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ON THE COEFFICIENTS OF

MEROMORPHIC UNIVALENT FUNCTIONS

D. K. THOMAS

ABSTRACT. Let /¿S,   the class of all analytic univalent functions de-

fined in y = {z: \z\ > l\.   For /, g£~L define  A  in  y   by h(z) = f(z)l-ag(z)a,

0 < a < 1.   If h(z) = z + S°°   „ c   z~ ",  it is shown that X""   , n\c  I    < oo.   This
72 =0   n 72 =1   '   n

result is used to show that if Ba denotes the class of all meromorphic

Bazilevic functions of type  a and   f£ B„ with   ñz) = z + 2°°  „a  z~n,   then1 <X * 72 =0     72

na   = 0(1)  as  72 —»00,   the result being best possible.

Denote by 2 the class of all analytic univalent functions / defined in

y =\z: \z\ > l\ by the power series f(z) = z + S°°_0 a z~". Then, as is well

known,

T n\a |2 < 1,

72 = 1

which implies that  a   = 0(1)71'    as n —> 00.  Clunie and Pommerenke [3]

have shown that this result is not best possible and that a   = Oil)n~ ' 2~ '

as  n —> 00.   In the other direction, Clunie [1] has given an example of a func-

tion f£ S satisfying  na   > n    for 8 > 0,  and infinitely many  72.   The correct

index of  72,  the so-called Clunie constant, is unknown.

For various subclasses of S the situation is much better.   For example,

if 2i    denotes the class of all meromorphic starlike functions defined in y,

then Clunie [2] has shown that  a   = 0(l)re~     as  n —n»,  and that the index

of n is best possible.  The same result has been proved by Pommerenke [6]

for meromorphic close-to-convex functions.  In fact Pommerenke was able to

show that  a   =0(1)ti-1  holds for functions  / £ S satisfying Re(zf'(z)/g(z)) > 0

for  z £ y with g eX,  g(z) /. 0.

In [7], the following subclasses of S  were introduced.  Let fe2,

g £ 1* and for real  a  let Re(zf'(z)/f(z) 1~ag(z)a) > 0 for  z £ y.   Then f

defined in this way is called a meromorphic Bazilevic function of type  a.

We denote these classes by  ß(a),   and note that  ß(0) and  /3(1) are the

classes of meromorphic starlike and meromorphic close-to-convex functions
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respectively.   In [7], the coefficient problem for  /3(a)  was considered, and it

was shown that it f £ Bio), with fiz) = z + 2°°_0 a z~n, 0 < a < 1, and / and g

have no zeros in y, then     na   = O(l)(log n)  '      as  n —> oo.   We shall show

that the logarithmic factor can be removed, giving the best possible estimate

na   =0(1)  as   72 —> oo.  We prove in fact:

Theorem 1.   Let f, gel,  with fiz) = z + S°°_0 a  z~n,  and suppose

that both f and g have no zeros in y.   Then if for  0 < a < 1

(2) Re  -^-J±L—> 0zf'iz)
fiz)l-agiz)a

for z £ y,   na   = 0(1)  as  n —> oo.

Note that the result is proved for a wider class than  /3(a),   since g

need not necessarily belong to X .  We do however still require that / and g

have no zeros in y.

In order to prove Theorem 1, we require the following result, which is of

interest in itself.

Theorem 2.   Let f, gel with

oo oo

f(z) = 2 +   Z   anZ~n      and     ëiz) =  z +   Z   bnZ~n-

72=0 72 = 0

For 0 < a < 1,   and for sufficiently large  z,  define the function h in y by

DQ

h(z) = f(z)1-ag(z)a=z+ Z cnZ-n.

72=0

Then X^=1 «|cj2 < oo.

We need the following area principle due to Grunsky [4].

Lemma.  Lei the function k be defined for z £ y by k(z) = Sm_„ d z~" +

2~__     d zn,  and suppose that  d    /= 0.  If k is strongly m-valent in y,  that

is,  k assumes in y no value more than m times, then

— 1 m

Z  MK!2<Z«KI2-
72 = —oo n- 1

Proof of Theorem 2.   A simple limiting argument shows that in order to

prove the result, it is sufficient, provided the bound obtained for H°°_xn\c  \

is independent of a,  to consider a to be rational.

Assume then, that a = p/q where  p, q ate positive integers with  p < q.

Since / and g have no zeros in y, we can define  F and G in S by
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F(z) = f(zq)l/q and  Giz) =g(zq)l/q. Further let ? and § be defined for

z £ y by  3"(z) = F(z)q~p  and  §(z) = G(z)p respectively.  Then for  z £ y we

can write

OO OO

ï(z) = zq-p + Z Anz-"q+q-p,        §(z) = zp + Z  Bnz-"q+P-

n=I n-1

Clearly  J"  is strongly  q — p-valent and ^ strongly p-valent in  y.  Thus by

the Lemma,
OO

(3) Hinq + p-q)\An\2 <q-p,
72=1

and
OO

(A) T.inq-p)\Bn\2<p.
72 = 1

Next define the function H in y by  //(z) = 3'(z)§(z).  Then for  z £ y

we can write  //(z) = z9 + S~_Q C^z-"«.  Now H\z) = 3:'(z)§(z) + 3(z)§'(z),

and so by the Schwarz inequality

\H'(z)\2 < (|?U)| 2 + |§(z)| 2)(|Î'(Z)| 2 + |g'(z)| 2).

Let p> 1,   and M(p) = max1<| ^ (|?(z)| 2 + |§(z)|2),  and let   1 < p0 < p.

Then

f   f^l/Are^l^drÄSM^r   f^d^l 2 + |§'(z)| 2)raV¿0,

and so

9P

< Mip)

OO CO \

2?-  Z  nq\Cfp-2"q -)qp~2q - Z nq\Cn\2p-2M
72=1 ' 22=1 )

\(q - p)p2^p) - Z inq - q + p) MJ 2p-2<»*-*+^
L 72=1

(q - p)p20^-p) -íinq-q + p) \AJ 2p~ 2 <«" q^l

CO

+ Pp2P-Z(nq-P)\Bn\2p-2<»q-pï
72=1

-\pplP-Íinq-p)\B„\2p-2^-4'\
I 72=1 U
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Using (3) and (4) we see that letting pQ  -> 1

OO . OO .

qp2q - 1, nq\Cn\2p-2"q -)q -Y, nq\Cn\2l
72=1 ( 72 = 1 (

(5) '
<Mip)liq-p)P2'q-p) + pp2p].

Let  |/(z)| < K and  |g(z)| < K tot  1 < | z| < 2,  and choose p = 2l/?.

Then Mip) = Mi2l/q) < K2[g~p)/q + K2p/q < 2K2,  since  K > 1.  Thus (5)

gives

OO . OO »

49-Z»?lCJ24-"-(?-Z"?lC„l2)
72=1 \ 72=1 /

< 2K\iq - P)A(q-p)/q + PAp/q] < \6K2q,

and so

oo

Z »|CJ2U- 4~")< 16K2-3,
72=1

which gives  2~=1 7i|Cj2 < (4/3K16X2 - 3).  Finally note that  H(zl/q) =

Fizl/q)q-p,   G(zl/q)pn= f(z)l~ag(z)a,  and so  C n = c n for  » > 1,   and the

result follows.

It remains only to establish the result when / and g have a common

zero in y.  Suppose then that fiC) = gi£) = 0 with  (ey,   Then for   1 < |z| <

(l + ICD/2,   l/K<\fiz)\,  \giz)\ <K for some   K > 0.  Now

h'(z) = (1 - a)/'(z)/(z)-ag(z)a + ag-(z)f(z)l-ag(z)a-\

and so for  K|z| <(1 + |¿|)/2,   \h'(z)\ 2 < Kxi\f'iz)\ 2 + \g'(z)\ 2),  where  Kx

is constant.  Now let p0 > 1;  then as before,

CO / CO

p2-Z"MV2"- k-2>kJV
72=1 ( 72=1

<^1rp2-Z"i°jv2n-fc-z-i«j2Po")

CO /CO \-

+ p2-Z«IM2p-2"-(p(3-Z-IM¿Po2n)
72 = 1 \ rc = l /_

Hence, letting  pQ —> 1,  and using (1), we have

oo

Z «kJ2(i-p-2")<i + P2(2X1-D,
72=1



MEROMORPHIC UNIVALENT FUNCTIONS 165

and so

Z Acn\2<-4-7^+92i2Kl-l)]<K2
,       "        o   — 172 = 1 r

on choosing p = (1 + |£|)/2.  This proves Theorem 2.

Proof of Theorem 1. Since f and g have no zeros in y, the function h,

defined in y by h(z) = fiz) ~agiz) is analytic in y. Thus from (2) we may

write

(6) zf'(z) = h(z)p(z),

where  p is analytic in y,  p(oo) = 1   and Re p(z) > 0  tot  z £ y.   From (6) we

thus have

- Z ka.
k=l

z+ Y,ckz   *)(l+Z P/,
k = 0 k=l

and so for  ra > 1,

(7)

72-  1

■ na   = p        +   Z   c 7jP        + c  .
72 r72 + l *—' ^r77 —V 72

V=0

Cauchy's theorem gives for  k > 1,

so that in (7) we have for  re > 1,

\ v = n I

Thus, since  /„Re pirelU)dd = 2t7,

1     721   —   77

<v

J*ffRe(,eííWV',í

J^Re p(reiöWrefe)e

« 2r" Z

wz^mi+Kj
\v = n

by the Schwarz inequality.  Now since  / and g have no zeros in   y,  |/(z)|,

|g(z)| <r+3  [5], and so  |A(z)|<r+3.  Also  since by  Theorem  2,

I°° . v\c J2<oo,   \c  | <K,  and if e2 = l°°     v\cv\ 2,  then £2 < K and e    — 0
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as  n —► oo.  Thus

n\an\< 2(r + 3)r" + 2^(1 - l/r2))'^ + K,

i /?
and so for n > 2,  choosing  r = (1 - l/n)—   '   ,  we have  na   = 0(1)  as

72  —> oo.
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