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REPRESENTATION OF UNIVERSAL ALGEBRAS BY

SHEAVES

U. MADDANA SWAMY

ABSTRACT.   It is proved that every (universal) algebra  A  with distribu-

tive and permutable structure lattice is isomorphic with the algebra of all

global sections with compact supports  of a sheaf of homomorphic images

of A   over a topological space.   This completely generalises the corres-

ponding result of Klaus Keimel for  /-rings.

Introduction.   The following note is a preliminary report on the investi-

gations undertaken by the author towards representing universal algebras by

(continuous) sections of sheaves..  The object of the present paper is to show

that KeimePs general representation theorem  [3, 3-3] for  /-rings   is valid

for any universal algebra, with distributive and permutable structure lattice

(see Theorem 2 below).   The results in the general case are under investi-

gation and will be communicated later.

In §1  we define the (irreducible) spectrum of any (universal) algebra

with distributive structure lattice and state its properties, whose proofs are

routine.   In §2 we give a general construction of sheaves of algebras over

a topological space, along the lines of Keimel  [3] and apply this to get a

general representation theorem for an algebra, with.a distributive and permu-

table structure lattice.   The crucial point of this note is Lemma  3, which

replaces Lemma   1.11   of Keimel  [3] where extensive use is made of the   l-

ring structure.

Throughout this paper,  A  denotes an fi-algebra (algebra of type  0, see

[2, p. 33]) and x(A) denotes its structure lattice.   We refer to [4] for ele-

mentary basic properties of sheaves and  [l] for preliminaries on sheaves of

fl-a Ige bras.

1.   The spectrum of an il-algebra.   Let £(A) be distributive; as usual,

we call a proper congruence  qo on A   (meet) irreducible   iff, for any   0,6    e

£(A),  6: n 62 Ç f> implies either  6, Ç <h or  $2 Ç <ß.   The set  X  of all irre-

ducible congruences on A  becomes a topological space by taking ÍXJ 6 e
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x(A)S as open sets, where X g = {<£> e X\ 6 f. <f\ for each 6 £ £(A), which we

call the (irreducible) spectrum of A  and denoted by Spec A.

It is easy to see that the map 6 ^Xg is a lattice isomorphism of J-(A)

onto the lattice of all open subsets of Spec A.   A subset   Y of Spec A   is

closed iff every irreducible congruence which contains il Y ( = 'L)6y<7^) he-

longs to  Y; and hence   Y is dense iff il Y = A, the diagonal of A x A.   A

subset   Y  of Spec A   is called full (following Keimel) iff every proper con-

gruence on A  is contained in some member of  V.

2.   General representation theorem.   The following theorem and its proof

are analogous to that of Keimel  [3, Theorem 2.7].

Theorem   1.   Let X be a topological space and A, an Q-algebra.   Let

d: X —> Jc(A) be a mapping such that for each p £ A x A,  X(p) = \x £ X\

p £ 6(x)\ is open in X.   Let S be the disjoint union of all A /6(x), x e X,

and define  77: S —» X by r¡(s) = x for all s e A/6(x).   For each a e A,  de-

fine  a: X —> ô by x I—» 77 (a), where v : A—» A/0(x) is the natural epimorphism.

Let e) be equipped with the largest topology that makes each a, a e A, con-

tinuous.   Then we have the following:

(i)   The family \d(u)\ ae A,   U is open in X\ forms a base for the to-

pology on 0.

(ii)   The triple J = (S, 77, X) z's a global sheaf of Q,-algebras over X.

(iii)   The mapping a \-* S is a homomorphism of A  into Y(j), the fi-a/-

gebra of all global sections of the sheaf J, and this is a monomorphism if

and only if Mx£XrXx) = A.

(iv)  J  z's a  T -sheaf if and only if X is a  T -space and X(p) is closed

also for all p e A x A.

If J = (0, 7/, X)  is any sheaf of fi-algebras, then for any two global sec-

tions a and r, we define, following Comer [l], \(a, r)\  to be the set \x £ X\

a(x) 4 t(x)\ and it is well known that  \(a, r)\  is always closed.

The following theorem now completely generalises the corresponding

theorem of Keimel [3, 3.3] for /-rings.

Theorem  2.   Let A  be an 0,-algebra whose structure lattice is distribu-

tive and permutable and  Y, a full and dense subspace of X = Spec A.   Let

Z be any topological space and   tf. Y —> Z,  a continuous map.    Then there

exists a sheaf J = (o, 77, Z) of homomorphic images of A  over Z such that

A   is isomorphic with a subalgebra A  of the algebra Y(j) of all global sec-
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rz'oras of J, which contains all a e Y(j) such that  \(o, a)\   is compact for

some  a e A,  where  a: Z —» o  z's defined as in Theorem 1.

We first prove a lemma which is crucial in proving the above theorem.

Lemma  3.    Let X.(A) be distributive and permutable and Y, a subspace

of Spec A.   For any 6 eS_(A),  let  d*=C\9i4>€Y4>.   Let  6V 62, • • • , dn e

£(A);  av a2,..., an e A; \J*ml 0 • = A x A and (a., a .) e (0  n0.)* for  1 <

i,  j < ra.    Then there exists a e A,   (a, a.) £ 6* for  1 < i < ra.

Proof.   We observe that  0* is the largest congruence on A  with the

property 6 nd*çC\Y, and hence  (i) 0 Ç f> implies <p*C0*, and  (ii)

(dn<ß*) O 0 Ç </>* for all  0, (f> e £(A).   Now, let   1 < i, j < ra and   0 =

rï£ = 1 Kö;n 6k)*u(dkn $)*]',  then 0 Ç (0. n 0k)*\j(6k n 6»y)* and therefore

0n0. c [(0. ndL)* ndj u [(0. n 0.)*n0.]c 0* u0*
« — z fe ß fe 7 fe    —      i J

for  1 < k < nt which implies that

On the other hand, 6* U 0*C (0.O0 )*u (0, O 0.)* for  1 < k < n and hence
k

*0*U0* C 0,  so that,   0 = 0* U0
i        1  - ' i i

Therefore, we have  (a., a.) £ 0*U 0*  for   1 < i,  i < ra and now the lemma' i'    i i        ; —      ' —

follows from the well-known Chinese remainder theorem  (see  [2, Problem

68, p. 221]).    Q.E.D.

Proof of Theorem 2.   For each open subset  U of Z,  let 0,, = i\C~  (U)

and for each z £ Z,  let  0   = Ui0(,l ^ is an open neighborhood of z\;  ob-

serve that  0,, = 11   ,,,0    for each open subset   U oí Z.   For each p £ A x A,
U z eu    z r l

Z(p) = \z eZ\ p e 0  \ is open and hence by Theorem  1, we have a sheaf

J = (o, 7/, Z) of homomorphic images of A   over  Z.   Since   Y  is dense, we

have  A = lly = 07 = fl     _ 0    and hence  a I—»a  is a monomorphism of A

onto the subalgebra  Â = ,â e H?)! a e A S  of  Tí?).

Now, suppose  cr e TU"), « e/1 and   \(o~, a)\  is compact; then the usual

argument shows the existence of open sets   U., • • • , U    of  Z and  a1, a   , • • •

a    e A  such that a/U. = â./U. for  1 < z < ra and   |(cr, a)\ C N"   i U..   Put
77 777 —       — I        » I   _  VSZ =1        t

[/j, = Z - |((7, a)|  and aQ = a;  since   |(a, a)|   is closed and  <^ is continuous,
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there exist 6. £ 2(A) such that ¿"KLO = Xe.nY fot  0 < i < ra.   Also

U"=0 Ui " Z and therefore   Y Ç U"=oXö' which imPlies that U"=00¿ =

AxA  (since   Y is full).   We have â./U. n (7. = â./fj. n U :, that is  (a., a.)v i      i        i       i      i        i ii

e Pi   .„ „„ 0   =0,, „,,   = H^-Ht/, n (7.) and hence, following the nota-
■   'z eu¡<MJj   z UjCiUj * z 7 °

tion of Lemma 3, we have (a ., a .) £ (0. O 0.)* for  0 < z, ;' < ra.   By Lemma 3,

there exists  b £ A  such that  (b, a .) £ 0*   for  0 < z < ra ,  and hence  b/U. =v   '     7 7' —     —     ' 7

a./fj. = a/í/., so that a = £.    Q.E.D.777' x-

The class of algebras to which Theorem 2 applies is wide  (see [5])

and includes   /-rings,  /-groups, regular rings, etc.   Most of the results of

Keimel  [3] obviously hold for the class of algebras considered in this paper.

The author wishes to thank Professor N. V. Subrahmanyam for his valu-

able guidance in preparing this paper.
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