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ON ERGODIC SEQUENCES OF MEASURES
J. R. BLUM! AND R. COGBURN

ABSTRACT. Let Z be the group of integers and Z its Bohr compacti-
fication. A sequence of probability measures {,U-n, n=1,2,...} defined
on Z is saic‘l_to be ergodic provided K, converges weakly to &, the Haar
measure on Z. Let A CZ,n=1,2,...,and define K, by ,U-n(B) =
|An n B|/|An| where IB! is the cardinality of B. Then it is easy to show
that if |An n A’z + k|/|An| -+ 1 for every k € Z, then K, is ergodic. Let
0 < Py s 1. In this paper we construct (random) sequences {;Ln} which are

ergodic, and such that lim(lAn n An+ k|/|A,,l) = p,» for every k € Z.

1. Introduction. Let G be a locally compact abelian (l.c.a.) group. Let
{yn, n=1,2,...} be a sequence of probability measures defined on the
Borel sets of G. We shall say that such a sequence is ergodic provided p
converges weakly to [I, where i is Haar measure on the Bohr compactifica-
tion of G. The reason for this terminology is that ergodicity of such a se-
quence is necessary and sufficient for the generalized mean ergodic theorem
to hold: let {Ug, g € G} be any strongly continuous unitary representation G
on a Hilbert space H. We say that the generalized mean ergodic theorem
holds with respect to the sequence g} provided lim . [ U, fu,(dg) = Pf
strongly, for every f € H, where P is the projection of H on the space
1Uf=1 g <al.

As mentioned above and shown in [1], the generalized mean ergodic
theorem holds for a sequence {;Lni if and only if the sequence is ergodic.
Let fAn} be a sequence of Borel subsets of G, with /.t(An) < oo, where p is
Haar measure on G. For g €G let A g be A translated by g. Define the
probability measures p by

un(B) = u(An N B)/u(.An),
for B a Borel set.
It is easy to show that if lim (#(An N Ang)/p(An)) =1 for every

g €G then p  is an ergodic sequence. Such sequences will exist if and

n—o0
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only if G is o-compact. (See, e.g., [2].) That the above condition is not
necessary was shown in [1].

Now let G = Z, the group of integers, and let {k;, j=1,2,...} be a
sequence of positive integers. Let A = {kl, cees kn§ and define p as
above by p (B) =|A_n B|/|A |, when |A| is the cardinality of A. Clearly
each p may be thought of as a measure on Z, the Bohr compactification of
Z, and it follows from the Levy continuity theorem that p1_ is ergodic if and only if

2mik
TR0 for 0<a <.

™M=

.1
® i}
j=1

From the criterion -aentioned above it follows that such sequences will have
this property provided |A, n'A_+k|/|A | — 1 for every integer k, where
A +k is A translated by k In a personal communication to one of the
authors, Niederreiter [3] proved that given p, with 0 < p <1, and a positive
integer k, there exists (in fact, he constructed it) a sequence {k].} such that

A NA_ + &
lim—2 2" ",
A
n

and such that the corresponding measures {/,Ln} are ergodic. In this note we
prove that given p, with 0 <p, <1, there exist (uncountably many) random
sequences {kjf such that
(a) the corresponding sequences of measures are ergodic, and
(b) for every integer k& #0 we have
[A NA_+ k|
lim 22 _ Py-
e |4
In fact we show that (a) and (b) are true on a set of probability one.
As ment.oned above, what must be shown is that (1) holds for all a.
For the kind of sequences we construct it was shown by Robbins [4] that
this holds for each a on a set of probability one, and the problem is to con-
struct a single set of probability one such that the limiting relation holds

for all & simultaneously. We also consider this problem for the group of reals.

2. The main result. Let X, X,,... be a sequence of independent,

identically distributed random variables with characteristic function
ia X
Ha) = ET L,
Let S =X, +--++X_ and
n n

1 < LSk
T(a:-;lz .
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Theorem. If fla) £1 for B<a <y and if E(X)) is finite, then

SUPgcacy [T (@) — O almost surely as n — o

Proof. It is shown in the Lemma below that supgcg<, E|T (a)]* =

0(n~2). Now let k be integer valued and set

A =[ max |T (k/n9/7)| < l/nlﬁ].
" LBsk/n9/1<y " -

Then, using Boole’s and Chebychev’s inequalities and the Lemma,

PAYS X PIT (k)% > 1/22/"
k: B<k/n9/T<y

D N C L) W PRt VL
k: B<k/n%/1<y
Also

sup
a

4 T (a)
o T n

n
1
da 571 Z |5k|

k=1
and, letting p = EIX].|,
k
E|S,| <2 E|xj| = K.
=1
Let

d
B, = [st;p I T"(a)

By Markov’s inequality

< n8/7].

ac 1 fl « 0(n?) —1/7
P(Bn)5;§7-75<71 Z |Skl>fﬁ=o(” ).

On A B_ we have
n n

8/7
T ()| < 1 n _ -1/7
pord, 1T < a7 g = ™00,

while P(Aan)C = 0(n~ Y7} from the above estimates.
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The proof is completed by using the Borel strong law of large numbers

argument: for the subsequence {8},
(s =8/T) < o
T Pl 4B 97 =3 0ln*/N) <
n

and so SUPgcacy lTng(OL)l — 0 almost surely.
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Now for any m, there exists an 7 such that 7% <m <(n + 1)%, and
1] Tm(a)| - lTﬂ(a)Dl < ITm(a) - Tn(a)|

8

1 - s 1 1 < ia. $
iaSy Lol
-l T - _(_;g_ 7,,-)2 e
k=nB841 k=1

8
SZ”"”:O(I)
m m1/8

uniformly in @. The Theorem follows.
In the Lemma below we have occasion to use the relation valid for any
complex a and b with |a] <1 and @ #1:
14
Z b

=1

a- au“b

l1-a

o Au _ 2Ael
“T-d T1-4

(*)

We also use without further comment the fact that, since the X,'s are

independent and identically distributed, for any & > j,
Ee™ k=500 _ g(ayk-i
and the fact that ¢(-a) = #la) and |Ha)| < 1.
Lemma. If ¢(a) £1 for B<a <y then

sup E|T (a)|* = O(1/2D).
BLag<y

Proof. First observe that
E|T (a)]* = E(T ()2 T (a)?)
n n n

n
1 ia($j+5k—51—5m)
’7 Z Ee

jok,l,m=1
-L(Z,+ T+, 2)

where
n

- % B 545175
ik dm=1;|{7,k,0,m}|=v
The modulus of each term in the sum for ¥, is at most one, so |21| = 0(n)
and |Z,] = 0(n?).
It is best to break 23 into two sums, 2'3 and 2”3-, where 2'3 consists
of those terms of 23 which for j=% or [ =m and 2"3‘ consists of those



ERGODIC SEQUENCES OF MEASURES 363

terms of 2, for which |47, & n{l, m}| = 1. Then

' 7 =8, =S
T =2 Re< > Bk ’))

Tkl

_4 Re( T (ESiTSkSD | p B2Sk=Si=SD Eeia<zs,-sj-sk>9
i>k>1

-4 Re< Y i) “kp(a)k=! ¢ play ~kp(a)k=! 4 ¢To?)f-k¢(za)k-1;>|

i>k>1

> H2a)k!

k>1

z q%')i"‘ +

>k

2 B2a)i*

>k

IA

i1 —¢(a)|<

0(2?/|1 - $la)|.
where the inequality uses (*).

Similarly, using (*) in the last equality,

IE;(a) =

Z Eeia(sj—sk)
jrekal

2
_8n-2) = 0(n?)/|1 - Ha)l.

Re (Z d)(a')i -k)
i>k

To estimate 24 we will first write it in terms of ordered summation in-
dices, j> k> I> m. There are then six types of terms according to the posi-
tion of the two positive signs among * S]. t§, 15,15 . These can be
coalesced into three types of terms by adding conjugates, to give

24( a)| =

ja(S;+S,-S;-S ia(S;: =S, +5;-S
Rc< Z {Eew'( i*Sk=S1 ,,,)+ Eeza( i~SE+S1-Spm)
i

i>k>I>m

. Eeia(sj_sk_s,+sm)}>

=8

Re< Y {Ha) Ep(20)% T Ip(a) ™+ pla)iTRHm

i>k>I>m

. ¢<a>f-k@;>t-m;)

|

> o)k ’¢<a>’ m

k>I>m

Z ¢(a)l m

I>m

+ 2n

l(l ¢(a)l
= 0(n?)/|1 -

Here (*) is used twice, at the inequality and the last equality.

Combining these estimates,
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2
4 Oo(n*) 1
sup E|T (a)|*= —F— Sup ——————.
B<asy " n°  Bsas<y 1 - ¢la)l

The hypothesis of the Lemma, together with the continuity of ¢, imply that
the supremum is finite, and the assertion is proved.

Let £(d), for d > 0, denote the lattice {0, £ d, +2d,...}. We will say
that X is an £(d) lattice variable if P[X € £(d)] =1 but there is no d' > d
such that P[X € £(d")] =1. It is well known that X is an £(d) lattice vari-
able if and only if ¢a) # 1 for 0 <a <2n/d and $(27/d) = 1.

Corollary 1. If X, is an £(1) lattice variable, then there exists a null
set N not depending on a such that, except on N, Tn(a) — 0 as n — oo for
every a £0 (mod 27).

Proof. In this case the Tn(a) as well as ¢(a) are periodic of period
2n. By the Theorem, for any &> 0, sup, ,, ca<on_1/a IT,,(a)' — 0 as n—o0
except on a null set N,.

Evidently we can take N = U:=1 N, to be the set specified in the corollary.

We will say that X is a nonlattice variable if X is not an £(d) lattice
variable for any d > 0 and if P[X # 0]> 0. This is the case if and only if
¢(a) £1 for any @ # 0. Then in the same way as for the first corollary we
have the following result.

Corollary 2. If X, is a nonlattice variable, then there exists a null set
N not depending on a such that, except on N, T (a) — 0 as n — oo for
every o £ 0.

Let
S, ..., S Hnis; +8,...,5 + 38l

r (8) =
" [

We will consider only the case that X, >0 so [{S;,..., S il =n.
Lattice case. Let X, be an £(1) 1attice variable. Then

n

1 5.
(D=3 ¥ Xxp=1) 22 PIX =10,
k=2
as n — oo,

Continuous case. Let Xl be a nonlattice variable. Then

n
1
7'11(8):;2‘ z X[szs or Xk+Xk+1=8 Of +¢e¢ OF Xk L AR +Xn=8]
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where
Ak’].=[Xk+--~ +Xk+].=5].

Let A, = UT 0 Ay, andlet p. = P(Al,j) and p = P(A,). Then by the

ergodic theorem

1 < 1 <

7 ZXAkJ—Ei'p]’ n ZxAk;..—s.’p
’ k=1

as n — oo, But we have rn(B) <n” 1 2:___2 Xa, S° lim sup rn(5) < p. On the

other hand, by Fatou’s lemma,

>0 n—j )
.. .. 1
lim inf rn(5) > Z lim inf <71 Z xAk,j) = Z b;=p

. . . . e . a.s.
since A, = U]. A, ; and the sets in the union are disjoint. Thus r(8) =2,
2

as n — oo, Clearly p =0 except for at most a countable set of & values.

3. Concluding remarks. Now let X, X,,... be £(1) random variables.
Then it follows from the results in $2 that if we define k,. =X+ + X].
the corresponding sequences of measures satisfy conditions (a) and (b) of
$1 with probability one.

The results also apply to the case when G = R, the additive group of
real numbers. For if X,, X,,... are positive nonlattice random variables we
can apply Corollary 2 to show that lim Tn(a) =0 for all @ # 0 with proba-
bility one. Thus if k]. =X+t X’. , and if Y(z), t> 0 is a stationary
stochastic process we see that the mean ergodic theorem applies to the

averages n~ ! 27:1 Y(kj) provided the process is second order.
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