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ABSTRACT. Littlewood's celebrated Tauberian theorem states that Zan = s

(Abel) and  na    = 0(1)  imply   s    = 2?   , a,   converges to  s,   the Tauberian
Ti Ti rC"— 1        r£

condition na = 0(1) being best possible. We investigate 'best possibility*

of the conclusion s — s = o(l), replacing the usual Tauberian condition by

(q  a )eE where  (q  ) is a positive sequence and  E  a given sequence space.

1. Introduction.   The first Tauberian theorem of  0  type was proved by

Hardy [l].  It asserts that Sa   = s (C, k) and na   = 0(1) imply s   = S?_. a,
TX Ti Tt rC— X Ki

converges to s.   Hardy raised the question as to whether (C, k) summability

could be replaced by Abel summability, stating he was inclined to think it

could not.  However, Littlewood, in his now famous paper [3], showed that

Sa    = s (Abel) and  na    = 0(1) implied 5    —> s,  and also, that the big   0

condition was best possible in that if 0 < cf>(n) —> oo,  there exists a divergent

Sa    such that n\a   | < cf>(n) and  Sa    is Abel-summable.

In the present note we consider the 'best  possibility' of certain Tauber-

ian conclusions.  One of the simplest questions is to ask whether  Sa    = 0
r ^ n

(Abel) and na^ = 0(l)  imply that  s    = o( l)   is best possible.  That this is so

is a special case of Corollary 1 below.

Let q = (q ) and p = (p ) denote sequences of positive real numbers.

Writing a = (a ) and qa = (a a ), for a given sequence space F let

S(q, E) = |a: qa £ E and s —, OJ. Denote by P(q, E) the property that for

all p 4 lx, 3a £ S(q, E) such that p s -h> 0. Our main aim is to establish

results of the form: P(q, E) if and only if l/a = (l/a ) 4 E', where E' is

another sequence space which is, in a sense, dual to  E.

In the following table we list corresponding spaces  E, E .  Here  y =

[a: Sa    converges | and BV n = [a: S|Aa  | < oo and a   —» 0 \ where tSa - a   -a     ,.
n o      • u i      n' n n      n        n + 1

2. Verification of the table.  In proving the results in the table we shall

use the negation of  P(q, E), which we denote by  Q(q, E),  namely  3p 4 1

such that for all  a £ S(q, E), p  s   —» 0.

(i) To prove   P(q, I) implies   l/a 4 c     (0 < r < l),  we show equivalently
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E I E'

l   i0< r< 1) cn
r — U

lr (1 < r< oo)      ls  (l/r+ 1/s = 1)

OO 1

co_h_

that   l/c7 £ cQ   implies  Q((/, /f).   If  l/q e c  ,  we may choose  p    so that

l/pn = supfe^n+1 l/qk.  For then, if a e Siq, I), given e > 0,

OO y OO

K|r=    Z«fe    <hr)   II?Ar<£(/r) (»>»0.say),
77+1 ^    "'      77+1 "'

on using  6,  c > 0  implies  ib + c)T < br + cr (see e.g. Maddox [4, p.22]).

Conversely, suppose   l/q 4 cQ and p ft l^.  Then there exists  c > 0

and im.) strictly increasing such that  q      = qim.) < c  (each i).  Choose

kl > 1   such that  pikj > 2  and then m.> k    such that  qim.) < c. Denote

m . by  zv .   Let

{0 il<k<tj,

1/pikJ       ik = ij.

For  n > 1   choose  k   > t      ,   such that  pik  ) > 2pik      ,) and then  m . > k
n n— 1 < 77 r        77-  1 7 77

such that  qim.) < c.   Denote   772. by  /  .   Let
j   - j     '     n

ak\^IP^)-l/Pikn_x)       ik = tn).

Then s    decreases  in > tA, sit  ) = l/pik ) < 1/2" and for  n > 1.  s(&  ) =

l/p(*n_j)>2/pUn).  Further for n > 2,

k(in)(l/p(*„) - 1/PU„_^)| < c/pU^j) < e/2""1,

whence  qa e I ,  and so   P(<7, / )  holds.

(ii) Suppose   a e Siq, I ) (1 < r < 00)  and   l/cj e /     (l/r + l/s = l).

Taking pn = (2~+1 l/qsk)-l/s, Qiq, lj holds.   For by Holder's inequality,

given  f > 0,

00 / 00 \1//r/

\SJ =   Zak   <    £ 1****1')    A„</-        («>«07say).
77+I \„+i /   /

Conversely, let  l/q 4 I    and p 4 I   .  Write
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n

M.(m, n) =  Y, —s      (n>m+l).-
m+\ak

Put a j = 0.  Choose  «j > 1   so that   M(l, Wj)> 1  and p(ra,)> 1.   Put

ak=l/\\(l,nx)p(nx)qsk (2<k<n^-

For  i > 1   choose  n.+. > n . so that  \\(n ., n . + .) > 1   and  p(n . + .) > 2p(n .). Put

(l/p(ni+l)-l/p(n))
a, =-—--—       Vra. < k < n.., ).

k M(V«.+1)^ •        -   * + 1

Then  s    decreases  {n>n,) and  s(n .,,) = l/p(n ,,,).  Further
n 1 '   z+l r      i+\

TUk«kV<   Z   l/nn.n.+y^pAn.)
nz- + l ni+1

= l/M'-^n., «.+>r^< l/pr(ra.)< l/2r(i-l\
i       i +1  r        z l        r

whence  qa £ I .

(iii) Suppose  a £ S(q, l^) and   l/q el..  Taking p    = (S°°+1 l/a,)~    ,  we

have  p    —> oo  and   |p  s   | < (sup   \q a  |)p       —► 0,  and so  Q(q, I   ) holds.

Conversely, let  l/a 4 I,   and  p 4 1   •  Let  a  be as constructed in (ii)

above, taking  s = 1.  Then again   5    decreases  (n > ra.) and s(n. + .) =

l/p(n. + l).  Further for  n{<k< «-+1,  |°^,a^| < l/p(n) —» 0.  Hence   P(a, Z^)

holds.

(iv) Suppose   l/q e I .  Then  Q(a, c_) trivially holds with  l/p    =

S°°+j l/a,.  Conversely, if  l/a 4 I,,  then  P(^, c.) holds with  a as in (iii).

(v) Suppose  a£ S(q, y) and   l/a e 8V0.  Write  O^ = S~+1 |A(l/afe)|.   For

m > n + 2,

m m m—I  /     k \

Z *h-± Z **** + Z    Z *,«>(£)•
fe=n + l m  k=n+\ k=n+l\r=n+l ' k

So given e > 0,  for  ra > nA(^,

m I m -1 \

Z   «A«(f+Z  |Afe) ).
whence

U   I =    Ya,<(0.
n' *—•    k   —     -~n

n + 1

Note that  Qn = 0 implies  ofe = a^+J   (k > n), contradicting  l/a £ c  .  So

Q(a, y)  holds with p    = I/O   .

Conversely suppose   l/q 4 BV    and p 4 l^.  Either

(a) S|A(l/afe)| < oo and   l/qk -* 0,   or

(b) S|A(l/afe)| = oo.
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Now   £ |A(l/fl, )| < oo  implies   l/q e c  and so (a) implies  q £ I^.   Further, (a)

implies   l/q 4 I,.   But the sequence  a  constructed in (iii) satisfies   ae I

Since  q £ /   ,  then qa e I      In particular (a) implies   Piq, y).

When (b) holds, first suppose   l/q 4 c  .  Then   Piq, I ) (0 < r < 1) holds

But qa e I   implies  qa e y and so   Piq, y) holds.  Now suppose   l/q £ c  .

Writing  tn = l"k=l qkak, we have

1 "     k=\ '

Define   sgn z = \z\/z  (z / 0),  sgn 0 = 0.  Choose  n^> 2  such that  pinA > 1

and  1"l~1 \Ml/qk)\ > 1. Define

!(sgn Ml/qk))'p(njy"X'X |A(l/«7fe)|        (l < k < nj,

0        U = «,).

For r > 1,  choose  nr + l > nf such that   2^r+}~   |A(l/<7fe)| > 1   and pin^J >

2pin ).  Define

(isgn Ml/qk))il/pinrn) - l/pin))/!"^'1 \MUqJ]     inr<k<n^\

tk = [0       ik = nr+J.

Then sin   .,) = 1/pin   .,),  t    -. 0,   t  /q    -^ 0  and   2"" l t, Ml/q, ) -^ 0.
r + 1 r     r + 1   '     ?7 '     77   '77 1 e ' 7e

Hence   P(^, y)  holds, completing the table.

For corresponding spaces  E,   E   we immediately have

Corollary 1. Suppose Ia = 0(A) and qa £ E imply s = o(l), where

A is a regular summability method. If l/q 4 E , then the conclusion s =

o(l)  is best possible.

If we take A  to be the Abel method,  q = in) and E = I     in Corollary 1,

then we have the answer to our question in the introduction regarding the

best possible nature of s    = o(l)  in the classical Tauberian case.

A later Tauberian theorem of Ingham's [2, Theorem 2] states that

Sa    = s (/) and  na   = 0(l)  imply  s    —> s,  where (/) denotes Ingham sum-

mability.   Taking  a    = pin)/n, where  pin) is the Mobius function, gives the

prime number theorem.   Although (/) is not regular, for  E - I    (0 < r < oo)  or

c      we do have

Corollary 2.  Suppose  2.a   =  Oil) and   qa e E  imply sn = o(l).  //

l/q 4 E',  then the conclusion s    = oil)  is best possible.

The proof follows immediately, using the following lemma, since in

(i) — (iv) above each constructed  ia A e I  .
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Lemma 1.   S|a, | < oo  implies Sa,   is summable (I).

Proof.

'B^z*-Jfl-z-fc+o6z*i-*V

But  Sla.l < oo implies   k\a A  —> 0(C,   l).  Hence  /    =s    + o(l).
1   k' r '   kl n n

3.  Best possibility when   l/a £ E'.   If  l/q e E ,  then  a£S(q,E) does

not imply that s    = o(l)  is best possible.   It is interesting to consider what

is best possible in this case. As an illustration we have, when E = cQ, the following

Theorem.   Suppose  l/q£l..  Write R(n) = S°°+j l/a,.   Then:

(a) a e S(q, c  ) implies s    - o(R(n)).

(b) For all p 4 l^, 3a £ S(q, cQ) sac/; r/>ar pns JR(n) -^ 0.

Prool. (a) was noted in (iv) above.

(b) Write   M(m, ra) - S" ,, l/a,   (ra > m + 1).  Choose  ra,  > 1   so that

p(«j)>l.  Define  ak = R(n{)/M(0, nl)p(nl)qk(l <k <n r).   For  r>l   choose

ra   ., > ra    so that  /<(ra )/M(ra , ra   ,,) < 2  and  p(ra   ,, ) > 2p(ra ).  Define
r + 1 r r r      r + l r     r + 1 r     r

= (R(nTn)/p(nrn)-R(»f)/p(nl <    <

M(rar,rar+1Vfe '        -    r+1

Then, for  ra   < k < n +.,   \a,a, \ < 2/pin ) —> 0,  while  s    decreases  (ra > raj)

and  s(n ) = R(n )/p(n ), completing the proof.

Finally, we have

Corollary 3. Suppose   l/q£ I..

(a) // qa £ c     and  ~2a    =  0(/),   then  s    = o(R(n)).

(b) For all p 4 lx, 3a  such that   qa £ cQ,  Sa^ =  0(/)   but  pns /R(n)-^0.

This corollary is an immediate consequence of the above Theorem

since one can easily establish

Lemma 2.   //  l/q£l,,  then qa£cQ  implies s    -I    —> 0.
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