topology. Since multiplication in B(9) is a continuous function of each
factor separately in the weak operator topology it is easy to see that any
von Neumann algebra is closed in the weak operator topology. We can
now state the three well known results which we need. Easy elementary
proofs are contained in [5].

LEMMA 1 (vON NEUMANN DENSITY THEOREM). Let $ be a Hilbert
space and let A be a *-subalgebra of B($) which is closed in the weak oper-
ator topology. Then U contains a multiplicative identity E which is a pro-
Jjection in B(H). The set {T|ES:T € W} of operators in U restricted to ES
is a von Neumann algebra on ES). If W is essential (i.e. {Tx:Te U, x € H}
is dense in 9) then E is the identity operator.




1974] ARENS MULTIPLICATION OF W*-ALGEBRAS 85

LEMMA 2. Let U be a B*-algebra. Then there is a faithful, essential
*-representation Y of W such that every linear functional w on U can be
written as w, , o Y for x, y € 9T with |x|| ||yl S2|w].

The representation Y of Lemma 2 can be chosen to be the universal
representation which is the Hilbert sum of all the *-representations
corresponding to states of . The constant 2 in Lemma 2 can be replaced
by 1 but this is harder to prove, and is unnecessary for our purposes.

The next well-known result [3, 7.1], has an easy proof using only Lemma
2 and elementary considerations. We give this proof below.

LEMMA 3. Let U be a B*-algebra and let Y be a *-representation
satisfying Lemma 2. For each f€ U** there is a unique operator Y, in
B(HY) such that _

(Y, x,9) =flog, oY) Vx,yeH'.
Furthermore:

(a) The two Arens multiplications agree so that U** is a *-algebra.

(b) Y is a *-isomorphism onto the von Neumann algebra generated by
Ty

(c) Y is a homeomorphism with respect to the W*-topology on N** and
the weak operator topology on B(HY).

(d Yomr=T.

REMARK. It is also true that T is an isometry. This can be proved bya
simple application of the Kaplansky density theorem, but we omit this
since we do not need the result. :

ProoF. The expression f(w, , o Y) depends linearly on x, conjugate
linearly on y and satisfies If(wgc v° DISNSfI g, o TISIAN x|l Iyl
Hence there is a unique operator Y, € B($) such that (T,x, V=fw, > Y)
for all x, y € H*. Obviously T: 9[**—»%(3513 is a linear contractlon and
Yor=Y. If Y,=0 then f(© © Y)=0 for all x, € $' which implies
f=0 by Lemma 2. Hence Y is injective. Since each linear functional
on A has the form o, , o Y for some x, y € $, YTisa homeomorphism
from the A*-topology to the weak operator topology.

It is easy to check that .(w,,c V)=wy,,°Y and (w,,6 o Y),=
gy e L for all x,ye$H’ and ae W Hence Ay o )=y 54,0 T
and (w“o Y);=w5,e,° Y for all x,ye$H’ and f€A**. From this it
follows 1mmed1ately that Y,=Y,T,=Y,, and Y,.=T* for all f
g € 62[**

Since Y is continuous from the Q[*-topology to the weak operator
topology and since w(Y) is A*-dense in A** [4, V. 4.5], Ty.. is included
in the weak operator closure of T -an= Yy. Conversely if S belongs to
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the weak operator closure of Yy define S by S(w,, , o Y)=(Sx, y). Approxi-
mating S in the weak operator topology by a net of elements in Yy shows
that S is a well defined element of A**. It is obvious that Yg=S. This
concludes the proof of the lemma.

THEOREM 2. Let U be a B*-algebra. Then U is a W*-algebra if and
only if there is a linear subspace ' of W* such that:

(a) Every norm continuous linear functional on I' has the form m(a) for
a unique a € U.

(b) The multiplication of W is a I'-continuous function of each factor
separately, and the involution is T'-continuous.

PrOOF. Suppose U is a W*-algebra. Let T be a faithful *-representa-
tion of A as a von Neumann algebra on a Hilbert space §. Let I' be the
linear span of the functionals w, , o T for all x, y € $.

Let f be a norm continuous linear functional on I'. Then (x,y)=
flw, , o T) depends linearly on x, conjugate linearly on y and satisfies
[ ISIS g, o TUZN 1 IxI iyl since [Tl =(lall. Thus there is a
unique S € B(H) such that (x, y)=(Sx, y). Suppose W e Ty. Then
Oprzy © T=Wg ype, 0 T s0 (SWx, y)=(Sx, W*y)=(WSx, y) for all x,
y € 9. Hence S commutes with W. Therefore S € Ty=Ty. Thus there is a
unique a €A such that (x,y)=(T,x,y). Hence f(w, o T)=(x,y)=
(Tx, y)=w, (T)=n(a)(w,, o T) for all x,ye$H. Hence T' satisfies
(a).

The I'-topology on U is the weak operator topology on Ty pulled back
through 7. Thus it is well known, (and elementary to check) that (b)
holds. This proves the necessity of the condition.

Now suppose a linear subspace I' € A* satisfying the stated conditions
is given. By Lemma 3(a), *:UA**—A** is an involution. Hence the
homomorphism ¢:%**—>A guaranteed by Theorem 1 is a *-homomor-
phism. Let 3 be the kernel of ¢. Then the definition of ¢ shows that
3 is closed in the A* (i.e. weak*) topology on A**.

Let Y be the faithful *-representation of A** as a von Neumann algebra
described in Lemma 3. Since Y is faithful there is an identity element 1
for A**. Since Y is a homeomorphism from the A* topology on A** to
the weak operator topology on B(HY), Yy is closed in the weak operator
topology. Hence by Lemma 1 there is a projection E € B($") such that
E € Yy is an identity for Yy. Let e € 3 be the (unique) element of J such
that Y,=E. Since Y is faithful, e is an identity for 3. Hence A**e= I <
eJe< eN**e< A**e. Thus for any fe A**, fe=efe=(ef *e)*=(f*e)*=¢f,
so e is a central projection. Therefore the restriction of ¢ to A**(1—e) is
a *-isomorphism onto . Call the inverse y. For each ae U let T,=
Y, |(I—E)$*. Then Ty is a weakly closed *-subalgebra of B((I—E)H")
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containing the identity. Thus T is a faithful *-representation of U as a
von Neumann algebra. Hence U is a W*-algebra.

REFERENCES

1. R. Arens, Operations induced in function classes, Monatsh. Math. §5 (1951),
1-19. MR 13, 372.

2. , The adjoint of a bilinear operation, Proc. Amer. Math. Soc. 2 (1951),
839-848. MR 13, 659.

3. P. Civin and B. Yood, The second conjugate space of a Banach algebra as an
algebra, Pacific J. Math. 11 (1961), 847-870. MR 26 #622.

4. N. Dunford and J. T. Schwartz, Linear operators. 1. General theory, Pure and
Appl. Math., vol. 7, Interscience, New York, 1958. MR 22 #8302.

5. T. W. Palmer, General theory of *-algebras, Book in preparation.

6. S. Sakai, A characterization of W*-algebras, Pacific J. Math. 6 (1956), 763-773.
MR 18, 811.

7. , C*-algebras and W*-algebras, Springer, New York, 1971.

8. J. Tomiyama, On the projection of norm one in W*-algebras, Proc. Japan Acad.
33 (1957), 608-612. MR 20 #2635.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OREGON, EUGENE, OREGON 97403




