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A CLASS OF L?-BOUNDED PSEUDO-DIFFERENTIAL
OPERATORS

REINHARD ILLNER

ABSTRACT. Pseudo-differential operators with symbol p(x, &, y) esg 5
)

1 < (p=1)n +1), are proven to be generally LP-bounded for 1 < p < oco.

Introduction. Previously L?-boundedness of pseudo-differential oper-
ators with symbol p(x, & y) € S'L;'s'f was shown by Hérmander [3] and Cald-
erén and Vaillancourt [1], if p, p, 8, € satisfy suitable conditions. In older
theorems by Mikhlin (see [4, pp.232 ff.]) and Hérmander [2, pp. 120-123] the
general LP-boundedness for R” Fourier-multipliers with symbol a(£) is prov-
en, where a({) satisfies conditions closely related to those on p(x, & y) in
[1] and [3). In [5], Muramatu gave a generalization of Calderdn’s result and
proved general L?-boundedness for a class of pseudo-differential operators,
imposing additional conditions on the Fourier transform of p(x, &, y). It is
the purpose of this paper to replace these conditions by conditions on the
symbol itself, such that LP-boundedness of the operator is still true for 1<
p < oa.

The problem was pointed out to the author by Professor H. O. Cordes,
who gave more valuable advice.

Muramatu’s notation is widely used, and parts of the proof of the main
theorem are identical to the proof of his result in [5]. Other methods used in
this paper are similar to Hérmander’s in [2].

Notation. |x| denotes the Euclidean norm of x € R?, and |x|_ = sup |x].|,
where j=1,2..,n If a={aj,eee,a,) with a;=0,1,...,then Dg =
gt +°‘n/a§‘l"l. .. af:’l and similarly D:", D; for x, y, £€R™. |a| =
Ay oot @, &R™) is the space of C-valued rapidly decreasing functions.
m(M) denotes the measure of the set M C R”, We say that p(x, & y) has com-
pact support in & if {€|p(x, & y)#£ O} is for all x, y contained in a minimal
fixed compact set, and we denote this set by suppg p.

Definition. A C-valued symbol p(x, & y) of (x, & y) € R® x R” x R”
belongs to Sﬁ's’e(Rh, C) if
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M IDEDEp(x, & | < 1 + | €+ Blel- Al
2 IDYDEp(x, & )| < €1+ |DHrelvI-ABl

for any multi-index a, B, y, where 0<p, 8, €< 1,
Ve define a pseudo-differential operator T on & by

3) T/(x) = (2m) ™" feixf d¢ fl’(x, & y)f (y)e=% dy.
Tf is well defined and belongs to 3.

Theorem 1 (Calderdn-Vaillancourt [1]). Let 0<8,e<1,0<p<1, and
~2p > nimax (8, p) + max (¢, p)} =2np. Let plx, & y) be a symbol satisfying
(1) and (2) with these p, 8, €, p for 0< |B| < 2m, 0< |a| < 2my, 0<|y| <
2m,, where m, my, m, are the least integers such that 2m > n + 2, m (1 - 8")
> 5n/4, m,(1 - €)> 5n/4, p’ = min (p, max (3, ¢)), 8' = max (B, p'), ¢ =
max (¢, p'). Then

@) T/l 2 < Clpll - Ifll L2. where C depends on 8. €. 0.n only. lp |l de-
notes the least value for which (1) and (2) hold if we restrict |a|, IB I, |yl like above.

(b) If p and b; satisfy the conditions of (a), b; has compact support in
¢, ||p’|| is bounded and for all Y(&) € Cy ||(p’.-— pW| -0 as j - o, the oper-
ator T, associated to p. as in (3) converges strongly to a limit T that de-
pends only on p, and ||T| < C|lp|l, with the constant C of (a).

Proof. See Calderdn-Vaillancourt [1].

Theorem 2 (Marcinkiewicz interpolation theorem). Let 1 < g < = and
let T be a subadditive mapping from LY(R") + LY(R") into the space of mea-
surable functions on R™. If for all A> 0

(4) mix||T/G) >N < C/A- Il L1 and

(5) mix||Tf(x)] > M < (C,/A - ||l g} (when g = o we assume ||Tf|, <
C, I/l o) we have for all 1< p<gq,

17715 < G0,
where Cp depends only on C,, C,, p and q.

Proof. See, e.g., E. M. Stein [6, pp. 272-274].
(4) and (5) are called weak L!-boundedness and weak L%-boundedness

of T respectively. Next we are going to state our main result.

Theorem 3. Assume 1< p < . Let the function p(x, &, y) satisfy the
conditions of Theorem 1 with u<(p - 1)Xn + 1). Then the pseudo-differential
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operator

(TN = 20" [ plx, & y)f(y)ei®=Y¥ gy ag
is bounded from LP(R™) to LP(R™).

Proof. From (1) and (2) with p < (p - 1)z + 1), the reader will have no
difficulty verifying that there is a constant B such that

(a) f%RSIf!SZR'Rhlngp(x’ f,y)ldé'SBRn

forall |a| <7+ 1 and all R> 1,

la | n+l
R W Ll Ipg@/ay)etx, & )i dé < BR™1, and

IRI#ID2(@/ax Dotx, & ) dé < BR™*!

forall |al|<n+1, R>1,I=1,...,n

f‘ARSIg—'lSZR

For the main part of the proof, we shall assume that suppg p is compact. At
the end we give an argument that enables us to abandon this restriction on p
and thus yields the theorem’s statement in the desired generality. In the whole
proof, C will denote constants depending on 7 and the so far introduced con-
stangs (B, 2], C), but C may have different values in different formulas.

So, assume that p has compact support in &. In view of Theorem 1, part
(a), and Theorem 2, it suffices to prove weak L!-boundedness for T. Choose
a fixed v € C5(R™) such that v(€) € [0, 1] for all &, and

1if €] <1,

“e- go if 122,
and let w =1~ v. Then obviously p = pv + pw and suppg (pv) C{¢; €] < 23

Lemma 1. The pseudo-differential operator with symbol pv is L -bounded
and so in particular weakly L'-bounded.

Proof. Let « = [»/2] + 1.

JiTu) dx = @m 7 [[| [ouls, & e =% dguly) dy| d

.[[ (_I—:_T;:_yl_z);(l - Af )K(pv)(x, é', y)ei(x—y)f dfu(y) a'y

dx

| J10 - 8 Y00 & Y déluy) dyds < Clal
y
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by the Fubini theorem, by 2k > 7 + 1 and because pv is bounded and has
compact support in &, that is not dependent on x, y. O

It remains to prove that the operator with symbol pw is weakly L.
bounded. Note that pw = 0 if || < 1. As the operator with symbol pw sat-
isfies the conditions of Theorem 1 and (a) and (b) (eventually with different
constants, that, however, are dependent on p and the fixed w only), we
shall henceforth assume pw = p, i.e. p satisfies the conditions of the theo-
rem and plx, & y) =0 if |£] <1,

By Calderdn-Zygmund’s theorem [6, p. 17] there is for f € L! and A> 0
a decomposition of R” so that R* = FUQ, FN Q =4, |f(x)] <A a.e.on F,
Q is the union of cubes Q = Uka, whose interiors are disjoint, and

<27 A m(Q)).

M) <1l 10, S

Let Q? denote the interior of Q].. Furthermore, let

f(x), x € F,
folx) = 1
—_ dy, %
Q) fQj [y, x €0,

and let g(x)=/(x) - f (x). By straightforward computation, we find

IoGNT 2 < M1+ 22m))1]) 4,
and from this we get with Theorem 1
©) mix; 1T/, > A < (/NI 1

Now, after Tf,, we are going to estimate Tg.

Lemma 2. There is a function ¢ € Cy with support in {% < |€| < 2} such
that E;f__ow(z-ff)=1 if |€]>1.

Proof. Let ¢ > 0 be in Cy with support in {% < |£] <2} and ¢(£) >0
if 1/VZ <|€] <V2. Set

W& =3&) /T 2o
j=—00
Then the denominator is never 0 for £# 0, and so ¢ € C;‘,. If |£>1, we
have |2’°f| > 2 (k> 0), and this proves the lemma. O
Let p’.(x, & y)=plx, & y). p(277¢) and notice that suppg ; C {27-1<
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|€] < 27*!Y for j=0,1,2,.... Let Q be an arbitrary, nonempty cube with
sides parallel to the axes. Let 2r be the length of the side of Q, s = Var, x
the center of Q, B ={x; |x — x )| < 2s}. Furthermore, let u be a function with
support in Q such that [u = 0. We shall show

) _ﬁx—xOIEZS

with a constant C dependent neither on s nor on supp ¢ p.

folx, & yuly)e™=¥2¢ ay ag

dx < Cfluldx

To do so, use the Leibniz’ formula to get

DEpfm &= X 271ADYpx & MWDEY28),
B+y=a
and since the derivatives of ¢ are bounded, we get from (a) with R = 27

®) |2f|“ngp].(x, & y)| dé < cB2™.

fzf‘ EESIAL

The next estimate has to be done differently for » odd and n even.
(A) n odd. Pointwise in x, we use partial integration in & in the inner

integral to compute

flx-ylzs(l § 2Dy yntYy

fp].(x, & y)ei(x-y)f df' 2 dx

1
©) f"“y'“ lx - y|2*

Jgo %, & peit==%
. ' . 2
¢ 2 ey G, & y)ez(x-y)f)dg' dx,
where |a|=(+1)/2, |a'|=n+1,and @ =(0,0,...,0, |a|,0,...,0),a =

©,..., |a'
than

yeee, 0), the place of |a|, |a’| depending on x. But (9) is less

(C/S)(z—]((n +l)/2)Canj)2 - (C/S’)(BZ]("— 1)/2)2

by the equivalence of | | and | |_°c and by (8). The Cauchy-Schwarz inequal-
ity now yields

f|x—y|25

(10) L9iln=1)/2 1/2 ,
B2 (f & ) = CB(27s)~1/2,

dx

Jo i & et ag

B Vs 1+ Zi("+1)|x—y|:°+l
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The above estimate for f|x_y|2$ pr].-(x, ¢ y)ei(x-y)'f d€| dx is good if 2's
is big. For small 2’s we use another estimate. For this, observe that be-
b, & ) <6 afax

cause [u=0, we can, to obtain (7), replace fl
by

x—ylZs

- ilx-y)¢
Ki(xO' Y s) = f|x—XQ|22s fpi(x’ {:’ y)e T dg

- fpj(x, & xo)ei(x-:’co)f d€| dx.

Because supp u CQ, |x - x| > 2s implies |x - y| > s, and so we find like

above
(11) Kj(xo. y, s) < CB(27s)~1/2,
Now let y(t) =y + t(xo ~y),t €0, 1}. Then

K(xg 3 s)

=flx—x0!225
<Jino )
t=0 Ix—x0|225

n
1
<st X ft:OI'x—xOIZZs
m=1

because Ixom - ym| <'s. The integral over x is now estimated exactly like

dx

Je Jy 9000 & yaNe ™YY x, — ) drdg

T Dy (b & YD * DNy —y ) | dr
m=1

dx dt,

nym(Pj(x, f, y(t))ei(x—y(t))g)df

above. Observing that |€] < 2/*! and using just (b) and the ordinary differ-

entiation rules, we find

n
Z Jeo
me1 t=0 lx—xo|22s

Je Dy_(0(x & yDei =) a¢| ax

<(CB/s)27/2,
i.e.

(12) K(x, y, 8) < CB(27s)1/2,

which is a good estimate whenever 2’s is small.

(B) n even. We estimate again K (x,, y, s), obtaining the same result.
The estimate works in almost the same way, except: (1) The function 1+
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24D |5 _ y17+! hasto be replaced by [ = |x - y| (27 + 2D _y|n),
(2) We obtain 1/|x — )’|:c+2 in the integral over x by differentiating (/2 + 1)
times in the inner integral. One power of |x — y|_ cancels the factor |x - y|_

in f. We end up with the same result. So we have for all dimensions 7n
(13) K(xg v, s)<CB- min{(275) =172, (275)*1/2},

and the estimate is valid for all x and all functions u satisfying the stated

conditions. Let
ae ) = [, 00 & et e ag,

and let Q = 2;‘;0 q; Using the triangle inequality and (13), we find

flx—xo!? 2s |QN("' y) - QN(x. x )| dx

(14) 0
<CB Y min{(27s)~ 12, (2s)V/ Y < C,

i=0
since the sum is a bounded function in s. The constant does not depend on
N. If we set Py = 2;‘;0 b;, we get p =Py forall N> N,, where No depends
on the support of p. Notice that PN yields the operator kernel Q.

Lemma 3. Let h(x, y) be a kernel function for an integral operator H
defined by Hu(x)= [h(x, yluly) dy, define by(x)= h(x, y) and assume by €
L' for all y. Then

a1 < (essysupzubyn 1%) Nl

The proof is a simple application of the Fubini theorem. O

As an immediate consequence of the lemma and estimate (14), we have
' P (x, i(x-y)¢
f|x-xol325 lfly—xol_% f( N & yle

7)
-Px & 'xo)ez(x_xo)é)u(y) dédy|dx < CJ |u| dy.

Now remember the definition of g and Qk' Let x* be the center of O 2b,
the length of the side of -Q,, 7, = \/;z-bk, B, = {x; |x - xkl < Zrk}, D' = UkBk,
D = R®\D’,

e, x e 0},

g,(x) =
0, otherwise.
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Notice that [g, = 0 and that supp g, C 0%. (7) implies, if N >N,
k PP 8y ~ X} P 0

[, 1Tg (Il dx < Cligyll, 1

where the constant C is not dependent on k. So

[ 1Tetlax < [1gta] dx,

and as g =~ [, we find

Jle@ldx < cifl 1+ 2am@) < €+ 1+ 10, b
i.€,

JolTe@ld<c |/l

This implies m(D N {x| |Tg(x)| > A) < (C/N)|/]| 1. Since m(D') < Cm(@),

we have
(15) mix||Tg(x)] > A} < (C/A)IV|IL1-~
So, because

mix;| T/ ()] > 20 < mix| T/ (0] > M+ mix;| Tg(x)] > M,

we get from (6) and (15) the weak L!-boundedness for T. The strong L?-
boundedness for 1 < p < 2 follows immediately from this and Theorem 1 (a),
as an application of Theorem 2,

For 2<p <o, let 1/g=1-1/p. Then 1< g <2, We have for f, g €
S(R™)

[N as] = | [ [alx, & (e~ dy agglx) ax]
= U(Zﬂ)'" fp(x, 3 y)g(x)ei("‘y)fdxd.f/(y) dy‘

*
< "/" Lp"T 8“ LY

where T* is the adjoint operator of T. If T is weakly L'-bounded with con-
stant C, so is T*. As T* is strongly Lz-bounded, we conclude as before

SN ax| <l T8l o < C I olel o

Lq_

and this proves general L?-boundedness of T.
To abandon the restriction on suppg p, we can use methods identical to
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those of the proof of Theorem 1(b), so the details are left to the reader. The
statement of the theorem turns out to be valid for all p satisfying our con-

ditions.
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