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ABSTRACT. In the set of bounded Hermitian operators from a Hilbert
space H into itself, we define three types of ordering by means of the
cones of nonnegative, positive definite and positive invertible operators
respectively. Our main theorem shows that for all three types of ordering,
if A is “‘greater’’ than B, then A" is “‘greater’’ than B’ for all real num-
bers r < 1. This generalizes the results of Heinz (3] and Kato [4].

1. Introduction and statement of the theorem. Let H be a Hilbert space
, and A be

the set of bounded nonnegative Hermitian linear operators from H into itself.

over the complex numbers, with inner product <-, »> and norm ||

We shall distinguish three types of ordering in A. Let A, B € A, and H* =
{u eH: ut 0}

(1) A> B iff <u, Au> > <u, Bu> for all u € H.

(2) A > B iff <u, Au>> <u, Bu> for all u € H",

(3) A>» B iff A— B >0 and is invertible.

We shall use the symbol > when we mean any one of the three types of

ordering. Our main purpose is to prove
Theorem 1. If A, B € A and A > B, then A" > B" forany 0<r<1,

In the case when H is finite dimensional, the theorem is a well-known
result of Loewner’s [5] concerning matrices. Au-Yeung recently gave a sim-
ple proof in [1].

In the infinite-dimensional case, the same theorem for the ordering >
was first given by Heinz [3, Satz 3. Kato [4] gave an elementary proof. In
this paper, we give another elementary proof as well as a generalization of the
result to the orderings > and >. Moreover, the classical theorem of Heinz
is strengthened as stated in Theorem 2 of §5. The author wishes to thank Dr.
Y. H. Au-Yeung for suggesting this problem and for his inspiring discussions.

Notice that in finite-dimensional spaces, (2) and (3) are equivalent.

Let A* ={A € A: A> 0}. Then A € A® iff there is a positive real num-
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ber m such that A > ml. Here I denotes the identity mapping.
We point out the following simple but useful fact.

Lemma 1. If A, B € A and A > B, then for every D € A, DAD > DBD.
Conversely, if there exists a D € A* such that DAD > DBD, then A > B.

2. The special case r = )4, We need the following lemmas.

Lemma 2. Suppose that A € A%, B € A and a is the supremum of the
quotients ||Bul||/||Au|| for all u € H and u £ 0. Then <u, Bu> < a<u, Au> for
all u € H.

Proof. A € A* implies that A% € A*, and so D=A""% €A*, Let C =
DBD € A. By the well-known theory of integral representation of Hermitian
operators, there is a spectral decomposition associated with C (see, for ex-
ample, [2, p. 275]) say {E\} for —e <A< o, and C = f'g_ )wa’E)‘ where 8 =
|C|l- Hence <u, Cu>= f'g_ )\d"Ex"Z from which we obtain supi<u, Cu>:

u € H, ||u|| = 1} = B. It is not difficult to see that

sup{(u, Bu)/(u, Au): ue H,u £ 0} = sup{(u, Cu):ue€H, "u" =1}

The lemma will be proved if given any €> 0, we can exhibit a v € H such
that ||Bv||l/[|Av| > B~ e Let

0= dla=t]/2)4% |2,

and A= B~ 0. When € is small enough, A; > 0. Choose a nonzero vector
u € H such that Eyu = 0 for some A such that Aj <A < f. Finally define
v = Du. Since

By = A"‘j;ﬁ AdE\(A%y)

and
f¢] !
Av =A%y = A% [ dE,(A%)),
fxo A
we have
A
1By = A A0] = |[4% fx S - o) dE(A%0)
< la%|10]a%0| < 6] 4% 4]
Hence

1Bull/l|Av]l > (1AgAv] - | By — AsAu])/||As|

> Ao = @147 171/ A M - ol = B - e
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Lemma 3. Suppose that A, B € A and A > B. If u, is a vector in H*
such that <u, Buo> = <u, Auo>, then Auo = Bu,. In other words, A ¥ B
implies that A% ¥ B2.

This is a well-known result. See, for example [6, p. 327, equation (6.11
_7)]'

Lemma 4. A, B € A and A% > B2, then A > B.

Proof. First assume that A € A*, Then from hypothesis, <u, A%u> >
<u, B%u> for all u € H. Thus |Bu|/||Au|| <1 for all u € H, u # 0. By Lemma
2,
(us Bu)/(u, Au)<a <1.

This is the required conclusion. In general, A + nl € A* for all positive 7
and (4 + rzl)2 =A%+ 2nA + n?l > B2, Thus A + nl 2 B. Let n go to zero.

Lemma 5. A, B € A and A? > B2, then A > B.
Proof. By Lemma 4, A > B. Then apply Lemma 3.
Lemma 6. A, B € A and A2 > B2, then A > B.

Proof. For some positive m, A? > B? + ml. As B is bounded, ||B|I > B.
Choose 7 so small that (m -~ n%)l > 2zB. Then A2 > B2+ ml>B%+ 2B +
n?l. By Lemma 4, A > B + nl.

3. Some more inequalities.

Lemma 7. Let X, Y € A and C, D € A* such that C > D. If YDY >
XCX, then Y > X.

Proof. By Lemma 1, YCY > YDY. Thus YCY > XCX. So
(Chych)(c¥yc”) > (c% xc¥)cxch).
By Lemmas 4, 5 and 6, C*#*YC”# > C”%XC", Lemma 1 then gives the conclu-
sion.
Lemma 8. If A € A*, B € A and A" > B, then
BS > B(""S)/ZA"B("'")/Z,
where r, s are real numbers.

Proof. Notice two simple facts. First, if X € A* and X > I, then I >
x-! (by Lemma 1 using X, I and X~% in place of A, B and D). Second,
if X, Ye€A" and Y > X, then X~! > Y~! (by Lemma 1, X~ %Yx-% > I,
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so I > (X~%yx~%)~1 = x¥y=1x%; then apply Lemma 1 again). Now assume that
A, B ¢ A* and A” > B'. Then B~" > A~". Lemma 1 then gives the conclu-
sion. In general, consider A” + nl and B’ + nl for any positive 7. The above
implies that

(B” + nl)S/'Z (B” + nI)(s+r)/2r(Ar+ nl)—l(Br " nl)(s+r)/27.

Let n tend to zero.

Lemma 9. I/ A € A*, B € A and if r, s are two real numbers such that
ArZ Br: A® > Bs; then A(T+S)/2 > B(r+s)/2,

Proof. A(T+5)24=14(r45)/2 _ pS » BS > gUr4s)/24=71g(r45)/2  Theq yse

Lemma 7.

4. Proof of the main theorem (>, >). First assume that A € A*. This is
no restriction in case A > B, Then Lemmas 4, 5, 6 and 9 show that A? >
B? if ¢ is any dyadic fraction in [0, 1], The set of dyadic fractions is dense
in [0, 1. A continuity argument lifts the restriction that A € A*, for the case
A > B. When A > B, we have A > B + ml for some positive m, Thus A" >
(B + mIY. The function [(A + m)" = X"] being positive on the closed interval
[0, |B||] has a positive lower bound 7. Then using the spectral decomposi-
tion, we see without difficulty that (B + mIY > B” + nl. Hence A” > B’, The
case where A > B needs a little more effort and will be proved in the next

section.
5. Proof of the main theorem (>).

Lemma 10. Suppose that A, B € A and A2 > B2. Furthermore there ex-
ists a vector u € H* such that Auo = Bu,, Then F(A)uo = F(B)uo for any

continuous function F.

Proof. Let E ={u € H: Au = Bu}. By Lemma 3,A%u = B%x for all u € E.
In particular, A2u0 = Bzu0 = BAu,. Hence Au again belongs to E. Thus
A3u0 = BzAuo = B3u0. By induction, A™u = B™u,, for any positive integer
n. By Weierstrass approximation theorem, F can be uniformly approximated

by polynomials, and hence the conclusion.

Corollary 1. If A, B € A and A > B, then unless there exists a u, € H*
such that F(Au, = F(B)u, for all continuous functions F, we have A" > B’
/0r all r < l;.

Corollary 2. A, B € A (A € A*) and A > B. Then, unless there exists a
u, € H* such that F(A)uy = F(B)u, for all continuous functions F, A" > B
forall r<1,
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Proof. Suppose that there is an r <1 such that A” ¥ B”, By Corollary 1,
r>%.So 6=1-r<%. By Lemma 9, A1=29 ¢ B1-26 ye can continue the
process for n steps until we have 270> %4, This contradicts Corollary 1.

. . . *
Notice that the restriction A € A” can be removed after we prove Lemma 11,

Lemma 11. Lemma 9 in the case A® > B® is still true even if A € A
only.

Proof. From the main theorem for the ordering >, we have AlT+$)/2
B(r+$)/2’ so AUT+s)2 > Blr+s)/2 + I. Thus (A(r+5)/2 + 1)9> (Blr+s)2 1)0
for all 6 < 1. Choose 0 so small that (r + s)1+ 6)/2 <r. We study the func-

tions
f(a, w) ={u, (A("'S)/2 +a)t*0y), gla, &) ={u, (B(”'S)/2 +a)l*9,)

for u € H, a real and > 0,

Now

df(a, u)/da = (1 + )y, (AC+s)/2 | a)u).

Thus

df(a, u)/da > dgla, u)/da.

This implies that

f(1, &) = £(0, ) +f01;£da2g(0, u)+f01 -j—,i— da = g(1, u).

Here (0, 2) > g(0, ). Thus (A7+s)/2 4 1)1+¢92 (Br*s)/2 | [)1+6, By Corol-
lary 2, (AU+$)2 L 1) > (BU+5)/2 1 ), unless there exists a u, € H, having
the property stated there, in particular A%u; = B®u o» contradicting the hypoth-
esis. Therefore AU+5)/2 5 plr+s)/2,
Now it is obvious that Corollary 1 and Lemma 11 give the main theorem.
Remark. From Corollary 3, we can write the main theorem in the case

A > B in a slightly stronger form.

Theorem 2. Suppose that A, B € A and A > B, A ¥ B. We have two
cases:

(1) A"> B forall r <1, but A" # B". This is so iff there exists a u
€ H* such that F(A)uy = F(B for all continuous functions F.

(2) If no such u exists, then A”> B for all r <1 and AT ¥ B for all
r>1,

0
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This means that except under a very particular condition, even if we
start with a nonstrict inequality A > B, we can deduce a strict inequality
A" > B’ for all r <1,
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