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A GEOMETRIC CHARACTERIZATION OF FRECHET SPACES
WITH THE RADON-NIKODYM PROPERTY !

G. Y. H. CHI

ABSTRACT. Let F be a locally convex Fréchet space. F is said to
have the Radon-Nikodym property if for every positive finite measure space
(@,2,1), and every u-continuous vector measure m: 2> F of bounded varia-
tion, there exists an integrable function f: 2 > F such that m(S) =
fo(w)tiu.(w), for every S € Z. Maynard proved that a Banach space has the
Radon-Nikodym property iff it is an s-dentable space. It is the purpose of
this paper to give the following analogous characterization: A Fréchet
space F has the Radon-Nikodym property iff F is s-dentable.

0. Introduction. In [8], Maynard obtained some equivalent geometric
conditions for the average range of a vector measure in the characterization
of Rieffel’s Radon-Nikodym theorem [11, Main theorem, p. 466]. Based on
these results, Maynard [9, Theorem 2.2] recently extended Rieffel’s [12,
Theorem 1] condition on the dentability of the average range to s-dentabil-
ity of the average range. It was shown in [2], [7] that all of these results
can be extended to locally convex Fréchet spaces; see § 2. As a conse-
quence, the geometric characterization of Fréchet spaces having the Radon-
Nikodym property will be proved in $3 below.

1. Preliminaries. Let (Q, Z, p) be a positive finite measure space,
where Q is an abstract set, 2 is a 0-algebra of subsets of Q, and p is a
real-valued measure defined on 2. Without loss of generality, one can as-
sume that 2 is p-complete. Let 2* ={s € Z|u(s) > o}.

Throughout this paper, let F be a locally convex Fréchet space, and

U= {Un}::l be a fundamental decreasing sequence of closed absolutely
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convex subsets which forms a 0O-neighborhood base for F. For U € U, let
P, denote the associated continuous seminorm.

A function f: @ — F is said to be simple iff [ is of the form flw) =
z:.lzlxilsi(co), Vo €Q, where {S17_, CZ are disjoint and {x 7 | CF. A
function f: d — F is said to be strongly measurable iff there exists a se-
quence of simple functions {/ }° | such that f(®) = lim__ ./ (0), Vo € Q.
Let M(Q, y; F) = 1{f: Q — F|/ is strongly measurable}. Uf F is a Banach
space, then J(Q, s F) is precisely the Bochner measurable functions.

Let / be strongly measurable, hence Borel measurable. Thus V U € U,
pU(f) is Borel measurable. If V U € U,pru(/)dy < o0, then [ is said to be
integrable. In this case define q,(/) = [op,(/) du. Let LUQ, p; F) be the
space of all integrable functions, and let £1(Q, y; F)/N, where N =
{1e £1Q, p; Plgy(N =0,V U e U} LNQ, g5 F) is a Fréchet space topolo-
gized by the family of seminorms {quU e U}. If F is a Banach space, then
LYQ, p; F) is just the Banach space of Bochner integrable functions.

Let m: £ — F be a vector measure. For every U € U, the U-variation
of m over S is defined to be

n
V(m, U)S) = sup {Z pu(m(Si))lSl. € 3, disjoint, 1 < i< n, e S\,
=1

V(m, UX.) is an extended real-valued measure. m is said to have bounded
variation if Vim, UNQ) <o, ¥ U € U. m is p-continuous, denoted by m <<
pif p(8) =0, S € Z, implies m(S) = 0. It is clear that m << p iff VU € U,
V(m, U)+) << p. If [ € LYQ, p; F) and u/(S) = [¢f du, then B, is a vector

measure, and V U € 1, pU(yI(S)) < Sspu'Ddp, V(y/, UNS) = [¢p,()) dp, and

Hy is of bounded variation.

For S € 2%, the average range of m over S is defined to be the set
Ag(m) = {m(T)/ (T)|T € Z*, and T C S}.

Let E be an arbitrary locally convex space, and D C E be a subset. D
denotes the closure of D, D7 the o(E, EY)-closure, c(D) the convex hull of
D, and

s(D) = {Z:I aidilai > 0, Zl a =1, and z‘i a.d, converges, d.€D,i> 1},
= = =
the s-convex hull of D. It is clear that D C (D) C s(D) C (D). D is said
to have width at most U iff D =D C U, i.e., py{x - y) <1, Vx, y € D.
Definition1.1. D C E is said to be dentable [s-dentable) iff ¥ U € U,
there exists d € D such that d ¢ ©(D\{d + U} [d ¢ s(D\{d + U}
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If D is not dentable [s-dentablel, then any U € U such that Vd € D,
d € ©(D\{d + UD [d € s(D\{d + UD] is said to be a nondenting [non-s-dent-
ing] neighborhood for D. If D is dentable, then D is s-dentable. For the
proof of the following results as well as other properties of dentability and
s-dentability, see [2], [9], [10], [12].

Theorem 1.1. Let F be a Fréchet space. Every relatively weakly com-

pact subset of F is dentable, and hence s-dentable.

2. Radon-Nikodym theorems. Theorem 2.1 and Theorem 2.2 below are
proved in [2], [7]. For the Banach space version, Theorem 2.1 was due to
Rieffel [11, Main theorem, p. 466], and Theorem 2.2 was due to Maynard [8,
Theorem 3.1, p. 457].

Theorem 2.1. Let (Q, %, p) be a positive finite measure space, and F
a Fréchet space. Let m: 3 — F be a vector measure. Then m = #y for some
f € LYQ, p; F) iff

(1) m << p,

(ii) m has bounded variation,

(iii) m has locally relatively compact [or s-dentable] average range,
i e., V'S € 2%, there exists T € 3%, TCS such that AT(m) is relatively
compact lor s-dentable].

The next theorem will be used crucially in the proof of Theorem 3.1.

Theorem 2.2. Let (Q, 2, p) be a positive finite measure space, F a
Fréchet space, and m:2 — F a p-continuous vector measure of bounded
variation. Then the [ollowing conditions are equivalent:

(i) given S € 27*, there exists T € 2¥, T CS such that AT(m) is
relatively compact.

(i1) given S € S* and U € U, there exists T € 3*, TCS such that
Ar(m) has width at most U, i.e., A (m) = Ap(m) C U.

3. On Fréchet spaces with the Radon-Nikodym property. As in the case
of Banach spaces, the concept of s-dentability.provides a simple character-
ization of Fréchet spaces with the Radon-Nikodym property.

Definition 3.1. A Fréchet space F is said to have the Radon-Nikodym
Property, RNP for short, iff for any positive measure space (@, Z, y) and
any m: X — F, p-continuous vector measure of bounded variation, there ex-
ists f € LYQ, y; F) such that m = By

The following lemma will motivate the next definition as well as the

main theorem. For a proof of this lemma, see [7, Corollary 3.2].
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Lemma 3.1. Let (Q, X, ) be a positive finite measure space, and m:
3 —F a p-continuous vector measure of bounded variation; then m has lo-
cally bounded average range, i.e., V'S € 2%, there exists T € 3*, TC§
such that AT(m) is bounded.

Definition 3.2. A Fréchet space F is said to be s-dentable iff every
bounded subset of F is s-dentable.
Now the main result will be proved. The proof will be given in several

stages and contains a modification of the proof presented in [9, Theorem 3.1].

Theorem 3.1. A Fréchet space F has the Radon-Nikodym property iff F is
s-dentable.

Proof. Necessity follows from Lemma 3.1 and Theorem 2.1. To prove
sufficiency, it will be shown that one can construct a positive complete fi-
nite measure space (Q, X, ), and a p-continuous vector measure m: 2 —F
of bounded variation such that m has no Radon-Nikodym derivative.

Stage 1. Construction of the measurable space (2, 2). Let @ = [0, 1)
with the Euclidean topology, and let {77" }n=l be an increasing sequence of
infinite partitions of [0, 1) having the following properties:

(i) m, ={A%} .yn, where N is the set of positive integers, and A7 =
la?, &7).

(ii) For every n € N, and every z € N7, b?’;}.) = a?z"j.“).

(iii) For every n € N, and every z € N*, A7 = U:—_IA?;,li)’ where
(z, 1) N™ x N.

Let 7 =U:°=177n, and let ‘(RO be the ring generated by #. It should be
noted that 7 is countable and is not a semiring. It is easy to see that

"2

! Iei 00 7+l
M Ry= 51U52|51=UA;,,’52=U U A(z’j) » S, NS, = g5,
i=1 t i=1 7=b; i

and that ?0 is not an algebra. Let R be the algebra generated by 7. It
should be pointed out that neither 5(0 nor R contains a base for the Eu-
clidean topology of [0, 1). However, ?0 does contain a base for the right
half-open interval topology on [0, 1), which is strictly finer than the Eu-
clidean topology [6, p. 37]. Let D be the 8-ring generated by 7, B the 5-
ring generated by compact subsets of [0, 1) (B is called the family of rela-
tively compact Borel sets of [0, 1) in [5, p. 287]). Let

2 C=isclo,1|s nBeB, VB Bl
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C is a g-algebra [5, p. 290]. One has the following inclusion relations:
(3) 7CR,CDCBCoR)=0@R)CC.

Note that R ¢ B, since [0, 1) ¢ B. The third inclusion is seen as follows.
Let [a, b) C [0, 1). Let @, =a, a<b,<b such that b,<b, i <jand
lim, b, =b. Then [a, b) = U:‘;l[al., b.]. However, [a,, bl.] € B, (a, b,
C la, b] € B, so by property (4) of [5, p. 4], [a, b) € B. This implies that
7 C®B. But B is a S-ring, so D CB. To see the fourth inclusion, recall
that every open subset V C[0, 1) has the structure

(4) v=I[0,b) v Ul (a5 b)),

where [0, b) € 7, (a,, bi) clo, 1). However, Vi>1, (a, bi) = U;‘;l[aij,bij),
where a_ < a;; < b, bl.]. =b,Vj>1,and lim]._.mal.]. = a,. Thus every open
subset of [0, 1) is in o(R). Now if K C[0, 1) is a compact set, then
[0,D\K € o(R). This implies K € (R), hence B C ¢(R). The definition of
3 will be given in Stage 3.

Stage 2. Construction of y and m on ‘(Ro’ Let D C F be a nonempty
bounded not s-dentable set. There exists then U, € U, and a, >0 such
that

@) U, is a non-s-denting neighborhood for D, i.e., Vd € D, d €
s(D\{d + UO}), and

(b) DCayU,.

One defines p and m inductively on 7 as follows:

(i) Let do € D be arbitrary., By (a), there exists ai1 >0, i>1,
Zzla} =1, and {dili";l C D\{do + UO} such that do = 2?=1a}d}. On 7,
define pu(A 1.1) = al.l, and m(Al.l) = aild}, i>1.

(ii) Now suppose that y and m have been defined on 7, such that
V7 e N,and Vz € N?, m(AZ)/#(AZ) = dz €D, VA: €m,. Since D is not
s-dentable, there exists a:';'li) >0, Zzla:';j.) =1, and {d’(’z*'li) 12, C

D\{a'; + UO} such that d7 = E‘l’.:la""l d™*l . Define

(z,7)" (z,0)°

n+l \ _ . n+l ntl y _ n+l n+l
WAt ) =als,y and mATTL) = ot dit

Observe that

) (AT WATEL )~ m(ATY W(AT) ¢ U,

By induction, y and m are thus defined on all of # satisfying the crucial

“*horizontal’’ countable additivity property: VA7 € nx,
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ny _ n+1 ny _ +1
©) wa?) = Z; WAy and m(a7) = }__‘; m(AT; )
1= =
Now p and m will be defined on 9{0 as follows: Let
n n

T, L e
s;,=UA7 ad s,=U Uai
1= % i=1 j=p, (z ;47)
such that § NS, = . Define
nl nl
k. k.
) Ws)= X WA ) and mis)= X mla ).

=1 t =1 z

Using (6) and (7), one can define
ny b= 1 .
7. T
(a) I-l(S 2) = Z [I-(A zz.) - Z #(A(;

i=1 t j=1

1
,’j)) » and
1
(8) ,

n b.-
2 z r+1

®  ms)=X [maH- ¥ a4 .

i=1 i =1

Finally define ;1(51 U Sz) = /"(Sl) + I‘(Sz)’ and m(S1 U Sz) = m(Sl) + m(SZ)
where the right sides of the above equations are defined by (7) and (8).

It is easy to check that y and m are finitely additive on fRO, and that
p is a positive set function of bounded variation. In fact, the variation of
p is bounded by 1. Furthermore, by first proving for sets of 7 then for sets
of 5{0 by using the definition of m on 7 and the structure of ‘(Ro’ (1), one
can show that V U € U, there exists @, >0 such that

(9) py(mlA)) <oyu(a), VA €R.

Stage 3. Extension of y and m. Using the ‘‘horizontal’’ countable ad-
ditivity property (6) and the structure of m,, one can prove that y is regular
on 7 relative to 5(0, i.e., VA € n,and VY ¢ >0, there exist C, V GRO such
that CCA CV®, and (H) <e,VH € R, HCV\C (see [9, p. 11]). Then
knowing the structure of RO, and (1), one can prove by direct computation
that p is regular on 3{0 relative to Ro (this was termed regular R2 in [4,
p- 508]). Hence by Theorem 3 of [4, p. 510], p is countably additive on '(Ro‘
By the Carathéodory extension procedure, y can be extended to a unique
finite positive measure p, on G(,,L), the class of y-measurable sets [5,
Corollary 4, Proposition 6, p. 72, Definition 3, p. 67]. Since p, is finite,
Z(u), the class of p-integrable sets coincide in this case with G(#), and p,
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is a complete measure on Z(y) [ 5, Proposition 12, Definition 6, p. 75]. Fur-
thermore, ‘(Ro is p -dense in (), ie.,V S € 2(y), and V ¢ > 0, there exists
B e RO such that y (S A B) <[5, Proposition 13, p. 76]. It should be em-
phasized that the extension procedure need not preserve regularity! Hence
p, need not be regular on 2w, in fact, p, need not even be regular on
a(R), in the sense that V'S € a(R) and V ¢ > 0, there exists C, V C [0, 1)
such that CC SC VO, and p(H) <&,V H € 0(R), H CV\C, without the re-
quirement that C, V € a(R).

Let 3(u) be denoted by 2, and g, again by p. Since p is countably
additive, (9) and Lemma 1 of [4, p. 506] implies that m is countably addi-
tive on fRO' Since F is complete, p is countable additive, and “’RO is p-
dense in 2, one can prove (analogous to the proof of Theorem 1, p. 62 of
[5]) that m can be extended to a measure my: S — F such that V U € 1,
there exists &, >0 such that

(10 P (m ($)) <a,u(s), VS e€X.

Since p is of bounded variation on 3, it follows from (10) that m, has
bounded variation on Z. Again m; need not be regular on 3, or on o(R).
Let m; be denoted by m.

The restriction of pu to B is a positive finite measure, so by Corollary
2 of [5, p. 347), u: 3 — [0, 1] is a regular Borel measure (i.e., V B € B
and € > 0, there exists C, V C [0, 1) such that CC BC VY, and u(H) <e, ¥V
He®B,HC V\C). Now from (10) and Lemma 3 of (4, p- 509), m: B — F is
a regular Borel measure of bounded variation. However, the regularity of m
on B will not be needed.

Thus one has constructed a measure space (Q, 2, p) and a p-continuous
vector measure m:> — F of bounded variation such that the restrictions of
p and m to B are regular Borel measures.

Stage 4. m £ By for any [ € LQ, p; F). It suffices to show that VB €
B, AB(m) has width at least J5U,. (In fact, it should be pointed out that it
is not necessarily true that every § € 0(R)*, A((m) has width at least %Up)

Let B € 8. By regularity of p on B, one can find a compact C and an
open V such that

(i) CCBC VO,

(ii) p(H) < (1/16a)p(B), ¥ H € B, H C V\C, where D C a,U,.

Now by the third and fourth inclusions in (3) and Proposition 7 of [s,
p- 73], one has

(iii) p(V\C) < (1/16 a)u(B), where D C a,U,.
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Now by the structure of V, and (4), there exists {4,172, C 7 such that
(iv) CCUT A CV.

=174
There exists at least one Ai such that
0

(11) A NB) /w4, ) < 1/80%.

Let G=4, N B¢ $B. Then G C B, and pu(G) > 0. Since A, € m by taking

the next pamtxon of A; K there exists disjoint {C }k 1 such that 4, =

Uk 1€+ Claim that there exists C such that 0

(12) . u(C\B) < (1/8a )u(C).

For otherwise,

> 1 - 1
(A i()\B) = F(kL.—_JI (Ck\B)> > 5q é:l u(C,) = 8o (A io)

which contradicts (11).

Let H=C, N B € B. Since C, belongs to the next partition of Ay
by (5),

(13) Py (A, /A, ) = m(C)/uC,) > 1.
Direct computation shows that

m(A ;)
(14) P mG) ___ % and m(H) _ m(C") < 1

1
Yo\ u(G) p(Aio) 4 Uo\ u(H) u(C)) 4’

Thus

?

b (ma)_mtm\ (") mic)
Uo\u(G) u)] = Yo u(Aio) p(C,)

m(Aio)_M b @_m(cn)
Ug y(Al.O) u(G) Yolultn  u(cC)

>1-1/4-1/4 (by (13) and (14))
>1/2.
Thus,

(15) m(G)/u(G) — m(H)/u(H) ¢ % U,,.

Thus V B € 8%, AB(m) has width at least % U, so by Theorem 2.1
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and Theorem 2.2, m # Hp for any [ € LY@, p; F). For if there exists such
an f, then by Theorem 2.1 and Theorem 2.2,V S € S*, ¥V U € U, there ex-
ists T € 2%, T C S such that AT(m) has width at most U. This should
hold in particular for every B € 53+§0(9{)+. In view of (15), this is not pos-
sible for U =Y UO. For suppose there exists T € U(fR)+, T C B, such that
AT(m) has width at most 1/zUo. But by the definition of @, (2), and the
last inclusion relation in (3), T € B*, and hence by (15), AT(m) has width
at least % U, hence a contradiction. Q.E.D.

As a corollary, one deduces the following result of [7].

Corollary 3.1. Every reflexive Fréchet space F has the RNP.

Proof. If F is a reflexive Fréchet space, then by Theorem 5.6 of [11,

p. 145], every bounded set D C F is relatively weakly compact. By Theorem
1.1, D is s-dentable, and so by Theorem 3.1, F has RNP. Q.E.D.

Remark 3.1. The above corollary holds, in particular, if F is a nuclear
Fréchet space, or separable dual of a barreled (DF)-space, or Fréchet-Montel
space.

Remark 3.2. Corollary 3.1 shows that in a reflexive Fréchet space, every
bounded set is dentable. Whether this remains true if F is s-dentable is
still an open question. A related question is whether F has RNP iff F is
dentable. These are known to be true for Banach spaces.
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