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GENERATING FUNCTIONS FOR SOME
CLASSES OF UNIVALENT FUNCTIONS
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ABSTRACT. Let p(z) = € + p;z + p, 22 + - -+ be regular in the unit disc A
with | 8| < @/2, and let ${u, v) be a continuous function defined in a domain
of C X C. With some very simple restrictions on y{u,v) the authors prove a
lemma that Re y{ p(z),zp’(z)) > O implies Re p(z) > 0. This result is then
used to generate subclasses of starlike, spirallike and close-to-convex func-
tions.

1. Introduction. In a recent paper [7] it was shown that if f(z) = z + a,z?
+ --- is regular in the unit disc A, with f(z) f(z)/z # 0 in A, and if a is a real
number, then

- o509 50 sea

) .
= Relzf"(2)/[f(2)] >0, z €A

thus showing that functions f{z) in the class of a-convex functions, 9, are in
fact starlike.

We can set p(z) = zf'(z)/f(z) and then p(0) = 1, p(z) # 0 and we see that
condition (1) is equivalent to

- Re[p(z) + azP((;)] >0, zE€A,

=>Rep(z) >0, z€A

All of the inequalities in this paper hold uniformly in the unit disc 4, and in
what follows we shall omit the condition “z € A”. Furthermore, if we let
W(u,v) = u + av/u, then (2) becomes

©)) Re Y(p(2),2p'(z)) > 0 = Re p(z) > 0.

In this paper we prove (3) for a general class of functions Y(u, v) and then use
this result to generate subclasses of starlike, spirallike and close-to-convex
functions.
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2. Definitions and a fundamental lemma.

DEFINITION 2.1. Let u = w; + uyi,v = v| + vi and let ¥ be the set of
functions Y{u, v) satisfying:

(a) Y(u,v) is continuous in a domain D of C X C,

(b) (1,0) € D and Re y(1,0) > 0,

(c) Re Yuyi,v;) = 0 when (uyi,vy) € D and v; = —3(1 + u3).

ExAMPLES. It is easy to check that each of the following functions belong to
V.

¥ (4,v) = u + av/u, a real, with D = [C — {0}] X C.

Y (u,v) = u+ av, 0 = 0, with D = C X C.

Ys3(u,v) = u — v/u? with D = [C — {0}] X C.

Ya(u,v) = u* + vwith D = CX C.

Ysv) = —Ino/u? + ) with D = (ullul >} x @lb] < §).

The class ¥ is closed with respect to addition, and if ¢ € ¥ then 1/y € ¥
for perhaps a different domain, and ay € ¥ for any a > 0.

Note that condition (c) of Definition 2.1 can be replaced by Re y(u,i,v;)
= O when (4y/,v;) € D and v; < 0. Though some generality is lost in con-
sidering the resulting class (for example, ys is lost) it would be much easier to
work with algebraically.

We will need the following generalization of Definition 2.1 for some of our
later results.

DEFINITION 2.2. Let b = ¢ where B is real and |8 < #/2. Let u = u
+ uyi, v = v; + vyi and Y, be the set of functions y(u, v) satisfying:

(a) Y(u,v) is continuous in a domain D of C X C,

(b) (b,0) € D and Re y(b,0) > 0,

(c) Re Y(uyi,v;) = 0 when (uyi,v;) € D and

vy = —3(1 = 2u,sin B + u3)/cos B.

Note that —3(1 — 2u,sin B + u3)/cos B < 0.

From the definitions we see that ¥ = ¥. It is easy to check that
Y, ¥y, 3 € Y, for any b, while ¢, € ¥, for b = € with |B| < 7/4, and
Ys € Y, only for b = 1.

DEFINITION 2.3. Let ¢y € ¥, with corresponding domain D. We denote by
9, (y) those functions p(z) = b + p,z + ppz* + -+ that are regular in A and
satisfy:

(@) (p(2),2p'(2)) € D, and

(i) Re y(p(2), 2'(2)) > O,
when z € A.

The class 9,(y) is not empty since for any ¢ € ¥, it is true that p(z)
= b+ pz € 9(y) for | p;| sufficiently small (depending on ).

We now consider the most important result of this paper.

LemMMA 2.1. If p(z) € 9,(¢y) then Re p(z) > 0.

In other words the theorem states that if ¢ € ¥, with corresponding
domain D, and if (p(z),zp’(z)) € D then

©)] Re y(p(2),zp'(z)) > 0 = Re p(z) > 0.

PROOF. Since p(z) = € + p,z + pyz* + - is regular in A, if we set
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1+ w2) ..
(5) p(z) = =) cos B + i sin B,
then w(0) = 0, w(z) # 1 and w(z) is a meromorphic function in A. We will
show that |w(z)] < 1forz € A which implies Re p(z) > 0. Suppose that
2o = rpe'® is a point of A such that max z|§,o|w(z)| = |w(zy)| = 1. At such a
point, by using a result of I. S. Jack [3, Lemma 1] we have

6) 2oW'(z9) = pw(2),

where p = 1.
Since |w(zg)| = 1 and w(zy) # 1 we must have

(7) (1 + w(z9))/(1 = w(zg)) = 4,
where A is real, and thus from (5) we obtain
8) p(zg) = [4 cos B + sin B)i = ei.

Differentiating (5) yields zp'(z) = 2zw'(z)cos B/(1 — w(z))?, and thus by
using (6), (7) and (8) we obtain

, o p 1 — 2esin B + €
20P'(z9) = —5(4> + 1)cos B = -5 cos B
Hence at z = z; we have Re Y{ p(zp),zgp'(z9)) = Re Y{ei,d) where e and d
are real and d = —4(1 — 2e sin B + ¢?)/cos B. Since ¢ € ¥, by (c) of
Definition 2.2 we must have Re ¥(p(zq), z9p'(z9)) = 0, which is a contradic-
tion of the fact that p(z) € 9,(¢). Hence |w(z)] < 1 and Re p(z) > O for z
€ A

REMARKS. (i) In the special case b = 1, the lemma shows that 9|(y) is a
subset of @, the class of Carathéodory functions

(ii) If we apply the lemma to the example y; we obtain implication (2). By
applying the lemma to v, and y; we obtain

Re[p(z) + azp'(z)] > 0, witha = 0, = Re p(z) > 0,

d.

and
Re[p(z) — zp'(2) /p*(z)] > 0, with p(z) # 0, = Re p(z) > 0.

We see that each Y € ¥, can be used to generate a subclass of the set of
regular functions with positive real part.

Our final result of this section deals with the relationship between the
coefficients of any p(z) € ,(y) and its generating function .

THEOREM 2.1. If p(z) = b + pjz + pyz* + - -+ € 9 (¥) and (u,v) is a holo-
morphic function in its domain D of C X C, then

@) 2l (5,0) + 4, (5,0)] = ¢,
P (B,0) + 2442(5,0) + 4y (,0)]

+2p[$1(5,0) + 2¢,(5,0)] = 24,
where |q,|, |g;| = 2 Re y(b,0).

(ii)
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ProoF. Since Y(p(z),zp'(z)) is a regular function in A, it has a Taylor
expansion of the form

©) U2 @) = qo+ @z + g+

valid in A. Since Re y{p(z),zp'(z)) > 0 we must have |q,|, || = 2 Re ¢,
= 2 Re y(b,0). Comparing coefficients in (9) we obtain (i) and (ii).

This theorem enables us to obtain coefficient-bounds very easily without
resorting to tedious series methods. For example, applying the theorem to s
we quickly obtain |p;| < In 2.

3. Starlike functions. Let f(z) = z + ayz> + --- be regular in A. If
Re zf'(z) /f(z) > 0 for z € A then f(z) is univalent and is said to be a starlike
function. We denote the class of such functions by S*. In this section we will
use our principal lemma to generate subclasses of S* and to extend some
results of S. D. Bernardi and R. J. Libera concerning starlikeness of solutions
of certain differential equations.

DEFINITION 3.1. Let ¢(u, v) be any continuous function defined on a domain
D of C x C. We denote by S(¢) those functions f(z) = z + a,z*> + -+ that
are regular in A with f(z) f'(z)/z # 0, such that

(i) (zf'(2)/f(2),2f"(2)/f'(z) + 1) € D and

(i) Re ¢(zf (2) [f (2), 2f "(2) [f (2) + 1) > O
when z € A.

ExaMPLES. For the following examples which involve multivalued functions
we can select an appropriate principal value.

¢ (u,v) = u with D = [C — {0}] X C.

¢, (u,v) = v with D = [C — {0}] X C.

¢3(u,v) = (1 — a)u + av, with a real and D = [C — {0}] X C.

¢4(u,v) = u' ™Yy, with y real and D = [C — {0}] X [C — {0}].

os(u,v) = wv with D = [C — {0}] X C.

9(u,0) = —In(w/v — §) with D = (ul} < Jul < 3} x I3 < I},

Note that $(¢;) = S*, S(¢,) = C, the class of convex functions, S(¢3)
= 9, and §(¢,4) = £,, the class of gamma-starlike functions [5].

We now show that by suitably restricting ¢, $(¢) will be a nonempty class
of starlike functions.

THEOREM 3.1. Let u = u) + uyi, v = vy + vyi and ¢(u,v) a function satisfy-
ing:

(a) ¢(u,v) is continuous in a domain D of [C — {0}] X C,

(b) (1,1) € D and Re ¢(1,1) > 0,

(c) Re ¢(upi,v,i) = O when (uyi,v,i) € D and vy/u, = 3[1 + 1/(3u)].

Then $(¢) is nonempty and S(¢) C S*.

ProOOF. The set $(¢) is nonempty since for any ¢ satisfying (a) and (b) it is
true that f(2) = z + ayz% € S(¢) for |a,| sufficiently small (depending on ¢).

If f(z) € $(¢) and we set p(z) = zf'(z) /f(z) for z € A, then p(z) # 0, p(z)
is regular, p(0) = 1 and

&(zf () [f(2), 2f (D) [f'(2) + 1) = &(p(2), p(2) + 2p'(2) /p(2)).

Since ¢(u,v) has domain D in [C — {0}] X C, if we set r = + ryi, s = 5
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+ s,i and y(r,s) = ¢(r,r + s/r) then by (a), (b) and (c), ¥{r, s) is continuous in
a domain D; = {(u, u(v — u))|(u,v) € D}, Re y(1,0) > 0 and Re Y(ryi,s,)
= O when s, = —1(1 + r#). Hence, by Definition 2.1, ¢ € ¥. Since (p(z),
zp'(z)) € D, and Re (p(2),zp'(z)) = Re o(zf'/f,zf"/f' + 1) > 0 when :z
€ A, by Lemma 2.1 with b =1 we must have Re p(z) > 0. Hence
Re zf'(z)/f(z) > 0 and f(z) € S*.

The theorem shows that each ¢ satisfying (a), (b) and (c) generates a
subclass of S*. It is easy to show that examples ¢y, ..., ¢¢ satisfy these
conditions. For ¢ = ¢, ¢,, ¢35, or ¢4 we obtain known subclasses of S*, but
as a new example consider ¢s. For §(¢s5) we have

Re( TS (5L 1) > 0= 16 € 57

Note that if ¢ and @ satisfy (a), (b) and (c) then so do ¢ + 8, u¢ /v,
—uv¢ and 1/¢ for perhaps different domains.

The following theorem is the analogue of Theorem 2.1 and provides a very
quick method for calculating some coefficient inequalities. It can easily be
extended to a,.

THEOREM 3.2. If f(2) = z + a22 + - - € S(¢) and d(u,v) is a holomorphic
Junction in its domain, then

(i) ald + 2¢,] = g,

M@ asldey + 12¢,] — G326 + 8y — &y — ddyp — ddp] = 29,
where |q1 l, 121 = 2 Re ¢(1,1) and all partial derivatives are evaluated at (1, 1).

We close this section by giving an application of Theorem 3.1 to a problem
of S. D. Bernardi [1] and R. J. Libera [6]. In [1] it is shown that if g € S* then
the solution of the differential equation

(10) f (@) + 2f'(2) = (1 + )g(2)

is also in §*, forc = 1,2, 3, .... We will show that f(z) € S* for complex ¢
when Re ¢ = 0. (By elementary methods it can be shown that (10) has a
regular solution provided that c is not a nonnegative integer.)

Differentiating (10) logarithmically we obtain

260 S Dt S QD _ (of "
I %0 "0 cr TN = o5 Z-+1)

where ¢(u,v) = u(c + v)/(c + u). Since g(z) € S*, from (11) we obtain
Re ¢(zf'/f,zf"/f’ + 1) > 0, when z € A, and hence from Definition 3.1 we
see that f(z) € S(¢). It is easy to show that ¢ satisfies conditions (a), (b) and
(c) of Theorem 3.2 when Re ¢ = 0, and consequently we have f(z) € S*.

The authors wish to thank Professor P. T. Mocanu for this interesting
application.

4. Spirallike functions. Let f(z) = z + ayz% + - - - be regular in A and let 8
be a real number such that |B] < @/2. If Re[e’®zf'(z)/f(z)] > O for z



116 Z. LEWANDOWSKI, S. MILLER AND E. ZLOTKIEWICZ

€ A then f(z) is univalent [8] and is said to be B-spirallike. We denote the
class of such functions by S(8). Note that $(0) = S*.

DEFINITION 4.1. Let w(u, v) be any continuous function defined on a domam
D of C X C. We denote by § 8(w), | B] < 7/2, those functions f(z) = z + a,z*
+ --- that are regular in A w1th f(@)f(z)/z # 0, such that

(i) €®2f(2)[f(2),(e® = Def'@)/f(2) + 2 "(2)/f"(z) + 1) € D

and

(i) Re w(e®zf'/f,(e® — Dzf /f + zf "Jf' + 1) > 0

when z € A. Note that $5(w) = S(w).
Our main result for generating subclasses of spirallike functions is the
following theorem which is easily proved by using Lemma 2.1.

THEOREM 4.1. Let u = uj + uyi, v = v} + v,i, | B| < 7/2 and w(u,v) a func-
tion satisfying:

(a) w(u,v) is continuous in a domain D of [C — {0}] X C,

(b) (¢,€®) € D and Re w(e,e?) > 0,

(c) Re w(uyi,vyi) = 0 when (uyi,v,i) € D and

v/ Z 1+ (1 — uysin B + u3)/2 cos B.

Then 5(w) is nonempty and Sg(w) C S(B).

The set Sﬁ(w) is not empty since z € $ﬂ(w) for any w satisfying the
hypothesis. Note that although some generality is lost, the theorem is still true
if we replace the inequality in (c) by the simple inequality v,/u;, > 1.

It is easy to check that the following functions satisfy (a), (b) and (c).

w(u,v) = u + a(v — u) with a real and D = [C — {0}] X C,

wy(u,v) = u(l + v — u) with D = [C — {0}] X C.

If we apply the theorem to «; we obtain for a real

Re[(e'ﬂ - a)— ; a(zf + 1)] >0=fe §p),

a result discussed by Eenigenburg et al. [2].

5. Close-to-convex functions. Let f(z) = z + a,z2 + --- be regular in A. If
there is a function g(z) € C, the class of convex functions,.and a real number
B, |8] < 7/2, such that Re[e®f'(z) /g’(z)] > O for z € A, then f(z) is univalent
[4] and is said to be close-to-convex. The class of close-to-convex functions
will be denoted by K. In the special case when g(z) = z and B8 = 0 we will
denote the class by R

An immediate application of Lemma 2.1 yields the following theorem.

THEOREM 5.1. Let Y(u,v) € ¥ with corresponding domain D. If f(z) = z
+ ayz? + - - - is regular in A and satisfies

(i) (f'(2),2f"(2)) € D and

(i) Re Y(f"(2), 2f"(2)) > 0
when z € A, then f(z) € R.
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Applying the theorem to y; when a is real and f’(z) # 0 we obtain
Re[f'(z) + azf"(2) /f'(2)] > 0 = f(z) € R.

Similarly for {,, when a = 0 we get

Re[f'(z) + azf"(z)] > 0= f(z) € R.

A more general means of generating subclasses of close-to-convex functions
comes from the following theorem, which is easily proved by using Lemma
2.1.

THEOREM 5.2. Let u = uj + uyi, v = v; + v,i and w(u,v) be a function
satisfying:

(a) w(u,v) is continuous in a domain D of [C — {0}] X C,

(b) (¢,0) € D and Re w(e,0) > 0,

(c) Re w(uyi,vyi) = O when (uyi,v4i) € D and

uyvy = (1 — upysin B+ u3)/2cos B (> 0).

Let g(z) € C. If f(z) =z + ayz* + -+ is regular in A with f'(z) # 0,
(€*f'(2)/8'(2), 2 "(2) [f (z) — 28"(2) /g'(2)) € D, and

Re w(ef/g',2f "[f" — 28"/g") > 0
when z € A then f(z) € K.

We can apply the theorem to w(u,v) = u(1 + v) and obtain

iﬁf_'( Z_f_'i_‘&”)]
Re[eg,1+f, )| >0=sek
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