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ABSTRACT. Littlewood’s celebrated Tauberian theorem states that Za =s
(Abel) and na = (1) imply s, = ZZ=1 a, converges to S, the Tauberian
condition na = O(1) being best possible. We investigate ‘best possibility’
of the conclusion s,= 8= o(1), replacing the usual Tauberian condition by

(qnan)EE where (qn) is a positive sequence and E a given sequence space.

1. Introduction. The first Tauberian theorem of O type was proved by
Hardy [1]. It asserts that Ean =5 (C, k) and na, = 0(1) imply s_ = EZ=1 a,
converges to s. Hardy raised the question as to whether (C, k) summability
could be replaced by Abel summability, stating he was inclined to think it
could not. However, Littlewood, in his now famous paper [3], showed that
2a =s (Abel) and na = O(1) implied s — s, and also, that the big O
condition was best possible in that if 0 < ¢(n) — o, there exists a divergent
2a_ such that nja | < ¢(n) and 3a_ is Abel-summable.

In the present note we consider the ‘best possibility’ of certain Tauber-
ian conclusions. One of the simplest questions is to ask whether Ean =0
(Abel) and na, = O(1) imply that s, = o(1) is best possible. That this is so
is a special case of Corollary 1 below.

Let g = (qn) and p = (pn) denote sequences of positive real numbers.
Writing @ = (a,) and ga =(g,a ), for a given sequence space E let
S(¢,E)=1a: gqa€ E and s — 0}. Denote by Plg, F) the property that for
all pd 1, 3a€ S(q, E) such that ?,5, = 0. Our main aim is to establish
results of the form: P(g, E) if and only if 1/¢4 = (1/q,)¢ E’, where E'is
another sequence space which is, in a sense, dual to E.

In the following table we list corresponding spaces E, E’. Here y =
{a: Zan converges} and BV, = {a: E|Aan| < o and an—’()} where Aan= a,-a, .

2. Verification of the table. In proving the results in the table we shall
use the negation of P(g, E), which we denote by Q(g, E), namely 3p ¢l°°
such that for all @€ S(q, E), p s — 0.

(i) To prove P(q, 17) implies 1/q ¢ o (0<7r<1), we show equivalently
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that 1/g € c, implies 0(q, lr). If 1/q¢€ cy» We may choose p_ so that
l/pn =sup, 4 l/qk. For then, if a€ S(g, ! ), given € > 0,

S( > Z ‘qk k‘ <e(p ) (.,n>n0, say),
nt+l

on using b, ¢ >0 implies (b + ¢) < b" + ¢’ (see e.g. Maddox [4, p.22]).

"o
2a,

ntl

1" =

Conversely, suppose 1/q¢ c, and p £/ . Then there exists ¢ >0

and (m ) strictly increasing such that U = q(m ) < c (each i). Choose
ky>1 such that p(/e ) > 2 and then m;> k such that q(ml.) < c. Denote
m; by t,. Let
0 (1<k< zl\,
a, =
Vplk) (k=1

For n>1 choose k >t , such that p(kn) > 2p(kn_ 1) and then m.> k,

such that q(m].) <c. Denote m; by ¢ . Let
0 (¢ <k<t),
n-~1 n

Vple) - 1/plk, ) (k=t).

Then s decreases (n > ), st )= l/p(kn) <1/2™ and for n > 1, S(kn) =
1/ptk, ) >2/plk ). Further for n > 2,

lg(e )1/pk ) = 1/p(k, N < c/plk V< c/277 T,

whence ga€l, and so P(q, lr) holds.
(ii) Suppose a€5(g, 1) (1 <7< ) and 1/qel_(1/r+ 1/s =1).
Taking p, = (5%, 1/¢5)71/%, 0(g, ) holds. For by Holder’s inequality,

n+tl
given ¢ >0,
00 1/
€ (
Zak < Z quaklr b, < b nng, say).
n+l n+l "

Conversely, let 1/q¢ [_and p¢ [ . Write
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n
Mm, n) = Z'l; (n>m+ .-
m+19k

Put @, = 0. Choose n, >1 so that (1, n1)> 1 and p(n,) > 1. Pue
a, = 1/M(1, nl)p(nl\qz (2§k§n1).
For i >1 choose n,, >n, sothat M(n,, n,,,)>1 and p(n,,) > 2p(n,). Put

(1/p(n, ) = 1/p)
M(ni, nl+1)qz

a, = (ni<k§ni+1).

Then s decreases (n>n)) and s(n )= l/p(nl.ﬂ). Further

ni+1 7i+1
T lga, ) < X UMy ny, a5 pTn)
n;tl n;t1

-1/ W_l(nl., niﬂ)pr(ﬂi\, < I/Pr(ni\ < 1/2r(i-—1),

whence ga€ /.

(iii) Suppose a€ S(g, [ ) and 1/g¢€ ll.l Taking p_ = (2>, l/qk)"/z’ we
have p, — oo and |p s | < (supn|qnanl)p;/2 — 0, and so Q(g, /) holds.

Conversely, let 1/q¢ I, and p¢ 1. Let a be as constructed in (ii)
above, taking s = 1. Then again s, decreases (n > n ) and s(n, +1) =
1/p(n ;). Further for n, <k <m,,, |q,4,] <1/p(n,) — 0. Hence P(q, 1)
holds.

(iv) Suppose 1/g¢€ 11’ Then 0O(gq, CO) trivially holds with l/pn =
2::+1 l/qk. Conversely, if 1/q¢ I,, then P(q, co) holds with a as in (iii).

(v) Suppose a € S(g, y) and 1/q¢€ BV,. Vrite O = X +1 IA(I/qk)l For

m>n+ 2,
1 m m-1
Z g It T zq,,(—).
k=n+1 m k=n+ k=ntl\r=n+1

So given ¢ >0, for n > 7’20(6),

m

2 4

k=n+tl

m-

et Z l‘J(qk)l ’

ntl

whence

0
Zak

ntl

Is | = <eQ .
n - n

Note that O, =0 implies ¢, = ¢, ,, (k> n), contradicting 1/g€c,. So
0(q, y) holds with p,=1/0,.

Conversely suppose 1/q¢ BV and p¢ I_. Either

(a) 2|A(1‘/qk)i <o and 1/q, = 0, or

(b) 2[A(1/q,)] = .
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Now X ‘A(l,/qk)! < oo implies 1/q € ¢ and so (a) implies g < [_. Further, (a)
implies 1/q ¢ 11' But the sequence a constructed in (iii) satisfies a € Z!.
Since g€/, then ga€l,. In particular (a) implies P(q, y).

When (b) holds, first suppose 1/q ¢ ¢, Then P(q, lr) (0 <r<1) holds
But ga € [ implies ga €y and so P(q, y) holds. Now suppose 1/q € c,.
Writing ¢ = 22:1 q,4,, we have

n ! n-~1 {
n .
snzzl:ak:?;+,§1 tkA<—q—k—> (n >

Define sgn z = [z|/z (z #0), sgn 0 = 0. Choose n, >2 such that p(n,) > 1
and 2?1~1|K(1/qk)\ > 1. Define

~1
(sgn AL/ ) pa)STE T AG/g)] 1 <k<n),
0 (k= "1)'

For 7> 1, choose n_,, >n_such that EZ::i—llA(l/qk)\ >1 and p(n_, ) >
2p(nr) . Define
n -1
(sgn A(l/qk\)(l/p(nrﬂ\ - l/p(nr))/zn'+1 l/,\(l/qk)% (n’ <k< nrﬂ\,

+1
r

0 (k=n_,)
r

+1

Then s(n, ) =1/p(n ), t, —0, ¢ /q — 0 and 2'1’"1 t,\1/q,) — 0.
Hence P(gq, y) holds, completing the table.

For corresponding spaces E, E' we immediately have

Corollary 1. Suppose 2a = 0(A) and gqa€ E imply s =o(l), where
A is a regular summability method. 1f 1/q§ E', then the conclusion s, =
o(1) is best possible.

If we take A to be the Abel method, ¢ = (n) and E = [ in Corollary 1,
then we have the answer to our question in the introduction regarding the
best possible nature of s = o(1) in the classical Tauberian case.

A later Tauberian theorem of Ingham’s [2, Theorem 2] states that
2a, =5 () and na, = O(1) imply s — s, where (I) denotes Ingham sum-
mability. Taking @ =pu(n)/n, where pu(n) is the Mdbius function, gives the
prime number theorem. Although (I) is not regular, for E =1 (0 <7< o) or

¢y we do have

Corollary 2. Suppose 2a = 0(I) and qa€E imply s = o(l). If
1/q¢ E', then the conclusion s, = o(l) is best possible.

The proof follows immediately, using the following lemma, since in

(i) — (iv) above each constructed (ak) €l
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Lemma 1. X|a,| < implies Xa, is summable (I).

Proof.

lea [—] Za + Ol Zk|a

But 2|a,| < = implies kla,| — 0(C, 1). Hence I_=s_+o(l).

3. Best possibility when 1/g€ E'. If 1/q€ E’, then a€ S(g, E) does
not imply that s = o(1) is best possible. It is interesting to consider what
is best possible in this case. As an illustration we have, when E = c,, the following

Theorem. Suppose 1/q€ 1. Write R(n) = 2 1/q,. Then:
(a) a€ S{q, c,) implies s = o(R(n)).
(b) Forall péd l,3ace S(q, co) such that pnsn/R(n) - 0.

Proof. (a) was noted in (iv) above.

(b) Write M(m, n) = 27 | 1/q, (n > m + 1). Choose n, > 1 so that
p(nl) > 1. Define a, = R(nl)/M(O, n,)p(n Vg, (1<k <n,). For r>1 choose
n 4 >n, sothat R(n /M, n ) <2 and pln_, ) >2p(n ). Define

(R(nrﬂ)/p(nrﬂ) - Rz )/ p(n)) ‘
M(nry nr+1 \qk

= (n’<k§n’+1).
Then, for n <k <n ., lgpa,1 <2/p(n) —0, while s decreases (n>n))
and s(n) = R(nr)/p(nr), completing the proof.

Finally, we have

Corollary 3. Suppose 1/q€ 1,.
(@) If gacc and Ean = 0(I), then s, = o(R(n)).
(b) Forall pd 1, 3a such that qa€c , Za_ = 0() but p,s,/ Rn) 0.

This corollary is an immediate consequence of the above Theorem

since one can easily establish
Lemma 2. If 1/g9€ 1, then qa€ co implies s -1 — 0.
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