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UNIFORMLY CONVEX TOTALLY ORDERED SETS

R. H. REDFIELD!

ABSTRACT. Since a uniformly convex totally ordered set is a uniform
lattice, its uniform completion is totally ordered in a natural way. The
assumption of uniform convexity is a small restriction because every
nearly uniform ordered space is uniformly convex.

1. Introduction. We investigated in [4] (which is summarized and dis-
cussed in [5]) how partially ordered sets equipped with certain types of
Hausdorff uniformities may have their orders extended to their uniform com-
pletions. Since the outstanding example of this procedure is the extension
of the order on the rational numbers to the real numbers, the questién natur-
ally arises whether the uniform completion of any totally ordered set with
sufficiently restricted Hausdorff uniformity may be totally ordered.

In this note, we show that in the general setting of [4], total orders do
indeed extend to total orders. ‘

Terminology left undefined here may be found in [1], [2], and [6].

Let X be a set. As usual, let A(X) = {(x, x) € X x X|x € X} be the
diagonal of X. Let Il be a uniformity on X. We denote the set of symmetric
entourages of 1 by U° and note that when partially ordered by inclusion,
1° is a downwards directed set. Suppose that 1l is Hausdorff, and let (X, 1) be
the completion of (X, 1) at . Then instead of arbitrary Cauchy nets, we may re-
strict our attention to those with domain {1° as follows: let x € X and let {y;|d €
A} C X be a Cauchy net converging to x. Then there exists a Cauchy net
x,|U € U°}, with domain U °, such that {x,} converges to x and such that,
as subsets of X, {x,}Clygl

Let (P, <) be a partially ordered set. We let

G(<) =1{(x, y) € Px Plx <y}
be the graph of <. Let 1l be a Hausdorff uniformity on P. Let (P, ) be
the uniform completion of (P, 1) at 1l. Define a binary relation on P as
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follows: x <y if and only if there exist Cauchy nets {x,|U e 1°} C P and
lyylU € U} C P such that {x;} converges to x, iy} converges to y, and
xy Syy forall Uell”®.

If (L, 5) is a lattice and if U is a Hausdorff uniformity on L with re-
spect to which the lattice operations on L are uniformly continuous, then

we call (L, U, ) a uniform lattice. The following was proved in [4].

Proposition 1.1. Let (L, U, <) be a uniform lattice with uniform comple-
tion (L, W). Then (L, 0, <) is a uniform lattice such that the natural em-
bedding e of (L, 1) into (L, 1) is a uniformly continuous lattice isomor-
phism. Furthermore, (L, I, <) satisfies the following universal mapping
property: if (K, R, <) is a uniformly complete uniform lattice and if f:

(L, U, 9—(K, B, Q) is a uniformly continuous order-preserving function,
then there exists a unique uniformly continuous order-preserving function f:

(L, 0, <)—(K, 8, ) such that ef = /.

(We note that uniform lattices are a particularly well-behaved case. The
analogous result for partially ordered sets requires a subtler definition of

the extended partial order (see [4] or [5]).)

2. Uniform convexity. Let (X, ) be a uniform space. We let T(1l) de-
note the topology on X associated with 1.

In a partially ordered set (P, <), a subset A C P is said to be convex
if a<x<b and @, b €A imply x € A. Let 1 be a uniformity on P. We say
that (P, U, <) (or just U) is locally convex if x € U € T(1) implies that
there exist V € T(l) and a convex subset C C P such that x eV CC CU,
i.e. if every neighbourhood contains a convex neighbourhood. We say that
(P, 1, <) (or just U) is uniformly convex if for all U € Ul there exists V €
U such that V CU and Vix] is convex for all x € P. Clearly if (P, U, <)
is uniformly convex, then it is locally convex.

Example 2.1. In this example we construct a locally convex, nonuniform-
ly convex, Hausdorff uniformity on a totally ordered set.

Let R be the real numbers, let Q be the rational numbers, and let N be
the natural numbers. Partially order R x R by: (x, y) <(a, b) if and only if
x <a and y <b. For n €N, define U, V_, W CR xR by

U, = {(x, »(x, y) <(0, 0) and |y - x| < 1/n} U A(R),
V,= {(x, Y|(x, y) > (n, n) and (x, y) € O x 0},

W, =U UV,
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Clearly A(R) C Wn and W;l = Wn for all n. Let (x, y), (y, 2) € Wzn. If
x=y or y =2, then (x, z) € Wzn C Wn. Otherwise, x £y and y # z. If
(x, y) €U, , then (x, y) <(0, 0) and ly — x| <1/2n. Since then y <0,
(v, 2) ¢V,,. Thus (y, 2) €U, , (y, 2) <(0, 0), and |z —y| <1/2n. Then
(x, z) <(0, 0) and

lz - x| Slz—yl +ly-x|<1/2n+ 1/2n=1/n.

Thus (x, z) € Un C Wn. If (x, y) € V2n’ then (x, y) > (2n, 2n) > (0, 0) and
hence, as above, (y, z) € VZn‘ Since x £y £z, x, y, z € Q and thus (x, 2z)
€Q x Q. Hence (x, z) €V, CW . Therefore, W, oW, CW . Thus,
W _|n € N} is a filter-base for a uniformity 1l on R. Clearly 1 is locally
convex and Hausdorff, but not uniformly convex. We note also that T(l) is
not discrete.

We will prove our main result for uniformly convex uniformities. This
is no great restriction, however, since we will also show that the general
setting which allows the order to be extended in fact entails uniformly

convex uniformities.

Proposition 2.2. Let (T, <) be a totally ordered set. If 'l is a uniform-
ly convex Hausdorff uniformity on T, then (T, U, <) is a uniform lattice.

Proof. Let U €. Let W € 1° be such that W oW CU. Let V €1 be

such that V[x] is convex for all x € T and V CW. Let
v* ={(a x b, y)|(a b), (x, y) € Vi

It suffices to show that V*(V xV) cu, V*(AXA) C U. We will prove the
first containment; the second may be proved similarly. Let (@, x, b, y) €
V¥. If a>x and b>y orif a<x and b <y, then (aVx, bVy)eV CU.
Otherwise, x > a and y <b, or x <a and y > b. Suppose x <a and y > b.
Then (a, %, b, y)(VxV) =(a, y).

(1) Suppose y > a: Then y > a >x implies a € V[x] since y € V[x]
and V[x] is convex. Thus (x, @) €V, i.e. (a, x) € V=1, Hence

(g, ) eVievVCW loWw=WoWCU.

(2) Suppose y <a: Then a >y > b implies y € V[a] since b € V[a]
and V[a] is convex. That is, (2, y) € V CU. Similarly one may show that
if x>a and y <b, then (a, %, b, y)(V x V) = (%, b) € U. Therefore,
VXV xV)CU.

Theorem 2.3. Let (T, <) be a totally ordered set. Let 1 be a uniform-
ly convex Hausdorff uniformity on T. Then (T, <) is a totally ordered set.
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Proof. By Proposition 2.2, (T, 1, <) is a uniform lattice, and hence
by Proposition 1.1, we may treat (T, <) as a sublattice of the uniform lat-
tice (T, 1, <).

Let x,y € T. Let {x,|U € 1°} C T be a Cauchy net converging to x
and let {y,|U € 1°} be a Cauchy net converging to y. Let A ={U € 17|
xy >y} Suppose first that A is cofinal in U°. Then {x,|U € A} con-
verges to x since U is Hausdorff. Thus, since x,;, Vy, = x, for all
U €A, {x,;Vy,|U €A} converges to x. However, since (T, n,X) isa
uniform lattice, {xUV yylU € 0%} converges to x Vy, and thus, since A
is cofinal, {x;, V y,|U € A} converges to x Vy. Since U is Hausdorff, we
conclude that x Vy = x, i.e., that y < x. Now suppose that A is not co-
final in U°. Then there exists V € 1° such that forall UCV, x, by,
i.e., since (T, Q) is totally ordered, x;, <y, . Let

x, if ULV,
yy H UCV.

ZU=

Clearly x,, <z, forall U €1° and {zy |U e 1} CT is a Cauchy net con-
verging to y. Thus x<y, and therefore (T, <) is totally ordered.

Corollary 2.4, Let (T, <) be a totally ordered set, and U a uniformly
convex Hausdorff uniformity on T. Let (S, <) also be a totally ordered set
and suppose that B is a uniformly convex Hausdorff uniformity on S such
that (S, B) is uniformly complete. If f: (T, L, Q)—(S, B, ) is a uniformly
continuous order-preserving function, then there exists a unique uniformly
continuous order-preserving function {: (T, 1, <) =, B, L) such that
ef = f, where e is the canonical embedding of (T, 1) into (T, 1).

Proof. The result follows from Proposition 1.1 and Theorem 2.3,

3. Uniform ordered spaces. In [4] we showed that a natural setting for
extending a partial order on a uniform space to its uniform completion is
the category of uniform ordered spaces and uniformly continuous order-
preserving functions. Nachbin [3] proved that every uniform ordered space is
locally convex. Using a similar argument, we will show that every nearly
uniform ordered space is in fact uniformly convex. Thus, by Theorem 2.3,
the natural order on the uniform completion of a totally ordered uniform or-
dered space will be a total order.

Let X be a set. A semiuniform structure [3] for X is a filter ¥ on
X x X satisfying
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(i) AX)CV forall V eF;

(ii) for all V € F, there exists U € F such that UoU C V.

Thus, a semiuniform structure is almost a uniformity. We can add the condi-
tion of symmetry by considering

F*_funv-lu vedF
which is easily seen to be a uniformity on X [3].

A nearly uniform ordered space [4] is a partially ordered set (P, <)
with a Hausdorff uniformity 1 on P such that there exists a semiuniform
structure F for P with NF D G(<) and F* = U. A uniform ordered space
[3] is a partially ordered set (P, <) with a Hausdorff uniformity 1 and
semiuniform structure § such that N T = G(K) and F* 1.

Proposition 3.1. Every nearly uniform ordered space is uniformly convex.

Proof. Let (P, <) be a partially ordered set; let Il be a Hausdorff
uniformity on P; and suppose that J is a semiuniform structure for P such
that NF 2G(K) and F*—1U. Let U €. Since F* =1, there exists F € F
such that FNF~1CU. Let V €F be such that VoV CF, and let W =
VAv-L If ACP, let

Conv (A) = {t € Plthere exist @, b € A with a <t <b}

Clearly, for all A C P, Conv (A) is a convex set containing A. For all

x €P,let L = Conv(Wlx]). Finally, let M ={(x, y) € P x Ply €L_}. Clear-
ly, for all x € P, M[x] = L, is convex. Thus it suffices to show that M € il
and that M C U. If (x, y) € W, then y € wix] cL, and hence (x, y) € M. Thus
W CM, and hence M €1,

Let (x, y) € M. Then y € L, and hence there exist 4, b € W[x] such
that a <y <b. Now (x, @) e WCV, (a, y) €G() CV. Thus (x, y) €V oV
CF. Also, (x, b) €W CV™1, (y, b)) € G() C V. Thus (b, x) € V, and hence
(y, ¥) € V oV C F. Therefore, (x, y) € FAF~! C U, and hence M CU.

Corollary 3.2. Let (P, 1, <) be a uniform ordered space. If (P, <) is
totally ordered, then (P, <) is totally ordered.

Proof. The result follows from Theorem 2.3 and Proposition 3.1.

We conclude this final section by noting that, in the totally ordered
case, most of the different types of spaces that have been mentioned are
equivalent. Thus, the converse of Proposition 2.2 holds, as does that of
Proposition 3.1 for totally ordered sets.
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Proposition 3.3. Let (T, <) be a totally ordered set; let I be a uni-
formity on T. Then the following statements are equivalent:
(i) (T, U, L) is a uniform ordered space;
(ii) (T, U, ) is a nearly uniform ordered space;
(iii) 1 is Hausdorff and uniformly convex;

(iv) (T, 1, <) is a uniform lattice.

Proof. That (i) implies (ii) is clear (cf. [4, Proposition 2.4]). By
Proposition 3.1, (ii) implies (iii). By Proposition 2.2, (iii) implies (iv), and

finally by [3, Proposition 11], (iv) implies (i).
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