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ON SEQUENCES WITH A PRESCRIBED NUMBER

OF PAIRWISE SUMS

S. L.G.CHOI

ABSTRACT.  In this paper we obtain an estimate, which is substantial-

ly best possible, for the number of distinct pairs of subsets fl,  8 of (1,

. .. , n}, each consisting of  k  integers, so that the number of elements in

Ö + 8   satisfies a prescribed upper bound.

1. Introduction.  Let 22 be a positive integer > 2, k a positive integer

not exceeding  72, and  C > 2  a real number not exceeding  k. We define

/{«; k; C) to be the number of distinct    pairs  (Ct, S) of subsets  Ct, So of  jl,

..., 22! where   |fi| = |SB| = k and  |fl + SB| < Ck. We define /t(«; k; C) to be

the number of subsets U of {1,..., n\ where  |u| = k and  |u + u| < Ck.

Clearly we have /1(«; k; c) < f(n; k; C) always. By letting  k - [C - 2] of the

integers in U to be the consecutive members of an arithmetic progression while

allowing the remaining integers to be completely arbitrary, we see that
if" 1   2

f^(n; k; C) » 72L   j~   , where the implied constant is absolute. In this note

we  establish an upper bound for f(n; k; C) which is substantially best pos-

sible.

Theorem.   We have

(1) fin; k; C) <k8kniC.

It may be mentioned that whilst the exponent  3C of 22  in (1) is certain-

ly not the most favourable attainable by our method, it is not clear how our

method should be modified to achieve the best possible exponent.

2.  Some lemmas and definitions. Throughout this section and the next

we shall regard the integer 22 as fixed, k < n, and k > C > 2.

Lemma 1.  Suppose the integers x., . . . , x. and y., . . . , y . are given.
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1   Let  Ï, "Ü, X', il', be sets of integers.  Then  (X, V) 4 (*', H') if and only if

%4 %' or y4 y'.
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Then, with the exception of at most  if    choices for the integer z, the sums

z + y     (a = 1, . . . , j) are all distinct from the sums x, + y ¡ (l < h < i ; 1 <
1

I < i).

Proof. There are at most  if    distinct integers of the form xf, + y i ~ y„

(l < h < i; 1 < / < j; 1 < q < /'). Thus, unless z coincides with one of these

integers, z + y     (l < a < /) are clearly distinct from the integers  x,  + y¡

(1 <h < i; 1 < / <;').

Before stating the next lemma we introduce a number of definitions and

notations.

Let  k be an integer > 2, and let  k    be defined by

(2) ** = [A/2]

Suppose (u, $) is a pair of sets of integers where u = [«j<- ■ • < afeS and

ÍB = {b. <• • • < bk\.  We define the sets  U,, Ct2, 53,, SB-, Q., Ct2, $., $2   as

follows:

(3) 3j = la, < ■•• <«fcJ,

(4) 32 = K*    , <---<ak]>
1        k* +1 *

(5) S, = ,/>, <••• <b  A,
1        i k*

(6) S2=i^ + i<...<C2j.

Uj  is the subset of Uj  consisting of those a. in Uj  such that the sets

K + b.: b. > a. + (¿A,+1 _ ak,+l)\ and  ia, + bm. a, > a.; &m > a. + (6fe. + 1 -

a^,+1)i  are disjoint.

U2 is the subset of CL consisting of those a. in CL such that the sets

{a   + b.: b. < a. + (b, » - a, ,)! and {a, + b   : a, < a; b    < a. + (/>, , - a, ,)|
177—2 « « imii'mz efe*

are disjoint.

.Bj is the subset of Sj consisting of those integers b. in 53, such that

the sets {b{ + a.: a. > b{ - (bk.+x - ßs.+1)! and {a; + ¿>m: a, > è. - U^.+j -

at*+i); ^™ > ^.i are disjoint.

i$2  is the subset of %2 consisting of those integers  b. in  3L  such that

the sets {b.+- a.: a. > b. - (bk.- afe,)} and {a¡ + bm: a^ < b. - (bk, - afe,);

b    < b .] ate disjoint.
m 1 '

We further define  S., S„ 7,, J.,  by
1      ¿       1       2

(7) S1-s1(S,î)-â1 + $1>
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(8) S2 = S2((3, 8) = Ö2 + <82,

(9) J1 = (Cï1 + 82) u (S1 + CÏ2),

(10) J2 = ((32 + S1) u (S^ + Ctp.

Finally, for every nonnegative integer  m < k + 1 we denote by  C,    =

§   (&; C) the set consisting of all pairs  (Ct, ÍB) satisfying

(i) Ct  and S3  are subsets of \l,... , n\ such that   |Ct| = |Jo| = k;

(ii)   |Ct + S| < Ck;

(iii)max(|Ct1| + |a1|;|CÏ2| + |3i2|)=22z.

Lemma 2.  We have

(ID |T1|=(|ig2| + |(22|)^,
■

(i2) |jj = (|JBj + ia,i)u-A*),
Z 1 1

«72

(13) S. O 3". = 0       (z'=l, 2;  /= 1,2).

Proof.  It follows from the definition of So,   and  Ct    that whenever  b, b

£ £7  and  a, a    £ CL, where  b 4 b     and  a 4 a  , then

(& + a.) n(fe* + a,) = 0,       ia + %.) n (a*+cB.) = 0,
11 11

(¿3 + 0 ) n(0 + S.) = 0.

This yields (11).  We obtain (12) similarly.

The cases  i = ;' = 1   and  i = / = 2 of (13) also follow immediately from

the definitions of   So2, Ct2  and Soj, QL.

We shall now prove (13) for  i = 2, / = 1  (the case   z = 1, /' = 2 is similar).

And for this purpose we shall only show that  (CL + So.) O §2 = 0> the proof

of (J)2 + Ct.) Cl §2 = 0 being similar. Accordingly let a    eu- we proceed

to show that

(14) (a^ + iBj) n S2 = 0.

Now by defintion  a^ + %^   are disjoint from  \a   + bw: v < u; bw < a    + ibk, -

zz^,)!. On the other hand, the integers of the form  a   + b   , where v >u and

b     £ X)~  and the integers of the form  a   + b   , where  v £ Ct,  and  b    > a    +
w 2 & v w' 2 w —     u

ib., — «¿»X are all greater than the integers a    + 53,.  Thus the proof of (14)

is complete.
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Corollary.  Suppose  (u, 53) belongs to §   (k; C).   Then one of the in-

equalities must hold:

|Sj| < k*(c- 222/3),     |S2| <(k- k*)(c- 222/3).

Proof.  It follows from (11) and (12) and the definition of ^     that

(15) max(|J.|, \72\)>mk*.

Now from (13) and the fact that 0,  no» =0  (since every element in  £>2  is

> every element in  o,), we have
1

|S1| + |S2| + max(!J1|, \32\)<\a + <»\<Ck,

and on making use of (15) the assertion of the corollary follows.

Lemma 3.  The number of distinct pairs  (u, 53), where u = {a   <...< a A

and 53 = !&. <• • • < bA are subsets of [l, . .., 22\ such that U,   and 53,   are

prescribed and  |u,| + |532| = 222, is at most nmAk*lk^(-k*1\   Similarly the num-

ber of distinct pairs  (u, 53), such that U-, 53?  are prescribed and  |GL | +

|äj| = 722, is at most nmAk^lk^k + l\

Proof.  We shall only prove the first half of the lemma (the other half can

be proved in almost identical fashion).   Let  cx <• • •< c2ife-fe*) ^e tne rear*

rangement in monotone increasing order of the integers  a, ,   j, . . . , afe  and

bk,   . - (bk, - uk,),. . . , bk - (bkt - akA-  (In the case where two integers

«    and b   - (b^t - a]t*> ace equal we adopt the convention that a    appears

first in the sequence  c.< •••<c2(,    ¡,*s')

For a fixed subsequence  ax <• • • < q^_k»  of  1,2.2(k - k ), and a

fixed subsequence  ?.<•••<£     of   1, 2, .. „, 2(& — &  ) so that  c      <...<

cn,    1.   constitute  (3,   ande ,.<•••<•?,     constitute the set U- U 530, we

have, by Lemma 1, on noting the number of choices for c  , c,, ..., c,,,    ...

in turn, that the number of choices for (&2, 532) is  < nm(ki)2<-k~k*\ The

number of ways of choosing qx<---< qk_k,  and ti<"'<tm  is at most

so that the total number of choices for the pair ((32, 532) is < nmAk + 1kil<k + í >

as required.

Lemma 4.  Suppose  C < 2lA.  Then

(16) f(n; k; C) <niCk8k.
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Proof.  The lemma clearly holds when k < 3n/2. We shall prove (16) by

induction on  k.  Accordingly let  k > 3C/2  and suppose that (16) has been

established with  k' in place of  k for all  k   < [k/2] + 1.

We note that   |Ct + 531 < Ck implies that  (Ö, 53) belongs to §0(&, C),

since otherwise the corollary to Lemma 2 shows that one of   |öj| < 2k   — 1

and  |SJ < 2(k - k  ) - 1 must hold and this is clearly not possible.  (Here we

are using the trivial observation that for any set  X of  /  integers, \X + X\ >

2|fT|-l.)

Thus, by the corollary to Lemma 2 again, we have

(17) \&\<Ck
•■■

or

(18) |S2|<C(A-A*).

The number of choices for  (Ct., 53,), for which (17) holds is, by induction, at

most niC(k/2)8(-k/2).  The number of choices for  (&, 53) with (öj, 53j) pre-

scribed is, by Lemma 3, < ki(-   +  '4   +  , since in this case, m = 0. Thus the

total number of choices for  (Ct, 53)  so that (17) holds is at most

niC(k/2f(k/2)kHk+l)4k+K Similarly the estimate nlC((k+ 1)/2)8<(*+I)/2)¿3(*+l)4*+l

holds for the number of choices for (Ct, 53)  so that (18) holds. Thus, altogether

//?    CD
the number of choices for  (Ct, Ji) is at most

2nlCki(k+ 1){A + l)4* + 42-(4* + 4) + (2*+ 2) <„iCk8kt

and this completes the proof.

3.   Proof of Theorem.   For  C < 2¡4 the Theorem is a consequence of Lem-

ma 4.  The proof will be by induction on  C.   Accordingly we assume  C > 2%

and that (1) has been established for every  k with  C    in place of  C for all

C   < C — 1/3. Furthermore, as the Theorem holds trivially for k < 3C/2 we

shall assume that  k > 3C/2 and (1) has been established for  C  and for all

k' < [k/2] + 1 in place of k.

We recall the definition (following Lemma 1 in §2) of §   (k; C). Since

z/z < k + 1   so that f(n; k; C) < 2^+^ |§m|, it clearly suffices to show

(19) Ig   I <U + 2)-^8fez23C;        Q<«<*+1.

Accordingly suppose  (Ct, 53) £ §   .  Then it follows from the corollary to Lem-

ma 2 that either

(20) |Sj <k*iC-m/3)
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or

(21) |à,|<U-£     )(C - 272/3).
*

We estimate the number of  (U, 53) for which (20) holds. The number of choices

for (flj, 53j) is, by induction, < (k/2)8(-k/2)ni(-C-m/i).  (If  772 > 1, we use the

induction hypothesis on  C; and if  222 = 0 we use the induction hypothesis on

k.) Corresponding to each choice of  (u,, £,) the number of choices for

(<32, 532) is, by Lemma 3, < nmkik + 1Ak + 1.  We argue similarly if (21) holds.

Thus the total number of elements in §     is

< 2nmk3(k+1)Ak+1((k + l)/2)8((fe+ 1)/2) < nmk8k(k + l)~ l,

which yields (19).  This completes the proof of the Theorem.

Concluding remarks.  The function /(t2; k; C), defined in §1, clearly also

denotes the number of distinct pairs  (Ct, 53), where  U  is a subset of k inte-

gers from a fixed set of n consecutive integers, and Jo is a subset of k in-

tegers from another fixed set of n  consecutive integers, so that   |(1 + Jj| <

Ck.

This observation enables us to obtain an upper bound, by means of the

Theorem, for the function /2(t2; k; C) which denotes the number of subsets

(2 of Í1.n\, where   \Q\ = k so that  \Q - Q\ < Ck.
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