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ON THE EXISTENCE OF
TOTALLY INHOMOGENEOUS SPACES'

BRIAN M. SCOTT

ABSTRACT. A property of total inhomogeneity for topological spaces
is defined and is shown to be stronger than that of rigidity (i.e., of having
trivial autohomeomorphism group). It is further shown that compact, rigid,
Hausdorff spaces are totally inhomogeneous, and that totally inhomogene-
ous spaces exist in profusion as dense subspaces of a class of locally
compact spaces.

De Groot has studied in [3] the existence of spaces having specified
autohomeomorphism groups, and in particular the existence of rigid spaces,
i.e., spaces admitting only the identity autohomeomorphism. In this note we
investigate the existence of spaces satisfying the stronger property of total
inhomogeneity and the relation of such spaces to rigid spaces.

Definition. A space X is totally inhomogeneous iff given x, y € X with
x £y, the spaces X\{x} and X\{y} are not homeomorphic.

Clearly, if X is totally inhomogeneous, then X is rigid. The following
example shows that the converse implication fails, even for locally compact
metric spaces.

Example. Let G be the directed graph of Figure 1; the automorphism
group of G is isomorphic (2] to 23. Let P, be as in [3]. (We sketch the
construction: Let D be the unit disk, and let @}, a,, ... be a countable
dense subset of the interior of D. Let V, be the open 7 -ball about a,,
where 7, is chosen so that V; C D, and let F; be a 5-bladed “‘propeller’’
contained in V, and centered at @,. Given r, V;, F, for i<mn, let a:z be
the first term of the sequence 4,, @,, ... such that a; ﬁ/U{Fi: i <nk Let
V. be the open 7 _-ball about a;, where 7, <7 _ /2 is such that V_C
D U{Fi: i < n}, and let F_ be an (n + 4)-bladed propeller contained in V
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and centered at a;. The space P, is D\U{Int (Fn): n=1,2,...}, and is
compact, connected, and rigid.) P, can be oriented and given ‘‘endpoints”’
by choosing p,, p; € P, N Bdry(D) on a diameter of D. Now replace each
edge of G by a copy of P, in the appropriate orientation, and call the re-
sulting space Y. The autohomeomorphism group of Y is [3] also isomorphic
to Z;. Form X CY by deleting the center of the S-bladed propeller of the
copy of P, replacing the edge vyv, of G, and let x, y be the centers of the
5-bladed propellers of the copies of P, replacing v,v, and v,v, It is not
hard to see that X is rigid, metric, and locally compact, but that X\{x} is
homeomorphic to X\{y}.

Figure 1

However, we do have

Theorem 1. If X is a compact, rigid, Hausdorff space, then X is totally

inhomogeneous.

Proof. Suppose not; suppose x £y, but b: X\{x} — X\{y} is a homeo-
morphism. Let F ={V\{x}: x €V and V is openl, and let A = Nicl(h(F)):
F € L. X is a compact and AJ) is a filterbase on X, so A# @. Leta #y,
say a = h(2) for some z € X\lx}. Pick disjoint open neighborhoods V and W
of x and z, respectively, and let F = V\{x} € F; then A(W) is open, and
hW) N h(F) = &, so a ¢ A, and A =1{y} In fact, if V is any neighborhood
of y, since x\V is compact, this argument shows that there are F,..., F
€ F such that for 1 <i <n, MUAF,)} CV; and NIKF D} = HNEF Y €
hF), so H(F) converges to y. Hence [1] » extends to a 1-1, continuous map

n

of X onto X which, X being compact Hausdorff, is a homeomorphism.
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Totally inhomogeneous spaces exist in profusion. Guaranteeing this is

Theorem 2. Let k be an infinite cardinal, and let A = 2%, Let (X, U)
be a compact Hausdorff space of cardinality A such that if V € U and
V £ &, then |V| = A, and suppose that X has a basis of cardinality k. Then
there are subspaces R j, a <A, each totally inhomogeneous, dense in X,
and of cardinality A, which are pairwise disjoint and pairwise nonhomeomor-

phic.

Proof. Call A CX a k-G (resp. k-F ) set iff A is the intersection
(resp. union) of k open (resp. closed) sets in X. Let C=1{f:/ is continu-
ous, dom f C X, and ran { C X}. Say [ € C is a displacement iff for some
A Cdom [, f(A) N A =@ and |f(4)| = A, and let C={f €C: [ is a displace-
ment and dom / is a k-G 5 set}. Since there are only A k-G 5 subsets of X,
each of which has a dense subset of cardinality k, it follows that |€0| =A

An immediate consequence of Theorem 2.2 of [4] is

Lemma 1. If [ € C is a displacement, then there is g € @0 such that
[=g 'dom f.

We are now in a position to construct the R ’s.

Index eo ={f s a <A, K ={K C X: K is compact and |K| = A} =
{K,: o <A Let T ={t,: a <A} be an enumeration of Ax A x A. Finally,
let U= {U,: a <A} enumerate .

If points, p,, q9,, k, € X have already been chosen for a <y < A, sup-
pose that ¢, = (8, &, 1), and choose Doys s k,y € X distinct from all p,
9qu» kg for a <y as follows: pick b, € dom fg such that /3(p,y) £ 2% and,
if possible, such that by € U.f (if every point of Ug N {x € dom fs: fs(x)
# x} has already been chosen, we drop the requirement that b, €U, ); let
9y = fs(py ), and pick k, € Ky distinct from p,, and g, . This is always
possible for y <A, since f5 € Go and |Kg|=A.

Now, for a <A, let R, = {py; t, = (8, 3, a) for some 8, n <A} U
{kyz t, = (8, n, a) for some 8, 7 <Al; clearly |R | = A. Also, if V €,
then there is W € U such that AW CWCV; and W €K, so |V N R,|>
W N R, =X for any a <A It follows immediately that the R are pairwise
disjoint, dense subsets of X. To show that they are pairwise nonhomeomor-
phic and totally inhomogeneous, we actually prove more: if V, W € U are
such that G4V NR, #W NRg # @,then VAR, and WN Ry are not
homeomorphic. For if VN R — WnN Ry is a homeomorphism, choose x €
vn Ra)\(W N RB) lif v n R, CWn RB’ consider b"l, and choose x €
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W n RB)\(V N R]; then h(x) # x, so there are disjoint U, G € U such
that x e UCV, h(x) € GCW, and h(UNR,)=G NRg Note that |G ORB|
= A, so b is a displacement, and for some /'y € (‘20, h = f,y P (v.nR. Also,
for some 8§ <A, U=Ugs. Let n <A be such that ¢, = (y, 8, a); then
lUniy edom/,y: f,y(y);éyil = A, so oy €R,NUs CR, NV, and b(p,q)=
/'y (p,,) =4, ¢ RB’ a contradiction. .

Two corollaries to the proof of Theorem 2 are worth noting:

Corollary 1. Theorem 2 still holds if *‘compact Hausdorff space”’ is
replaced by ‘‘locally compact Hausdorff space’; the proof can be carried

out in the one-point compactification.

Corollary 2. There are 2} totally inhomogeneous subspaces of X, each
of cardinality A and dense in X, which are pairwise nonhomeomorphic (but

not pairwise disjoint).

Proof. At each stage of the construction choose six points,p;, qi, kfz,
for a <A and i=0, 1, such that if ¢_=(y, &, ), then ¢’ = fy (L) # v,
ki € K, and, if possible, p, € Ug. (As before, all points are chosen to be
distinct.) Then for each ¢: A — {0, 1}, let R, = {p®(™} U (k2(D} (a< ).

Say a space has property P if no two distinct, nonempty open subsets
are homeomorphic: e.g., the R ’s constructed in the proof of Theorem 2 have
property P. They are, however, very nonconstructive. Using far more con-
structive methods, Lozier [5] produces noncompact, 0-dimensional spaces
XX of any infinite cardinality , in which any two distinct points have dif-
ferent values under a topologically invariant, ordinal-valued function which
is unchanged by restriction to open subspaces: consequently, X* has prop-
erty P. It is, however, not the case that total inhomogeneity implies property
P, as is easily seen from the following

Example. Let X be a closed line segment in E? of length /, and let
x, be its midpoint. Form X, by attaching a segment of length 5 to x,, and
let x,, x,, and x; be the midpoints of the ‘‘arms’’ of X,. Form X, by at-
taching two segments to x,, three to x,, and four to x3 in such a way that
the new ‘‘arms’’ have length <4 and do not intersect X; except at x,, x,,
and x;. Continue in this fashion, and let X = U{Xn: n €ew}. Let Y be a
copy of one of the components of X\{xoi, and let Z be the disjoint union of
X and Y. Clearly Z does not have property P, and it is not hard to see that
Z is totally inhomogeneous.

I wish to thank the referee for several valuable suggestions.
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