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ON A CONJECTURE OF S. CHOWLA

D. SURYANARAYANA

ABSTRACT. Let y(x) = x — [x] — 4. It has been conjectured by S. Chowla
that 3, ./ WA (x/n) = 1/12) = O(xY**), for every €> 0 In this paper we
show that this conjecture is equivalent to 3,/ n 2(y2(x/n) — 1/12)
= O(x*/*¢) by proving that

200 -np 5 2 () ) - o

1. Introduction. Throughout the following, x denotes a real variable > 1,
[x] denotes the greatest integer < x (integral part of x) and y{(x) = x — [x]

Let 7(n) denote the number of divisors of a positive integer n and let
(L) AW = 3 () — (x log x + 2y - 1)x),
n<x

where v is Euler’s constant.
The classical ‘Dirichlet divisor problem’ states that

(1.2) A(x) = O(x**¢) for every € > 0.

This problem is still open. The best result known till now is due to G. A.
Kolesnik [3], who proved that

(1.3) A(x) = O(x3%/1067+¢)  for every € > 0.

It can be seen that (1.2) is equivalent to the conjecture (see, for example, [1,
equation (10)]) that

(1.4) 2 4/(§> = O(x'4*¢) for every € > 0.

n<yV/x

In 1963 S. Chowla and H. Walum [1] proved the following result, which is
analogous to (1.4):

(1.5) {¢2( ) - —} = O(x*/*).

n<\/x
In 1965, S. Chowla (cf. [2, pp. 90-91]) states “It is also likely that
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(16) 2 {"b2<§) - %

n<y/x
= O(x"4*¢) for every e > 0.
Although (1.6) resembles (1.5), it is probably extremely hard to prove (1.6) like
(1.4). The difference is, of course, that (somewhat surprisingly), (1.5) is not

hard to prove”.
In this paper we prove the following

THEOREM. We have
260
+% 2 nz{\pz(;—c) - %} = 0(x"*).

n<y/x

(1.7)

From this theorem, we immediately have the following

COROLLARY.  The conjecture of S. Chowla, namely (1.6), is equivalent to

nz/x ”2{4’2(%) B %

= O(x5/%*¢)  for every € > 0.

(1.8)

REMARK. It follows easily from (1.5) and the Theorem that

(1.9) ,.;/x Vx - n)2{¢2( %) - %} = o(x*/),
and
(1.10) XS {0(%) - 5 } = o,

It is highly desirable to have direct proofs of (1.9) and (1.10) without appealing
to (1.5) and the Theorem. It can be easily seen that any two of (1.5), (1.7), (1.9)
and (1.10) imply the other two.

2. Prerequisites. We need the following two lemmas due to S. L. Segal [4]:

Lemma 1. (Cf. [4, Lemma, p. 279 and p. 765).) Let fin) be a function of a
positive integral variable, and suppose

Ex f(n) = g(x) + E(x),

where g(x) is twice continuously differentiable, and g"(x) is of constant sign, for
x 2 1. Then
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§x E(n) = }g(x) + (} - W(x)E(»)
+ [ E@ar + 0(g'()l) + O(1).

LEMMA 2. (Cf. [4, Theorem 1, p. 281].) Let o(n) denote the sum of all the
divisors of n, and

2.2
@.1) E(x) = ; oln) — =3
Then we have
22) ’%El(n) (24 4)x + O(x**%).

3. Proof of the Theorem. Let S(x) = X, <, o(n). Then we have by (2.1),

@3.1) S(x) = 7*x*/12 + E|(x).
Let
(3.2) Eq(x) = §'(x) — 7*x%/18,
where
(3.3) S'(x) = 2. > o(n)n.
We have
S =Dow= d= > d+ > d- > d
n<x ds<x d8< x;d<\/x dd< x;0</x d<\/x;:8<V/x

- 2. A5 2 BT - 1) - ot

Since
69 Wl = Ve -y -3, S H-F
and

1_ 11 1 1
(3.5) n>2\/x_5 Va7 \/x]2+ 6T + O(xz),

we have



30 D. SURYANARAYANA

o= 2 G-4G) -3
+%§/x{<%“”<§) “%)2+ (§_¢(§) _%)}

~ JVx = ¥V — Dl + 92 (5) — 2vi) — )
= (vx - uvm) - 3 -3 (%) - 30 - 2vxutv) + o)
43 e+ 3 )

n<y/x
— §Vx — §x3 = 3/xp (V/x) + 3xg(V/x) + f/x
+ x/4 ﬂ/xvlf(\/x) + 0(1)

72x2 3/2 1 P9
5 b 3 () s 3 0)
1 2 v n n<\/xn n

1 390G) 110 4R 5)

= 3VxyA(Vx) + fxy(v/x) + O(1)
SRR ORPES
% {‘Pz() )

%+ G Vx = VxRV + 0(1),

after simplification. Hence by (3.1), we have

E() = —KEW (%) -+ 3 %)

n<y/x
+1 > {4,2(’_‘) _1
2n<\/x n 12

- x/2 + 5V/x = 2Vx¢?(V/x) + O(1).

(3.6)

Also, we have
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S'(x) = 2 o(n)n = E d?s

dd<x

= > d%+ > - > d%
dé< x;d<\/x dé<x;6</x d<\/x;6</x

PR HEH)
EPR(HEH)CHED):
~ BVl + VA @y + 1)
=3 3 {5 e(3)-2543) -4
énzx” (S+e(2)-22(2) - DE-42))

=4 + VP (V2) = 2Vxu(Vx) = D x = W),
Now making use of (3.4) and (3.5), we get after simplification:

-2 3 w(2) -+ 3 1)
+x,,<zw{¢z<> Lyl 3 R0 -5)

- x2/4 + ﬁx:’/z 2x3242( (Vx) + O(x).

Hence by (3.2), we have

g =-x 3 m(3)-2 3 u(3)
o ”,,Ex{“(z)‘ﬁ} ig/ 2{v(2) -1}

— x2/4 + 5x¥2 - 2x3292(\/x) + O(x).
Now, by (3.6) and (3.7), we have

Ej(x) - xE(x) = 5 2 {‘P (%) l2}

(3.8)
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By partial summation, (3.1) and (3.3), we have

SG) = 3 olmn = xS(x) - f. * S art

— xS(x) - fl ) {’% + El(t)}dt,

so that
7 x
(39) S'(x) = xS(0) = 3= (- 1) - [* E()ar.
But by (3.1) and (3.2),
‘772)(3 7r2x
(3.10) S'(x) = xS(x) = g~ — 15~ + Ei(x) = xE ().

Hence by (3.9) and (3.10), we have
(.11) JTE@d = ~(Ei@) - xE () + 7¥/36.
Hence by (3.8) and (3.11),

j;x E (f)dt = —%ng\l“/x {¢2<3) _ %
- -;—n;/x n2{4z2(%) 12} - + O(x).

Now, taking f(n) = o(n), g(x) = 7*x%/12, E(x) = E,(x), we see that the
hypothesis of Lemma 1 is satisfied, by virtue of (3.1). Hence by Lemma 1, we
have

(3.12)

‘172x2 x
S E0) =T+ G- WDEE + [T E@d

(3.13) + 0(x) + O(1)

2.2
mX X
=5+ fl E,(1)dt + O(x log x),

since it is well known that E;(x) = O(x log x). Hence by (3.12) and (3.13), we

have
3.50- (-5 3, e6)-4)

(3.14) 1
-3 ,.z/x nz{\pz(%) art O(x log x),
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so that by Lemma 2, it follows that

383 ) ) o

n<y/x

Hence the Theorem follows.
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