PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 56, April 1976

INVERTIBLE COMPOSITION OPERATORS
ON I2(\)

RAJ KISHOR SINGH

ABSTRACT. Let C, be a composition operator on L%(M), where A is a o-finite
measure defined on the Borel subsets of a standard Borel space. In this paper
a necessary and sufficient condition for the invertibility of C, is given in
terms of invertibility of ¢. Also all invertible composition operators on I*(R)
induced by monotone continuous functions are characterised.

Introduction. Let (X,5,\) be a o-finite measure space, and let ¢ be a
measurable transformation from X into itself. Let Z2(A) denote the Hilbert
space of all square-integrable functions on X. Define a composition transfor-
mation C, on L*(\) as

Cof =fo¢ foreveryfe L*(N).

In case C, is a bounded operator with the range in L*(\), we call it a
composition operator induced by ¢. The Banach space of all bounded linear
operators will be denoted by %. The purpose of this paper is to study the
invertible composition operators.

The invertible composition operators on H? (of the unit disk) are studied by
Schwartz [5], where he proves that the invertibility of the inducing function on
the unit disk into itself is a necessary and sufficient condition for the
invertibility of the corresponding composition operator. This is true because
the inducing functions are analytic functions and hence they are nicely
behaved. In case of composition operators on L2(A) the above statement is not
completely true as is shown later by an example. However, a little more
addition to the hypothesis makes it go through both ways in case of L2()).

2. An invertibility theorem.

DEerFINITION. Let (X,5,\) be a measure space. Let ¢ be a measurable
transformation on X into itself. Then ¢ is said to be one-to-one if there exists
a measurable transformation ¢ on X into itself such that (¢ o ¢)(x) = x a.e.
¢ is said to be onto if there exists a measurable transformation w such that
(¢ o w)(x) = x ae. ¢ is said to be invertible if there is a measurable
transformation ¢ such that (¢ o ¢)(x) = (Y o ¢)(x) = x a.e. Such ¢ is called
the inverse of ¢ and is denoted as ¢™ ',

DEeFINITION. A standard Borel space X is a Borel subset of a complete
separable metric space T. The class § will consist of all the sets of the form
X N B, where B is a Borel subset of T.
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From now on in this section we shall assume that X is a standard Borel
space and A is a o-finite measure on S. Such kinds of spaces are plentiful and
they are mostly used in analysis.

Now suppose ¢ is a measurable transformation from X (standard Borel
space) into itself such that Cy € ®. Then we have proved in [4] that ¢ is one-
to-one only if the range of C, is dense in I*(\). We shall present in the
following theorem an analogous result interchanging ¢ and C,,.

THEOREM 1. Let ¢ be a measurable transformation on X into X such that
Cy € B. Then C, is one-to-one implies that ¢ is onto.

PROOF. Suppose C, is a one-to-one composition operator. Then we need to
produce a measurable transformation « such that (¢ o w)(x) = x a.e. By
Corollary 8.2 of [7], there exist two Borel sets Y and Z such that Y C X, Z
C (X), ¢ 1(X\Z) = 0and ¢ is one-to-one on Y and maps Y onto Z. Since
C, is one-to-one, A(X\Z) = 0, othermse the kernel of C, will be nontrivial.
Define the function w as @ = (¢/Y)”'. By Kuratowski’s Theorem 2,p. 22] @
is a measurable transformation, and we have (¢ o w)(x) = x a.e. This shows
¢ is onto.

The converse of the above theorem is not true. We shall cite the following
example.

ExXAMPLE. Let X be the unit interval [0, 1] with Lebesgue measure A. Let C
be the Cantor set and ¢ be the Cantor function. Let ¢ be the function defined
by

o(x) = ix + LY(x) for every x € X.
X t3

The function ¢ is monotone continuous with ¢'(x) =} (¢’ denotes the
derivative of ¢). It does define a composition operator on I2(0,1). If C’
denotes the complement of C in X, then A(¢$(C’)) = 4, and also A(¢(C)) = 1.
The function X, ), the characteristic function of ¢(C) is in the kernel of C,
because

Co Xyic) = Xoic) © ¢ = Xgog(c) = Xc = 0.

Hence C, is not one-to-one.
Now we shall prove the main theorem of this section.

THEOREM 2. A composition operator C, on L*(\) is invertible if and only if ¢ is
invertible and the inverse of ¢ induces a composztton operator on I*(\).

PROOF. Suppose ¢ is invertible with ¢ as its inverse. Suppose C;, € ®. Then
G Cy = C.“M’ =1 = Cyy = CyC,, where I denotes the identity operator.
Hence C, is invertible with C, as its two sided inverse.

Conversely, su lppose C, is invertible. Let w be as in the proof of Theorem 1,
ie w= (¢/Y) and (¢ ° w)(x) = x a.e. Since C, is onto, C,, is well defined,
and C, = C, . Now in order to complete the proof we shall show that
(w o ¢)(x) = x a.e. Clearly (w © ¢)(x) = x for every x € Y. We shall show
that A(X\Y) = 0. Suppose not. Then 0 < A(X\Y) < 0. If A(X\Y) < oo,
then the characteristic function of X\Y is in the kernel of C, which is a
contradiction to the invertibility of C,. If A(X \Y) = o, then we can choose
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a subset E of X \Y such that 0 << A(E) < oo and the characteristic function
of E will be in the kernel of C, which is again a contradiction. Therefore
AMX\Y) = 0. Hence w is the inverse of ¢. This completes the proof of the
theorem.

COROLLARY. If C, is invertible, then C; l=¢ p1-

THEOREM 3. Let ¢ be a real valued monotone continuous function on the set of
real numbers R and let Cy, be a bounded composition operator on L*(n), where
is the Lebesgue measure on the Borel subsets of R. Then C, is invertible if and
only if ¢’ (the derivative of ¢) is essentially bounded and ¢ is absolutely continuous
on the finite intervals.

PROOF. Suppose Cj is invertible. Then by the theorem, ¢ is invertible and
C,-1 is a bounded operator on L?(p). Hence the Lebesgue-Stieltjes measure
induced by ¢ is absolutely continuous with respect to u, and therefore ¢ is
absolutely continuous on finite intervals and ¢'du = d¢ [1, Theorem 19.53].
From this we get

19'lby = llde/dull, = IC,1 1P < oo.

Hence ¢’ is essentially bounded.

On the other hand, if ¢’ is essentially bounded and ¢ is absolutely
continuous on finite intervals, then for every continuous function f with the
compact support

ICs-fIP = [ 1fP du < l19lke 1117

This is enough to show that C,_, is bounded and hence C, is invertible. This
proves the theorem.

COROLLARY. Let p: R — R be a polynomial such that C, is bounded. Then C,
is invertible iff the degree of p is equal to 1.
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