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SOME INEQUALITIES FOR POLYNOMIALS

Q. I. RAHMAN

ABSTRACT. Let p,(z) be a polynomial of degree n. Given that p,(z) has a
zero on the circle |z] = p(0 < p < ) we estimate max,_ &>11P,(2)] in
terms of maxj,_, | p,(2)|. We also consider some other related problems.

It is well known (see [8, p. 346], or [6, vol. 1, p. 137, Problem III 269]) that
if p,(2) = Sf_oaxz* is a polynomial of degree n such that |p,(2)|
= M for |z| = 1, then at a point z outside the unit disk

(1) |P.(2) = M2",

where equality holds at some point zy with |zy| > 1 only if it holds at all such
points and that is possible only when p,(z) = a,z" = Me'z", i.e. when all the
zeros of p,(z) lie at the origin. It is therefore natural to ask what improvement
results from supposing that p,(z) has a zero of modulus p. We have recently
proved that in case p = 1, we may replace (1) by ([4], see (1.7”))

2-+/2
n _ _ p-1\2
@) max 1,0 = MRn{1 =252 - kY
The proof of (2) depended very much on the fact that the prescribed zero was
located on |z| = 1, and could not be modified in any obvious way to deal with
the problem in its full generality. Here we prove:

THEOREM 1. Let p,(z) be a polynomial of degree n having a zero of modulus p
(0 < p < ), and satisfying | p,(z)] = M for |z| = 1. Denote by o, and 1, the
smallest positive roots of the equations

(3) " —2x+1=0,
and
4) r+Dx"2—(n+3)x"'+(n+Dx—(n—-1) =0,

respectively. Then

dp)R+ M n
< X
) max G = ey MR

= d(p)R" + W_"A(f_(ﬂ)lz R~
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where
1~ 4 .
_1-__,'__§lf’_pn f0=p=o,
1 - 2n+l )
_ng__% ifo, = p = 1,
(6) d(p) = X
n .
R+ il+p Imse=l
()

It may be noted that (5) not only extends but also refines (2).
Theorem 1 is an immediate consequence of Lemmas 1 and 2 below.

LemMa 1. Ifp,(2) = Sk_o ax 2" is a polynomial of degree n having a zero of
modulus p then

() las| = d(o) max | p, (2)]

where d(p) is given by (6). For small as well as large values of p the inequality is
essentially best possible.

Lemma 1 is readily obtained on applying the following result [7, Theorem
3] to the polynomial z"p(1/z).

THEOREM A. Let p,(z) = Si_o a,z* be a polynomial of degree n having a
zero of modulus p. If o, and 1, denote the smallest positive roots of (3) and (4)

respectively, then

lag| = c(p) max|p,(2)|
lzl=1

where
1_p pn+l
TTFel—5 f0=p=ao,
1-p 2pn+2 )
o) =P T THp gt THEPETW
n 2 .
TFIT+s fn=psl,
pc(1/p) ifl1=op.

The estimate is essentially best possible for small as well as for large values of p.

Lemma 2. If p,(z) = Sk_o arz* is a polynomial of degree n such that
max|z|=llpn(z)| = M, then for |z| = R > 1,

la,|R + M
< 5Znl” "~ 7 MR™
®) |Pnle)] & e MR

a fortiori, we obtain
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M2 - |a,,|2
M

PROOF OF LEMMA 2. It is clear that ¢(z) = z"p,(1/z) is also a polynomial.
Besides,

®) | (2)| = la,|R" + R™ !,

la(e)] = | pa(e™®)| for real 8.

Hence maxj,_, lg(2)] = max,_, | p,(2)] = M and by a well-known generali-
zation of Schwarz’s lemma (see for example [5, p. 167))

Mzl +1g©) _ , Ml + |a,|

) =M =
9@ = MU+ M = Mg T+ M

for |z] < 1.

Replacing z by 1/z we obtain the desired result.

REMARK. We observe that |a,|, (M? — Ia,,lz)/M appearing on the right-
hand side of (8’) cannot in general be replaced by smaller numbers. Given
¢ > 0 we construct polynomials p,(z) = 3F_, a,z* of degree n > (2/¢) — 1
with

In}a)§| pp(2)l = M and
2=

M2 _ 2 M
max | p,(z)| > la,|R" + (————-——'—‘1 - e)R”"' for R > \/n’
lz|=R M €

Let 0 < |a| < M and consider the function

Mz + a M2 — |af? 3 X
w—f(z)~MaZ+M—a+Tz+k§2ckz,

which is analytic in |z| < M/|a| and maps the closed unit disk onto the disk
W = M. If

50@) + 52 + -+ + 5,(2)
o,,(z)=0 1n+1 =

where 54(2), 5,(2), ..., s,(2), ... are the partial sums of the Taylor series of
f(z) then [9, p. 236]

ﬂa)flo"(z)l =M forn=0,1,2,....
s

Hence

Pa(2) = 2"0,(1/2)

M2—|a|2 n —1 " n—k+1 —k
R G Rmarey b

az” +
is a polynomial of degree n with

|p(2)l = M forl|z| = 1.

Since
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2 _ al?
o + (M) + 3 0k = L a0 < we

we have

S lePs Mo - o) s

and therefore

n n—1
Inllaxlp,,(z)l ll;rlng)l(2 az" + M Al
" n k+1 n—k
B k§2 + 1 | klR
> l |Rn+M2 |a| n Rn—l
o M n+1

n n—k+1 2 —_— 1/2 n 5 1/2
B (kgz( n+1 ) R ) (k§2 el )
M? — |of? 1 M2 M 1 .
n — il —_ n
> la|R +{ M <n+1 M +2\/”R)}R
2 _ 2
> |a|R” + (—AI—-A#— - E)Rn_l

if n > (2/e) — 1 and R > (M\/n)/e.
As mentioned earlier, equality holds in (1) only when the coefficients
ay, ay, . .., a,_; are all zero. From Lemma 2 we deduce

THEOREM 2. If p,(z) = Sk_o axz* is a polynomial of degree n such that
max, _;|p,(2)] = M and maxo<i<n-ilax] = a (0 = a = M), then for |z]|
=R > 1,

MR"

()] = (M2 — Ma)”’R+ M
©) " MR + (M? — Ma)"?
= (M? - Ma)>R" + aR™".

PROOF. If f(z) = 3% ¢, 2% is analytic in |z| < 1 where |f(z)] = M then
(5, p. 172, see Exercise 9)

(10) lol? + g |M = M2, k=1,2,.
Applying this result to the function

ann(l/z) =a,+a,z+ -+ an—kzk 4 e+ (102"

we obtain |a,| = (M? - Ma)l/ 2 and then (9) follows from Lemma 2.
A theorem of van der Corput and Visser [3] says that if p,(z) = Sf_¢ axz*
is a polynomial of degree n such that max,|_, |p,(2)] = Manda,, a,(u < v)
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are two coefficients such that for no other coefficient a, # 0 we have
w = u mod(v — u), then

la,| + la,| = M
Hence, in particular

(€)) la,| = M~ 0§kr§n(?il)/2 2|

and as another application of Lemma 2 we obtain

THEOREM 3. If p,(2) = Si_o a,z* is a polynomial of degree n such that
ma)](z'zl;qpn(z)l = M and maxygy<(ne1)/21| = b (0 = b = M), then for ||

(M-bR+M

n
MR + (M — p) MR

(12) |Pa(2)] =

REMARK. It follows from (11) that if p,(z) = 3F_, a, z* is a polynomial of
degree n such that |ay| = |a,| then |a,| = } max, _|p,(z)|, and by Lemma 2

(R/2) + 1
Wil R>1|p,,( N = =G 72

= (JR* + %R”"’)Irr}aﬁlpn(Z)l-
.

R" max | P (2)]
(13)

The condition |ay| = |a,| is satisfied if for example p,(z) has all its zeros in
|z| =Z 1 or p,(z) is self reciprocal, i.e. z"p,(1/z) = p,(z). But in these two cases
(13) can be replaced by the much stronger (and sharp) inequality ([1], [2])

R"+1
(14) x| 1pn(@) = =5 max|p,(2)l

Inequality (13) holds also for polynomials p,(z) for which z"p,(1/z) = p,(z).
However, we do not know the precise estimate in this case. It is readily seen
that (14) holds if » = 1. We can show that it also holds if » = 2. In fact, if
p2(2) = ayz* + ayz + ag is such that z2p,(1/z) = p,(z) then a, = a; and

max,;|_g>i 122 max,_gsilax + 1/2) + a
max ;- | p,(2)] max, _ lay(z + 1/z) + q]

= R max,egl2a,w + a1|/max, ¢y j2a,w + a1

where & is the ellipse with foci at 1, —1 and semiaxes (R + 1/R), }(R — I/R).
Hence it is enough to show that for an arbitrary complex number {

1 1
max,,cglw — {l/maxwe[_“]lw - = —2-<R + ﬁ)’

Clearly, there is no loss of generality in assuming that ¢ lies in the right half-
plane Hj, i.e. Re { = 0. Thus we will like to show that for all { lying in H,

el =3(x 7).

max
wWESE
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Now, let w = u + iv be an arbitrary given point on &. As a function of ¢,
(w—¢)/(1 + ¢) is analytic except at the point —1. Hence

maxeey [(w — §)/(1 + )|

cannot be attained at an interior point of H,. Therefore, all we need to show
is that

|u+iv—in|$l
V(I +7?) T2

But this is a matter of simple verification, and hence

(15) (R+%> foru+iv € & —00 <7 < oo.

R*+1
max lIpz(Z)I = mglﬁz(Z)l
if 22p,(1/2) = py(2).
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